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Abstract. In this paper, we introduce a class of hypercompositional structures called
dualizable L-mosaics. We prove that their category is equivalent to that formed by
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suggesting possible applications to quantum logic. To achieve this, we establish an
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1. Introduction

We introduce the notion of L-mosaic, by extending a point of view initially
pushed forward by T. Nakano in his studies on modular lattices [12] and by
allowing non-associative multivalued operations as introduced in a recent work
of S. Nakamura and M. L. Reyes [11]. We find a natural equivalence of cat-
egories between the category formed by ortholattices and the category of the
multivalued algebraic structures we call dualizable L-mosaics. This study is a
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follow-up on a recent article by A. Jencova and G. Jenca suggesting applications
of multivalued algebraic structures in quantum logic [7].

The paper is structured as follows. In Section 2, we introduce the notion
of mosaics, following recent developments on multivalued algebraic structures.
Section 3 is devoted to the definition and analysis of Nakano mosaics, a class
of L-mosaics naturally associated with bounded join-semilattices. In Section
4, we review the theory of orthomodular lattices, setting the stage for Section
5, where we establish an equivalence between the categories of ortholattices
and dualizable L-mosaics. We also characterize orthomodularity in terms of
a structural condition on Nakano mosaics. Finally, in Section 6, we discuss
possible connections between these algebraic frameworks and quantum logic,
and suggest directions for future research within quantum foundations.

2. Mosaics

Following Nakamura and M. L. Reyes [11], we introduce a multivalued algebraic
structure called mosaic and review in detail some of their basic properties.

We consider two sets A and B. By a multimap A — B we mean a function
A — p(B), with domain A and codomain the power set p(B) of B. We call a
multimap f: A — B

1. total if f(x) # 0, for all z € A;
2. partial if it is not total;

3. deterministic if |f(z)| <1, for all x € A;

4. a map if it is total and deterministic.

The composition go f : A — C of two multimaps f: A — Band g: B — C'is
defined on every x € A by the following formula:

(go =)= |J 9w
yef(z)

It is easily verified that this composition is associative and that the multimaps
defined by the assignment x — {z} serve as identities. Moreover, it is not
difficult to verify that the obtained category formed by sets and multimaps as
above is isomorphic to the familiar category Rel formed by sets and binary
relations. The isomorphism is provided by the equivalence

y€ f(z) &= (z,y) €R,

where f : A — B is a multimap and R C A x B denotes the binary relation
corresponding to f. By identifying these categories, we say that a multimap
f: A — B contains a multimap g : A — B if the relation corresponding to f
contains the relation corresponding to g.
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A (binary) multioperation on a set A is a multimap [J: A? := A x A — A.
By a magma we mean a set A equipped with a multioperation. To any mul-
tioperation [ defined on a set A there correspond a multioperation dual of [,
defined for x,y € A by the formula

:):de::ymx.

We call a magma (A,[) total/partial / deterministic if so is the multimap
(. The magma (A,[) is commutative if the multioperations [ and (¢ coin-
cide on A. If (A,[) is total and deterministic, then we call it classical.

By a morphism (of magmata) from (A,[4) to (B,p) we mean a function
f A — B such that, for all z,y € A, the following inclusion holds:

fxBay) € f(z)Up f(y).

By a strong morphism (of magmata) from (A,[,4) to (B,Hp) we mean a func-
tion f: A — B such that, for all x,y € A, the following inclusion holds:

fleBay) = f(z)Ep f(y).

An injective morphism of magmata from f : (A,H4) — (B,Hp) is called an
embedding if

flzBay) = (f(x)Ep f(y) N f(A).

It is easily seen that there we have a category Mag formed by magmata and mor-
phisms and that isomorphisms in Mag are precisely bijective strong morphisms
or, equivalently, surjective embeddings. In order to lay the foundations for the
notion of mosaic, we review and formalize a number of basic concepts related to
multivalued operations and magmatic structures. The following definitions and
lemmas will be essential in characterizing the algebraic behavior of mosaics and
their morphisms.

Definition 2.1. An element e in a magma (A,[) is called neutral if e [Jx =
xBe = {x} holds, for allx € A. A magma (A,[) with a neutral element e € A
for Id is called unital magma.

Remark 2.1. If a neutral element e exists in a magma (A, [J), then it is unique.

Definition 2.2. A morphism f : A — A’ between two unital magmata A and
A" with neutral elements e and €', respectively, is called unitary if f(e) =€’

Definition 2.3. Let (A,) be a magma and p : A — A an endofunction. We
say that (A,[J) is reversible with respect to p (briefly, p-reversible) if

(RE) z € x Dy implies both x € zEH p(y) and y € p(x) & z, for all z,y,z € A.
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Definition 2.4 ([11, Definition 2.3]). A (commutative) unital magma (A, e)
which is p-reversible with respect to some endofunction p : A — A is called
(commutative) mosaic. By a (strong) morphism of mosaics we mean a unitary
(strong) morphism of the underlying unital magmata.

The following is also observed in [11]. We make a slightly more precise
statement and write down a short proof.

Lemma 2.1 ([11]). Let (A,[,e,p) be a mosaic. Then p is a unitary isomor-
phism of magmata

p- (A7 E|7e) :> (A7 Ddae)

satisfying the following property:
(RINV) e € (z B p(x)) N (p(x) Dx), for all x € A.

In addition, the equivalences
zexHy <= ze€zUp(y) < yeplx)Bz

hold for oll x,y,z € A.

Proof. Indeed, z € (xHe)N(elz) and p-reversibility imply e € (p(x)Hx)N(zH
p(z)). Conversely, if e € (yHz) N (xDy) for some y € A, then by p-reversibility
we may deduce that y € e[ p(z) = {p(z)} and hence y = p(x). It follows that
p(e) = e and that p is an involution. In addition, the validity of the following
equivalences is readily verified, for all x,y, z € A:

p(2) € p(z) D p(y) <= p(2) € p(y) B p(x)
< p(y) € p(z) D p(p(z)) = p(z) Dz
<= v €p(p(2)) Dply) =2 p(y)

This shows that p is a strong morphism of magmata (A,E) — (A,%) and thus
an isomorphism. The rest of the assertions follow as well. O

Definition 2.5. For an element x in a unital magma (A, e), we call any
y € A such thate € (xDy) N (yEDx) an inverse of z. If in (A, e) all elements
have a unique inverse, then we denote by x~' the inverse of any x € A and call
(A,  e) an invertible magma.

The following is an immediate consequence of Lemma 2.1.

Corollary 2.1. Let (A,[, e, p) be a mosaic. Then p(x) is the unique inverse of
xin A, for all x € A.

Lemma 2.2. Let (A, ¢e) and (A’,, €') be invertible magmata and f : A — A’
a unitary morphism. Then f(z=1) = f(z)™!, for all x € A.
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Proof. The standard argument as, e.g., in [9, Remark 2.6], applies. ]

Definition 2.6 ([4]). A (commutative) polygroup (P,[,e) is an invertible
(commutative) magma, which is reversible with respect to the endofunction de-
fined as x — =1 and where [ is associative, that is, the following property is
valid:

(ASC) (zHy)BDz=20(yEz2), forall z,y,z € P

Remark 2.2. It follows from Corollary 2.1 that polygroups are precisely asso-
ciative mosaics.

Definition 2.7. By a (strong) morphism of polygroups we mean a (strong)
morphism of the underlying mosaics.

Definition 2.8. Let (A, e) be a mosaic. A subset B C A is a submosaic if
the inclusion map B — A is an embedding. A submosaic B of a mosaic (A, e)
is strong if the inclusion map B — A is a strong embedding.

Examples of polygroups and mosaics can be found e.g. in [3, 11].
Definition 2.9. A commutative mosaic (A,H,0) is called a L-mosaic if
(Lmsl) 0,z € z Bz, for all x € A.

(Lms2) (zBz)B(xBaz) =xBz, for al xz € A.

(Lms3) (zB(xzBy)N(zBy)By) CaxBy, for all z,y € A.

(Lms4)

Lms4) For all x,y € A there is a unique z € x By such that x,y € zH 2.

Definition 2.10. Let (A,H,0) be an L-mosaic. A submosaic B of A is called L-
submosaic if (B,Hpg, 0) satisfies properties (Lmsl), (Lms2), (Lms3) and (Lms4)
(property (Lmsl) is automatic).

Lemma 2.3. Let (A,8,0) be an L-mosaic. Then

y<azx Lt yexBua.

is an order relation on A with respect to which 0 is a bottom element.

Proof. Reflexivity and the assertion on 0 can be deduced immediately from
(Lmsl). Regarding transitivity, note that if x € yHy and y € z B z, then by
(Lms2) implies

reyBy C(zBz2)B(zBz2) =20z

As for antisymmetry, if y € x Hx and x € y H y, then by reversibility we have
x,y € x By. Thus, property (Lms4) now implies x = y. O
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Lemma 2.4. Let (A,H,0) be a mosaic satisfying properties (Lmsl) and (Lms2).
If x € A, then A, := x B x is a strong submosaic of A. In addition, for any
strong submosaic B of A we have that

B=|JA4.= ] B.

zeB zeB

Proof. Let z € A, then by (Lms1) we deduce that 0 € A,. By property (Lms2),
for all y,z € A, we obtain that

yBzC (xBz)B (xBzx) = A,.

This suffices to prove that A, is a strong submosaic of A. In addition, we obtain
that B, = A, for all strong submosaics B of A, whence

UAx:UBng

zeB z€EB

For the converse inclusion, note that by property (Lmsl) it follows that = € B,
for all z € B. O

The following is an obvious corollary.

Corollary 2.2. Let (A,H,0) be a mosaic satisfying properties (Lmsl) and
(Lms2) and B a submosaic of A. Then

B := U A,
zeB

is a strong submosaic of A, which is contained in any strong submosaic of A
containing B.

Definition 2.11. We call B the strong closure of a submosaic B in a mosaic
(A,8,0) satisfying properties (Lmsl) and (Lms2).

The following notion will be useful in Section 5.

Definition 2.12. A commutative mosaic (A,H,0) will be called m-dualizable if
m: A — A s an involution such that (A,Br,7(0)) is a commutative mosaic,
where for x,y € A we have set

By :=7(z)Br(y).

Clearly, m becomes an isomorphism between the mosaic (A,H,0) and its 7-
dual (A,B;,7(0)), whenever A is m-dualizable. Therefore, a m-dualizable mosaic
is an L-mosaic if and only if its m-dual is.
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3. Nakano mosaics

We introduce in this section the objects we shall call Nakano mosaics. These are
inspired by the work of Nakano [12], where the modularity of a lattice L is shown
to be equivalent to the associativity of some multioperations defined on L.

Let us start by fixing a bounded join-semilattice (L,V,0). Thus, V is an
associative, commutative and idempotent binary operation and z VvV 0 = z for
all x € L. We highlight that the results of this section can be easily dualized to
bounded-meet semilattices. For all z,y € L we define the following subset of L:

Naky(z,y) :={z€ L|zVy=aVz=2zVy}
Much of the following proposition was already observed in [11, Example 2.20].

Proposition 3.1. For all z,y € L set x By := Naky(x,y). Then (L,H,0) is a
commutative and total mosaic, where the inverse of each x € L is x itself.
Moreover, for all x,y € L we have that

reyBy < z <y,

where © < y &= y = x V y is the canonical partial order associated to the
join-semilattice (L, V).

Proof. By definition Naky (z,0) = Naky (0,z) = {z} holds for all z € L. More-
over, it is easily verified from the definitions that

0 € Naky(z,y) = y ==,

for all x,y € L. Thus, (L,H,0) is an invertible magma where the inverse of
each x € L is x itself. To show that it is a mosaic it suffices to note that for
x,y, 2 € L we have that:

zexHBy < zVy=zVer=2zVy < xcyHBz=z.

Furthermore, we note that x Vy € x Hy holds for all z,y € L, thus H is total.
For the last assertion, x € y Hy if and only if the displayed equation holds,

y=yvVy=xVy,
namely, if and only if z < y. O

Definition 3.1. We call the mosaic (L,H,0) associated to a bounded join-
semilattice (L, V,0) the Nakano mosaic associated to (L,V,0).

Proposition 3.2. The Nakano mosaic associated to a subsemilattice! L' of L
such that 0 € L' is a submosaic of the Nakano mosaic associated to L.

1. Recall that a subset L’ of a join-semilattice (L, V) is a subsemilattice if it is closed with
respect to the operation V.



46 NICOLO CANGIOTTI, ALESSANDRO LINZI AxD ENRICO TALOTTI

Proof. Let L' be a sublattice of L such that 0 € L. Consider the additive
Nakano mosaic (L',H’,0) associated to L'. We have to show that x B y =
(xBy)NL, for all z,y € L'. Fix z,y € L'. If 2z € v B y, then z € L'
and xVy = xVz =1yVzholds in L. Thus, the same holds in L since L’
is a subsemilattice of L and we obtain that z € (z B y) N L. Conversely, if
z € (xBy)NL then xVy = xVz = yVz holds in L, but since L' is a
subsemilattice and z,y, 2 € L' we obtain that z € z B v. O

Lemma 3.1. Let (L,8,0) be the Nakano mosaic associated to the bounded join-
semilattice (L,V,0). The following equivalence

r,y€exBHy <— z=y.
holds, for all z,y € L

Proof. We have z,y € x By if and only if both x € yHy and y € s H =z
hold. The assertion thus follows by the antisymmetry of the canonical order <
associated to the join-semilattice L. O

Lemma 3.2. Let (L,H,0) be the Nakano mosaic associated to the bounded join-
semilattice (L,V,0), then

(rBz)B(xHBz) =Bz
holds, for all x € L.

Proof. If y,z <z holds in L, thent <tVz=tVy =2V y < x follows, for
allt € yHz, i.e., t € xHx. The converse inclusion is immediately verified after
noticing that x € x H x holds for all x € L. O

Fact 3.1 ([5, Lemma 24, p. 132]). Let (L,H,0) be the Nakano mosaic associated
to the bounded join-semilattice (L,V,0) and take x,y,z € L. Then

cByHBz)C{telL|tVaVy=tVaVz=tVyVz=xzVyVz}.

Remark 3.1. Reference [5] actually contains the result for lattices, but the
proof uses only the join-semilattice structure.

Corollary 3.1. Let (L,8,0) be the Nakano mosaic associated to the bounded
join-semilattice (L,V,0), then

(zB(z8y))N((zBy)By) CzBy
holds, for all x,y € L.

Proof. By Fact 3.1, for z € (z B (zBy)) N ((x By) By) we deduce

zVex=zVxNVNrx=zVxVy=xzVzVy=zVy
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and
zVeVy=zVyVy=zVuy.

It follows, that
rVy=zVex=zVxVy=zVy,

whence z € x By. O

Lemma 3.3. Let (L,H,0) be the Nakano mosaic associated to the bounded join-
semilattice (L,V,0). For all x,y,z € L, we have z € x By implies z < xVy. It
follows that t By C (zVy)B(x Vy).

Proof. If z € x Hy, then
zV(zVy)=(z2Va)Vy=(zVy)Vy=zV(yVy)=zVy,
hence z <z V y. O

Lemma 3.4. Let (L,H,0) be the Nakano mosaic associated to the bounded join-
semilattice (L,V,0). For x,y,z € L we have that z = x V y if and only if

(1) r,y€zBzand z €z By
hold in (L,H,0).

Proof. If z =z Vy, then z,y < z and consequently s Vy=2=axVz=yV 2,
which shows (1). Conversely, if (1) holds, then (e.g.) = < z follows and thus
zVy=zxzVz=2z. O

Corollary 3.2. The Nakano mosaic (L,H,0) associated to a bounded join-
semilattice (L,V,0) is an L-mosaic.

Proof. Property (Lmsl) is an immediate consequence of Proposition 3.1.
Property (Lms2) follows from Lemma 3.2, while Property (Lms3) follows from
Lemma 3.1.

It remains to verify Property (Lms4). For this observe that for z,y € L
the element z := ¢ Vy € L satisfies z,y € zH 2z and z € x Hy by Lemma
3.4. This proves the existence part. For uniqueness, note that if 2’ € L satisfies
x,y € /82" and 2/ € zHy, then by Lemma 3.4, we obtain that 2’ = xvVy = 2. [

We now turn to a structural result that places the theory of Nakano mosaics
within a categorical framework. By identifying the correspondence between
bounded join-semilattices and L-mosaics, we are able to establish a categor-
ical equivalence that highlights the algebraic robustness of these multivalued
structures.
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Theorem 3.1. Consider the category JSem" formed by bounded join-semilattices
and their morphisms® and the category LMsc formed by L-mosaics and mor-
phisms of mosaics. Then there is an equivalence of categories JSem" ~ LMsc.

Proof. We employ Corollary 3.2 to define the object assignment of a functor
£ : JSem” — LMsc as
E(L,V,0):=(L,H,0).

We start by claiming that f : L — L’ is a morphism of join-semilattices if and
only if the same map is a morphism of the corresponding mosaics. Indeed, if
z € x By holds in the mosaic (L,H,0) defined above, then we deduce

f@)V fly) = flxVy) = flzVz)= f(z)V f(2), and
f@)V fly)=flxVvy) = flzVy) = f(2)V fy),

that is, f(z) € f(x) B f(y).

Conversely, if f is a morphism of mosaics, then since x Vy € x Hy holds for
any z,y € L, we obtain that f(x Vy) € f(z)H f(y), whence f(x Vy)V f(z) =
f(x)V f(y). On the other hand, we have that x Vy > z, ie., x Vy € z Huz.
Therefore, f(x Vy) € f(x) B f(x), meaning that f(x Vy) > f(z) holds in L'.
We conclude that f(x Vy)V f(z) = f(x Vy) = f(x)V f(y).

Thus, £ is fully faithful. It remains to prove that it is essentially surjective,
ie., if (A,H,0) is an L-mosaic, then we have to define a unique (up to iso-
morphism) join-semilattice structure on A such that (A4, H,0) is the associated
Nakano mosaic. Since (A,H,0) is an L-mosaic, by Lemma 2.3 we obtain the
poset (A, <) with bottom element 0.

We claim that for all z,y € A the unique z, whose existence is guaranteed by
property (Lms4), is the least upper bound of z and y in (A, <). Indeed, it is an
upper bound since z,y € zH z. If 2’ € A is any upper bound, i.e, z,y € 2’ H 2/,
then 2 < 2/ because

zexByC (B )B(EBY) =287,

Now, we set ¢ V y := z and by the arbitrary choice of z,y € A we obtain a
bounded join-semilattice (A4, V,0). It remains to verify that a B b = Naky (a, b)
for all a,b in the bounded join-semilattice (A, V,0).

If c € aHb holds in (A,H,0) and we set x := a Vb, y := aV c as well as
z:= bV ¢, then we have that a,b € x Hz and

cecaBbC (zBx)B(xHBzx)=cBuz.
Thus, we deduce a,c <z and y = a V ¢ < . On the other hand,

bealcC (yHy BH(yBy) =yBy.

2. Recall that a morphism of join-semilattices (L, V,0) and (L, V’,0) is a function f : L — L'
such that f(0) =0" and f(z Vy) = f(z) V' f(y), for all z,y € L.
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Thus, we deduce a,b < y and x = a Vb < y. Therefore, x = y follows by
antisymmetry and similarly one proves that z = x = y. This proves that
a B b C Naky(a,b).

For the converse inclusion, take ¢ € Naky (a,b), i.e.,aVb=aVc=0bVec =: x.
By definition of V, we obtain that

z € (aBb)N(aBec)N(bBc),
therefore, using reversibility,
cecaBrCal (aBD)

and
cexBbOC (aBDb)HD.

Now, ¢ € a B follows by property (Lms3) of L-mosaics. O
Since fully faithful functors are conservative, we obtain a useful corollary.

Corollary 3.3. Let (L,V,0),(L',V',0") be bounded join-semilattices. The as-
sociated Nakano mosaics (L,8,0) and (L', B',0") are isomorphic if and only if
(L,V,0) and (L',V',0') are.

4. Orthomodular lattices

We now review the main concepts around the orthomodularity property in the
framework of lattices. Despite their introduction in the 1930s is strictly linked
with the arising of quantum mechanics and the studies of J. V. Neumann [13],
orthomodular lattices have become an independent purely algebraic dimension
beyond their physical significance. The reader interested in general details on
orthomodular lattices is referred to [8].

Two elements x,y in a bounded lattice (L, A, V,0,1) are complements, writ-
ten x >y, if and only if

xVy=1 and zAy=0.
We define the multimap w : L —o L by setting
w(z):={yeL|zxy}.

By the symmetry of the relation <, we obtain the following properties:
(01) w(z) # 0 = = € (wow)(x) = w?(z).
(02) w3(z) = w(x), for all z € L.

Definition 4.1. A bounded lattice L is called complemented if w is total. A
lattice L is called an ortholattice if w contains a map (called orthocomplemen-
tation ).
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It follows from properties (O1) and (O2) above that all orthocomplementa-
tions on a bounded lattice are involutions. We shall denote by < the canonical
partial order associated to a lattice L.

Fact 4.1 ([8, Chpt. 1, Sect. 2]|). Let L be an ortholattice and m : L — L an
orthocomplementation. Then the following statements hold:

(OC1) z <y if and only if m(y) < w(x), for all x,y € L.
(0C2) m(zVy) =mn(z) A7(y), for all x,y € L.
(0C3) m(xzAy) =m(z)Vn(y), for all x,y € L.

Definition 4.2. Let (L,A\,V,0,1) be an ortholattice. If w: L — L is an ortho-
complementation of L such that for all x,y € L we have that

<y = zV(n(z)A\y)=y.
Then the lattice L is called orthomodular with respect to 7 (7-orthomodular).

Definition 4.3. Two elements x,y in a w-orthomodular lattice are called or-
thogonal, written x L y, if x < 7(y).

Definition 4.4. A lattice (L, A\, V) is called modular if for all z,y,z € L
zVyN(zVz)=(xVy AV z).

Fact 4.2 ([8, Chpt. 1, Sect. 2|). A lattice L is modular if and only if the
pentagon lattice (Figure 1b) is not a sublattice of L.

1 1
a 14 a
c
b a’ b
0 0
(a) The hexagon lattice H. (b) The pentagon lattice P.

Example 4.1. The ortholattice H = {0,a,a’,b,b',1} in Figure la is not ortho-
modular. Indeed b < a but

bV (' ANa)=bV0=0>+#a.
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The following characterization of orthomodularity is well-known.
Fact 4.3 ([8], Theorem 2). Let L be a m-ortholattice. The following statements
are equivalent:

(OM1) L is orthomodular.

(OM2) Ifx <y and w(x) Vy =1, then x =y, for all x,y € L.
(OM3) H is not a sublattice of L.
(OM4)

OM4) If x <y, then the smallest sublattice L' of L containing x,y and closed
under m s distributive.

Since the pentagon lattice P of Figure 1b is a sublattice of the hexagon lattice
H of Figure 1a, it follows from Fact 4.2 and Fact 4.3 (OM3) that modularity is
a property stronger than orthomodularity. For an example of an orthomodular
lattice which is not modular see [8, Section 3, p. 33].

The following is the main theorem of Nakano mentioned before.

Fact 4.4 ([12, Theorem 1]). For a bounded lattice L, the following are equivalent
statements:

1. The Nakano mosaic (L,B,0) associated to (L,V,0) is a polygroup.

2. L is a modular lattice.

The abstract theory of orthomodularity admits concrete illustration through
well-known lattice examples. We now examine two finite lattices, the pentagon
and the hexagon, to show how modularity, associativity, and orthomodularity
(or their failure) are reflected in the structure of their associated Nakano mosaics.

Example 4.2. The Pentagon lattice P = {0, a, b, ¢, 1} in Figure 1b is not mod-
ular. Hence, the associated Nakano mosaic Py is not associative. Table 1 fully
describes the multioperation H of P,. Note that P\ is not a polygroup as
aB(bBc)={c,1} #{1} = (aBb) BHe.

H| 0 a b c 1
0{0}| {a} {o} {c} {1}

a | {a} | {0,a,b} | {a} {1} {c, 1}

b | {6} | {a} [{0,0} | {1} {c, 1}

c [ {c¢ | {1} {1} | {0,¢} {a,b,1}
1 {1} | {1} |{c1} | {a,b,1} | {0,a,b,c,1}

Table 1: P,: The Nakano mosaic associated to the non-modular Pentagon

lattice.

Corollary 4.1. Let L be a bounded lattice. If Py is not a submosaic of (L,H,0),
then the Nakano mosaic (L,H,0) associated to (L,V,0) is a polygroup.
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Proof. If (L,H,0) is not a polygroup, then L is not modular by Fact 4.4, thus
the Pentagon lattice is a sublattice of it. By Proposition 3.2, it follows that P\,
is a submosaic of (L, H,0). O

Example 4.3. In Table 2 we describe the multioperation H of the Nakano
mosaic associated to the hexagon lattice H of Figure 1la.

H| 0 a b a v 1
0] {0} | {a} {or | {d} {v'} {1}
a | {a} [{0,a,b} | {a} | {1} {1} {d, 0,1}
b | {6} | {at [{0,0} | {1} {1} {d, 0,1}
a | {a} ] {1} {1} [{0,a} | {v'} {a,b,1}

ooy | {1y | {1} | {d} [{0,dV} ] {a,b1}
1| {1} | {b,¢} |{a,c} | {a,b} {v'} {0,a,b,¢,1}

Table 2: Hy,: The additive Nakano polygroup associated to the hexagon ortho-
lattice.

5. Orthomodularity and Nakano mosaics

Let Ort be the category formed by pairs (L, ), where L is a m-ortholattice, as
objects and lattice morphisms f : L — L’ such that fom = 7’ o f as arrows
f:(L,m) — (L',7'). Similarly, let LMsc? the category formed by pairs (A4, 7),
where A is a m-duaizable L-mosaic as objects and mosaic morphisms f : A — A’
such that fom =70 f as arrows f: (A, 7) — (A, 7).

We are now in a position to synthesize the preceding developments. Building
on the equivalence established in Theorem 3.1, and taking into account the
role of involutive dualities, we extend our framework to ortholattices and their
categorical counterpart. This leads to the following key result.

Theorem 5.1. The categories Ort and LMsc? are equivalent.

Proof. By restricting the source of the functor £ defined in the proof of Theo-
rem 3.1 to Ort we obtain a functor Ort — LMsc, setting

E(L,V,A,0,1) := (L,8,0),

where (L,H,0) denotes the Nakano mosaic associated to (L,V,0). Since the
orthocomplementation 7 satisfies x Ay = m(mw(z) V7 (y)) and 7(0) = 1, we have
that (L,Hr,7(0)) is the Nakano mosaic associated to the bounded semilattice
(L,A,1). In particular, (L,H,0) is m-dualizable. Hence, the restriction of the
functor £ to Ort has target LMsc?. The same arguments as in Theorem 3.1
apply here to show that it is fully faithful and essentially surjective as a functor
Ort — LMsc?. O
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Proposition 5.1. Let A be a w-dualizable L-mosaic. Then the m-ortholattice
associated to A is w-orthomodular if and only if the implication

(2) reyBHyand lexBHr(y) = =y
holds, for all x,y € A.

Proof. By Fact 4.3 (OM2), the m-ortholattice associated to A is m-orthomodular
if and only if the conjunction of z < y and = V 7(y) = 1 implies z = y. By
definition of V in the m-ortholattice associated to A and since 1H1 = A, we
have that = V 7(y) = 1 is equivalent to 1 € z B 7 (y). On the other hand, we
know that z < y means that © € y B y. The assertion follows. O

The following is a general result on orthomodular lattices.

Fact 5.1 ([8], Theorem 9). Let L be a w-orthomodular lattice and x,y € L. Then
the interstection of all sublattices L' of L such that x,y € L' and n(L') = L’ is
a modular lattice.

From the above result and Fact 4.4 we deduce:

Proposition 5.2. Let A be a w-dualizable L-mosaic satisfying the implication
(2) for all z,y € A. Then for all z,y € A the smallest L-submosaic A" of A
containing x,y and closed under w is a polygroup.

Proof. Fix z,y € A and let A’ be as in the statement. Since A’ is an L-
mosaic, we may consider its associated ortholattice structure. Call this lattice
L’. Let further L be the ortholattice structure associated to the L-mosaic A.
By Theorem 5.1, the lattice L’ is the smallest of all sublattices of L such that
x,y € L' and w(L’') = L', hence, by Fact 5.1, L’ is a modular lattice. It now
follows by Fact 4.4 that A’ is a polygroup. O

6. Further research: the connection with the quantum world

Since the 1990s, dagger compact categories have played a central role in the
development of topological quantum field theories, as introduced by John Baez
and James Dolan [2]. Later, in the early 2000s, Samson Abramsky and Bob
Coecke identified these categories as fundamental structures in their framework
of categorical quantum mechanics [1].

Building on these foundational ideas, recent work has explored alternative
algebraic approaches to quantum theories. In this context, we highlight the
contribution of Jencova and Jenca [7], which served as an initial inspiration for
our study. Their research underscores the potential role of hypercompositional
structures in the analysis of quantum phenomena. Specifically, their approach
employs the concept of effect algebras—algebraic structures with a partial op-
eration (see [6] for further details).
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Both partial operations and multioperations can be naturally modeled by
monoids in the category Rel (see [10] for further details). At this point, it should
be noted that the category Rel possess a dagger compact structure. While
partial algebraic structures, such as effect algebras, are already well-integrated
into quantum theories, the study of algebraic structures with multioperations
remains less developed. This work aims to encourage further research into this
promising direction, which we also plan to explore in future investigations.
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