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Inequalities of DVT-type — the two-dimensional case continued
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Abstract. In this note, particular two-dimensional inequalities dealing with two n-
tuples of integer numbers under relatively general assumptions are investigated. More-
over, systems of integers for which the equality holds are completely described.
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1. Introduction

In [4], A. Drapal and V. Valent proved that in a finite quasigroup @ of order
n the number of associative triples a(Q) > 2n — i(Q) + (d1 + d2), where i(Q) is
the number of idempotents in @Q, i.e., i(Q) = [{z € Qlzz =x}|, & = |{z €
Qlzx #zxforallz € Q}| and 02 = [{z € Q|zz # zforallxz € Q}|. This
important result is an easy consequence of the inequality

n k
> (af + b7 +aibi) = > (@i +bi) > 3n— 2k + (r+ s),
i=1 i=1
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wheren >k >0, ay,...,an,b1 ...,b, are non-negative integers such that > a; =
n=> b,a;>1and b >1for 1 <i <k, ris the number of i with a; = 0 and
s is the number of ¢ with b; = 0. It should be noted that quasigroups with small
a(Q) may have applications in cryptography [5]. The lengthy and complicated
proof of this DVT-inequality (inequality of Drépal-Valent type) in [4] is based
on highly semantically involved insight.

In [6], a very short elementary arithmetical proof of a more general inequality
of this type was found under assumption that y ;" ; a; > n, > . ; b; > n. This
inequality is two-dimensional in the sense that it works with two n-tuples of
integers. The approach in [6] opens a road to investigation of similar DVT-
inequalities which could be useful in further investigations of estimates in non-
associative algebra and they are also of independent interest. Hence they deserve
a thorough examination; however, the research is only at its beginning. In [1]
and [2], the one-dimensional case working with one n-tuple of real numbers was
investigated. In [3], the investigation of the two-dimensional case working with
two n-tuples of integer numbers was begun. The main aim of this note is to
show that

n n
23 (a7 + b7 +aib) >3 (a;i +b;) + 2r + 2s,
i=1 i=1
where a1, ...,an,b1...,b, are integers such that " | |a;| >n, > i |bi| >n,r
is the number of ¢ with a; = 0 and s is the number of 7 with b; = 0. Moreover,
the case when the equality holds is completely described.

2. The inequalities

Throughout this section, let n > 1 and ay, ..., an, b1, ..., b, be integers. Put a =
(aty... apn), B="(b1,...,bp), I ={1,...;n}, A={ie€l|a; >0,b; >0,a;+b; >
3}, Br = {i € I|(ai,b;)) = (2,0)}, By = {i € I|(ai,b;)) = (0,2)}, Bz =
{i e TIl(ai,b;) =(1,1)}, B=B UByUBs, Cy ={i¢€I|(a;b;)=(2,—-1)},
Cy ={iell(a;b)=(-1,2)}, C=CrUCy Dy = {ié€ll(a;b)=(0,1)}
Dy = {Z S I‘ (ai, b;) = (1,0)}, D=DyUDy and E = {Z S I’ (ai, b;) = (0,0)}
For X = A, By, ..., E, denote x = |X|. Further, for integers x,y put z(0) = 1,
z(z) = 0 otherwise and t(x,y) = 22 + 2y* + 22y — 3z — 3y — 2z(z) — 22(y).
Finally, put z(o) = [{i € I'|a; = 0} = >, 2(a;) and t(a, B) = > 0 t(as, b;).

Lemma 2.1. a® —a — 2z(a) > 2|a| — 2 for every integer a.

Proof. Obviously, a> —3a+2 = (a —1)(a—2) > 0. If a > 0 then z(a) = 0 and

a?—a>2a—2=2|al —2. Ifa <0 then 2(a) =0 and a® > |a| = —a > —a — 2,
and hence a? — a — 2z(a) > —2a — 2 = 2|a| — 2. Finally, if a = 0 then z(a) = 1
and a® — a — 2z(a) = —2 = 2|a| — 2. O

Lemma 2.2. Leta > 1 and b > 0 be integers. Then:

(i) t(a+1,b) > t(a,b).
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(ii) If ¢,d are integers such that ¢ > a, d > b and c+d > a + b then t(c,d) >
t(a,b).

(iii) Ifi € A then t(ai,b;) > t(2,1) =5.
(iv) t(2,—-1) =t(—1,2) = 3, t(1,0) = ¢(0,1) = =3, t(2,0) = £(0,2) = t(1,1) =
0 and t(0,0) = —4.
(v) If I =BUCUDUE and 3c = 3d + 4e then t(a, 5) = 0.
Proof. We have t(a+1,b)—t(a, b)=4a+2b—1>4a—1>3 and the rest is clear. [

Theorem 2.3. Let Y ;' |a;| > n and > 1 |bj| > n. Put a = (a1,...,a,),
/8 = (bly-'-ybn)- Then

2 “(af + b7 + aibs) =3 (a; + bi) + 2z(a) + 22(B),
=1 i=1

2> (ai+b:)* =2 aibi+3> (ai+bi) + 22(c) +22(8).
=1 =1 =1

The equalities hold if and only if the following conditions are satisfied:
1. I=BUCUD.
2. dy <ci+4ce and k=2c; +2cy + e —di| < n.
3. dy =c1 +co —dy.
4. If ¢y > dy then bg = by + |c; — dy].
5. If ¢ < dj then by = bg + |c; — dq].
6. 2p <n—k and bg =n — k — 2p, where p = min(by, ba).
In this case, Y |a;| =n=73 " |b].

Proof. Clearly, the inequalities are equivalent to t(c, ) > 0. Denote I} = {i €
I\ai > O,bi > 0}, ny = ‘11’, Iy = {’L S I\ai < O,bi < 0}\{(0,0)}, Nng = ’IQ’,
Is = {i € I'la;b; < 0} and ng = |I3]. For j = 1,2,3 put zj(a) = [{a; €
Lilai = 0} = Yy, 2(ai), z(B) = {bi € [j[bi = O} = 3¢ 2(bi) and t; =
2 Zie]j CLZ2 +2 Zielj b? +2 Zielj a;b; — 3 Zielj a; —3 Zielj b; — 22j(a) - 22’]‘(,3).
Then I = I1UILUI3, n = ni+ns+ns, 23(05) =0= Z3(ﬁ) and t(a,ﬂ) = t1+ta+13.
The proof is divided into nine parts:

(i) First, denote t1(a) = D e, a? — Y ier, @i — 2z1(a), t1(8) = X ier, b? —
Yien bi —221(8) and g1 = Y icp (@i +b)* =2 ey ai — 23 cp, bie By 2.1, we
get t1(a) > 23 icp |ail —2nq, t1(B) > 23 icq, bil — 201 and ¢ = >, (@i +
bi —1)* —n1 > Yiep (ai+bi — 1) —n1 = 3y, lail + ey, [bi] — 2n1. Then
ty =ti(a) +t1(B) +q1 > ?’Zieh |a;| + ?’Zieh |b;| — 6n1.
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(i) Further, we have ty = 2", ; aZ4+2> ;00 b74+23 5 cp aibi+3 Y e, lail+
32 ier, 1bil=222(a) =222(8) > 33 i1, lail+3 > iy, |bi| —2n2, since a; = 0 if and
only if b; # 0 for every i € Ip. If Iy # () then to > 37, [ai|+3) ¢, |bil —6na.

(iii) If i € I3 and a; > 0, b; < 0, then t(a;, b;) — 3|a;| — 3|b;| +6 = 2a? + 27 +
2a;b; — 6a;+6 = 2(b? +a;b;+ a? —3a; +3) = 2((b; + %)*+ 2(a; — 2))? > 0. Thus
t(a;, b;) > 3lai| + 3|b;| — 6 and the equality holds if and only if (a;, b;) = (2, —1).
The case a; < 0, b; > 0 is symmetric. Hence t3 > 3%,/ [ai|+3 ) ;cp, [bi| —6n3
and the equality holds if and only if I3 = C.

(iv) Finally, t(a, 8) = t1 +ta +t3 > 3> i, ai| +3> .7 |bi] —6n > 0.

(v) Now, assume that t(a, ) = 0. Then > 1" | |a;| =n = Y1, |bi|, Io =0
and I3 =C. Thus I =AUBUCUDUE.

(vi) First, let t(o, ) =0and C = 0. Then I =11, Y ;" jai=n= Y b
and (see (1)) 0= g1 = > (@i +b:)* = 2307 (a5 + i) = 37 (a5 + b — 2)* +
23 jai+2>0 b —4An =" (a; +b; — 2)2 > 0. Thus a; + b; = 2 for every
i=1,...,n,I=Band A=0=FE.

(vii) Further, let t(o,8) =0, C # () and E # (). Take j € C and k € E.
If j € Cy (ie., (a;,b5) = (2,-1)) ,put ¢; = 1,d; =0, ¢, =1 = dj and
¢i = aj, d; = b; otherwise. Denote v = (¢1,...,¢,) and § = (dy,...,d,). Then
Dimrleil =2 lad F1+1=3 0 lail +24+0=n=3 . [bil +1+0=
Doizjn |bil £0+1 =271 |di], and hence 0 < ¢(y,8) = 3, ;. t(ai b)) =3+0 <
Zi#’k t(a;, b)) +3 —4 =t(a, ) = 0, a contradiction. The proof for j € Cy is
similar. We have proved that if t(a, 3) = 0 and C # () then E = {).

(viii) Now, let t(a, 8) =0, C # () and A # (). Then E = () by (vii), t(c, 8) =
Y icat(aibi)+3c—3dand Y |ai| = > ,c4 ai+2b1+b3+2c1+ca+do =n =
a+bi+by+bs+ci+ca+di+dy = Z?:l |bl| = ZieA b; +2bg+bs+c1+2¢1 +d;.

In order to obtain t(a, 8) = 0, to each pair (a;,b;), i € C, must correspond
a pair (aj,bj), j € D. Hence d = d; +d2 > ¢1 + ¢ and the remaining d — ¢
pairs (a;, b;), i € D (their increment to t(«, ) is —3(d — ¢)) must compensate
Zz’eA t(ai, bl) > Ha.

Now, suppose that d; > ¢ and dg > co. Then for every ¢ € C; we can choose
Jji € D1 and for every i € Cy we can choose j; € Dy. Put K =1\ {i,j;|i € C}.
Then K = {i € K|a; > 0,b; > 0}, |K| =n—2¢, > ;cglail = > caa +
2by + b3 +dy —ca = |K|[ = >7;c4a; +2b1 + b3 +2c1 +c2 +dy — 2c1 — 2c2 =
n—2c= |K’ = zieAbi+2b2+b3+C1+202+d1 —2¢c] —2¢o = ZieAbi+2b2+
by +di —c1 = Y lbi] and 0 = t(a, B) = D icx t(ai, bi) + Y i, (tai, bi) +
t(ajm bji)) +Zi€C’2 (t(ai, bi) +t(aji’ bji)) = ZieK t(aiv bi) +c1(t(2, _1) +t(0a 1)) +
c2(t(—1,2) +t(1,0)) = > ;e t(as, b). By (vi) (for K instead of I) we obtain
K={ie K|a;+b; =2}, a contradiction with § # A C K.

Further, suppose that d; > ¢; and ds < ¢o. Again, for every i € C; we can
choose j; € D1, and for every i € Dy we can choose j; € Co. Taking into account
that the increment of pairs (2, —1),(0,1) to > |a|, Y iy |bi] and n is 2 and
t(2,—1) +t(0,1) = 3 — 3 =0, the increment of pairs (1,0), (—1,2) to > ", |al,
Yo, |bil and nis 2 and ¢(1,0) 4+ t(—1,2) = —3 + 3 = 0, the increment of pairs
(2,0),(0,2) to > lasl, >ory |bi| and n is 2 and ¢(2,0) = 0 = ¢(0,2), and the
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increment of pair (1,1) to Y1 |ai|, Y iy |bi| and n is 1 and ¢(1,1) = 0, we may
assume without loss of generality that by = 0, min(by,by) =0, ¢; =0 and dy =
0. Of course, d; > co and C' = Cy, D = Dy. Now, for each ¢ € C'y we can choose
7i € D1. Put L = {jz |Z S Cg} C Dyand K = I\(CQUL). For every i € C5 put
¢ =0,d; =2, ¢j, =1 and dj; = 1. Further, put ¢; = a;, d; = b; for every i € K
and v = (c1,...,¢n), 0 = (di,...,dy). Then (¢;,d;) = (0,2) for every i € Cy,
(¢i,d;) = (1,1) for every i € L and ¢; > 0, d; > 0 for every i € I, Y 1" | |¢;| =
Vsl 42 = Y0 lai] = 1 = X0 Il = e il + e+ 2e = S0 |d
and (7, 0) = D e g tai, bi) + e, Hcir di) + 2iep tcir di)) = X ie g tas, bi) =
ZieK t(a;, b;) + 3cg — 3cg = ZieK t(a;, b;) + ZiECQ t(a;, b;) + ZieL t(a;, b)) =
iy t(ai, b)) = 0. By (vi) for 7,8, we obtain K = {i € K|a; +b = 2},
a contradiction with () # A C K. The proof for d; < ¢y, ds > cg is similar. We
have proved that if ¢(o, 3) = 0 and C # ) then A = ().

(ix) Finally, let ¢(c«, ) = 0. By (vi), (vii) and (viii), we have A = () = E,
I=BUCUD,0=t(a,p) =3c—3dand ¢ = ¢; +cg =d = d; + da. Hence
d; < ci1+c9 and dyg = ¢y +co—d;. Further, Z;’L:l \a1| = 3¢14+2co—d1+2by+bg =
n =2c1 + 2co + by + by +bg = Z?:l |bz‘ = ¢y + 2¢co + dy + 2bs + b, and hence
¢1+b; =di; +bg. If ¢g > dq then by = by + |C1 — dll, and if ¢; < dy then by =
bo+|c1 —di|. As|CUD| = 2¢;+2co, we obtain k = 2¢1+2ca+|c1—di| < n. Now,
denote p = min(by, by). Then 2p < n—k and by = n—k—2p. Indeed, if ¢; > d;
then n—k = n—2c¢1—2cy—c1+dy = bi+bs+bg—ci+d; = bi+bi+bs = 2p+Dbs.
Thus 2p <n — k and bg =n — k — 2p. The proof in case ¢; < dy is similar.

Conversely, assume that the conditions (1) — (6) are satisfied. If ¢; > d;
then > 7" | |ai| = 3¢1 +2c2 —dy +2by +bg =3c1 +2co —d1 +2p+n—k—2p =
2c1 +2c9+c1 —di +n—k = n and 2?21’b1| =c1 4+ 2¢co +dy + 2by + by =
c1+2co+di+2p+2(ci —di)+n—k—2p=2c;+2co+c; —di+n—k=n.
The proof for ¢; < dj is similar. Finally, t(c, 3) = 0 by 2.2(v). O

Remark 2.4. If > | |a;|+ >/ |b;j| > 2n then the inequalities in Theorem 2.3
hold.

Theorem 2.5. If>"" |, a; > n and ) ;" | b > n then the inequalities in Theorem
2.8 hold and the equalities hold if and only if I = B, 2b; < n, by = by and
bs = n — 2by.

Proof. The inequalities follow from Theorem 2.3. Now, suppose that t(«, ) =
0. Then >0y la;|l =n=>"|b|. f C # 0 then > ' ja; < Y iy la;] =nor
S by <30 |bil =n, a contradiction. Thus C' = ) and the rest follows from
Theorem 2.3 and its proof. O

Remark 2.6. (i) The situation > ., |a;| > n, >0 |bi] > n, t(e, 8) = 0 is
completely described by conditions (1) — (6). In order to find all such pairs «, 5
for given n, choose non-negative integers ci,co,dq,p such that di < ¢ + cg,
k=2c1+2co+|c1 —di| <nand 2p <n-—k, calculate dg = ¢; +ca—dy, by =p
and by = p + ’Cl —d1| if ¢y > di, by = p and b, :p—|—|C1 —d1| if ¢ < dy,
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bs = n — k — 2p and take c; pairs (2,-1), co pairs (-1,2), d; pairs (0,1), da pairs
(1,0), by pairs (2,0), by pairs (0,2) and bs pairs (1,1).

(ii) For instance, for n = 17 choose, e.g., ¢ =3, co =2, dy =4 and p = 2.
Then de =1, by = 2, by = 3, bg = 2 and we obtain one type of o, 8. In this way,
to each choice of ¢1, co, dy, p satisfying d; < ¢y +4ca, k =2¢1+2co+|c1—di| <n
and 2p < n—Fk corresponds one type of «, 8 such that Y ;" | |a;| > n, Y0 |bi] >
n and t(a, B) = 0. All n! pairs «, 5 of this type can be obtained by permutations
of I.

(iii) By Theorem 2.5, the situation y ;" ; a; > n, > b; > n, t(a, ) =0 is
completely described.

(iv) For instance, for n = 5 choose, e.g., p = 2. Then we obtain one type of
a, 3, namely 2 pairs (2,0), 2 pairs (0,2) and one pair (1,1). In this way, to each
choice of p such that 2p < n corresponds one type of e, 8 such that > 7" ; a; > n,
Yo, b; > nand t(o, ) = 0, namely p pairs (2,0), p pairs (0,2) and n — 2p pairs
(1,1). All n! pairs of this type can be obtained by permutations of I.

3. Conclusions

In the paper, two relatively complicated inequalities concerning two n-tuples of
integers are proved and the case when the equality holds is solved. Inequalities
of similar type already proved useful in obtaining some estimates of the number
of non-associative triples in quasigroups and hence the investigation of such
inequalities can lead to further applications.
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