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Abstract. Let G be a finite non-abelian simple group. The rank of non-trivial con-
jugacy class X of G, denoted by rank(G:X), is defined to be the minimal number of
elements of X generating G. Also, a group G is said to be nX-complementary generated
if given an arbitrary non-identity element x € G then there exists an element y € nX
such that G = (z,y). In this paper we establish the ranks of all the conjugacy classes of
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the Tits group 2F4(2)" and also classify all the non-trivial conjugacy classes of 2F4(2)’
whether they are complementary generators of 2F4(2)’ or not.

Keywords: conjugacy classes, nX-complementary generation, rank, structure con-
stant, Tits group.
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1. Introduction

A finite group G can be generated in many different ways. For example the
probabilistic generation, %—generation, (p, q, r)-generations, ranks of non-trivial
classes of GG, nX-complementary generation and many other methods. Gener-
ation of finite groups by suitable subsets has many applications to groups and
their representations. For example, the computations of the genus of simple
groups can be reduced to the generations of the relevant simple groups (see
Woldar [42] for details). Also Di Martino et al. [32] established a useful connec-
tion between generation of groups by conjugate elements and the existence of
elements representable by almost cyclic matrices. Their motivation was to study
irreducible projective representations of sporadic simple groups. Recently more
attention was given to the generation of finite groups by conjugate elements. In
his PhD Thesis [40], Ward considered generation of a simple group by conjugate
involutions satisfying certain conditions.

A finite group G is said to be (I,m,n)-generated if G = (z,y) , with o(x) =
I, o(y) = m and o(xy) = o(z) = n. Here [z] = IX, [y] = mY and [z] = nZ,
where [z] is the conjugacy class of X in G containing elements of order [. The
same applies to [y] and [z]. Since a group G can be generated by a number of
elements in a given conjugacy class X, there is a considerable interest of finding
the minimal number of elements of X generating G. This minimal number is
given as the rank of X in G and is denoted by rank(G:X).

Moori in the articles [33, 34] and [36], computed the ranks of involution
classes of the Fischer sporadic simple group Fiss. Furthermore, Moori and
Basheer in [8] computed the rank of the class 34 of A,, n > 5. They proved
by mathematical induction that rank(A,:34) is 25* if n is odd and is % if n
is even. Ali and Ibrahim in [1, 2, 3] determined the ranks of Conway group
Co1, the Higman-Sims group HS, McLaughlin group McL, Conway’s sporadic
simple groups Cog and Cos. In 2008, Ali and Moori [4] established the ranks
of conjugacy classes of the Janko groups Ji, Jo, J3 and Jy. Recently, Mota-
lane [38] computed the ranks of the classes of the Mathieu group Ms3 and the
Alternating group Aj;.

For a non-trivial conjugacy class nX of a finite non-abelian group G, we
say that G is nX-complementary generated if for any x € G, there ex-
ists an element y € nX such that G = (z,y). We say y is a complementary.
The motivation of studying this kind of generation comes from a conjecture by
Brenner-Guralnick-Wiegold [20] that every finite simple group can be generated
by an arbitrary non-trivial element together with another suitable element.
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In a series of papers [5, 24, 26, 27, 28, 30, 35] and [37], the nX-complementary
generations of the sporadic simple groups Th, Coy, Ji1, Jo, J3, HS, McL, Cos,
Cos and Fyo have been investigated.

The aim of this paper is two fold. Firstly, we intend to establish the ranks
of all nontrivial conjugacy classes of an exceptional group of Lie type, namely,
the Tits group 2F4(2)’. Secondly, we establish all the n.X-complementary gener-
ations of 2F4(2)’, where nX is a non-trivial conjugacy class of elements of order
n as in the Atlas [23]. We follow the methods used in the papers [6, 7, 9, 10, 11,
12, 13,14] and [15]. Note that, in general, if G is a (2, 2, n)-generated group then
G is a dihedral group and therefore G is not simple. Also by [22], if G is a non-
abelian (I, m, n)-generated group then either G = As or %—i—%—k% < 1. Thus, for
our purpose of establishing the n.X-complementary generations of G' = 2F4(2)’,
the only cases we need to consider are when % + % + % < 1.

The main results in this paper can be summarized in Theorems 1.1 and 1.2.

Theorem 1.1. Let nX be a non-trivial conjugacy class of the exceptional Tits
group 2F4(2)". Then

1. rank(?F4(2)":2A) = rank(?F4(2)":2B) = 3,
2. rank(?F4(2)":nX) = 2 for all nX ¢ {2A,2B}.

Theorem 1.2. The group 2F4(2)" is nX -complementary generated if and only
ifn > 3.

The group 2F4(2)" as outlined in the Atlas [23] is a simple group of order
17971200 = 2 x 33 x 52 x 13. It has exactly 22 conjugacy classes of its elements
and 8 conjugacy classes of its maximal subgroups. Table 1 depicts representa-
tives of the maximal subgroups of 2F(2)’ and their orders.

Table 1: Maximal subgroups of 2F(2)’

Maximal Subgroup Order
L3(3):2= M, 11232 =2° x 33 x 13
L3(3):2= M, 11232 = 2% x 33 x 13
2(28):5:4 = M3 10240 = 2 x 5

Lo(25) = My 7800 = 23 x 3 x 52 x 13
22:(28):83 = M; 6144 = 21 x 3
Ag2% = Mg 1440 =25 x 32 x5
A2 = M7 1440 = 2% x 32 x5
52:4A4 = Mg 1200 = 2* x 3 x 52

Using Equation (4) on GAP [31], we calculated the values of h(g, M;), where
g is a representative of a non-trivial conjugacy class of 2F4(2)’ and over all the
maximal subgroups M; of 2F4(2)’. We list these values in Table 2.
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Table 2: The values h(g, M;)
subgroups of 2F4(2)

, 1 <1 <8, for non-identity classes and maximal
/

[ [ °a [ Ve [ M [ M [ s [ Vs [ M [ W |

2A 0 0 91 0 45 | 256 | 256 | 256
2B 48 48 27 64 61 80 80 32
3A 7 7 0 9 9 [§ 6 18
4A 4 4 15 16 13 12 12 8
4B 0 0 3 0 5 0 0 0
4C 4 4 7 0 5 12 12 8
5A 0 0 5 4 0 5 5 1
6A 3 3 0 1 1 2 2 2
8A 0 0 3 0 1 0 0 0
8B 0 0 3 0 1 0 0 0
8C 2 2 1 0 1 2 2 0
8D 2 2 1 0 1 2 2 0
10A 0 0 1 0 0 1 1 1
12A 1 1 0 1 1 0 0 2
12B 1 1 0 1 1 0 0 2
13A 1 1 0 3 0 0 0 0
13B 1 1 0 3 0 0 0 0
16A 0 0 1 0 1 0 0 0
16B 0 0 1 0 1 0 0 0
16C 0 0 1 0 1 0 0 0
16D 0 0 1 0 1 0 0 0

2. Preliminaries

Let G be a finite group and Cy, Co, . . ., Ck (not necessarily distinct) for k£ > 3 be
conjugacy classes of G with g1, g2, ..., gr being representatives for these classes,
respectively.

For a fixed representative g, € Cj, and for g; € C;, 1 < i < k—1, denote by Ag =
Ag(C1,Cy,...,Ck) the number of distinct (k — 1)-tuples (g1,92,...,9k-1) €
C1 x Cy x ... x Ck_q1 such that gi1g2...gx_1 = gr. This number is known as

class algebra constant or structure constant. With Irr(G) = {x1,Xx2,---, Xr}s
the number Ag is easily calculated from the character table of G using Equation
(1),

k—1

[Licit

(1) Ac(Cy,Ca, ... Cp) = i:|1G’ Z; Xi(gl)Xi(Lz];)i(-l-éEC)ilggl;—l)Xi(gk)'

Also, for a fixed gy € Cj, we denote by A (Cy,Co,...,C)) the number of
distinct (k — 1)-tuples (g1,92,- -, gk—1) satisfying

(2) 9192---gk—1 =gr and G =(g1,92,..,9k—1) -
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Definition 2.1. If A% (C1,Co, ..., Ci) > 0, then the group G is said to be
(C1,Cy,. .., Cy)-generated.

Furthermore, if H is any subgroup of G containing a fixed element hy € Cf,
we let X (Ch, Co, ..., Ck) be the total number of distinct tuples (h1, ha, ..., hg_1)
which are in C7 x Cy x ... x C}_1 such that

(3) hlhg...hk_l = hk and <h1,h2,...,hk_1> < H.

The value of ¥y (C1,Co,..., Ck) can be obtained as a sum of the structure
constants Ag(ci,ca,...,cx) of H-conjugacy classes ¢y, ca, ..., ¢ such that ¢; C
HnNC;.

Lastly, for conjugacy classes ci,co,...,c; of a proper subgroup H of G
and a fixed gr € ¢, let X3(c1,ca,...,c) represents the number of tuples
(hl,hg,...,hkfl) € c1 X cg X ... X ¢ci_1 such that hihe...hpy_1 = g and
(h1,hay...,hi—1) = H.

When it is clear from the context which conjugacy classes of H are consid-
ered, we will use the notation X(H) and ¥*(H) to denote X (c1, ¢, ..., ¢) and
¥ (c1,ca,. .., cp), respectively.

Theorem 2.1. Let G be a finite group and H be a subgroup of G containing a
fized element g such that ged(o(g), [Na(H):H]) = 1. Then the number h(g, H) of
conjugates of H containing g is X (g), where xm(g) is the permutation character
of G with action on the conjugates of H. In particular,

(@ Z et

Ne(H) (T

where x1,x9, ..., Ty are representatives of the Ng(H )-conjugacy classes fused
to the G-class of g.

Proof of Theorem 2.1. See [27] and [29, Theorem 2.1].
The above number h(g, H) is useful in giving a lower bound for AZ,(Cy, Cy, .. .,
C), namely AE(C&, Cy,...,Ck) > 0O¢(C1,Co,...,Ck), where
OG(C1, Ca, ..., Ck) = Aa(Ch, Ca, ..., Ci) = Y hlgr, H)S3(C, Ca, ..., i),

gk is a representative of the class C} and the sum is taken over all the represen-
tatives H of G-conjugacy classes of maximal subgroups of G containing elements
of all the classes C,Co, ..., Ck.

In the following, Theorem 2.2 and Lemma 2.2 are in many cases useful in
determining whether G is nX-complementary generated, while Lemma 2.1 is in
some cases useful in establishing non-generation for finite groups.

Theorem 2.2 ([8, Lemma 2.5]). Let G be a (2X, sY,tZ)-generated simple group,
then G is (sY, sY, (tZ)?)-generated.
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Lemma 2.1 (e.g., see Ali and Moori [4] or Conder et al. [21]). Let G be a
finite centerless group. If AL(C1,Ca,...,Ck) < |Cq(gr)| and gp € Ci then
AL(C, Cy, ..., Ck) = 0 and therefore, G is not (C1,Ca, ..., Cy)-generated.

Lemma 2.2 ([25]). If G is sY -complementary generated and (rX)™ = sY then
G is rX -complementary generated.

Proof of Theorem 2.2. Let rX and sY be non-trivial conjugacy classes of
G such that (rX)" = sY for some integer n. If G is not rX-complementary
generated then there exits an element x of prime order such that (x,y) < G
for all y € rX. Since z,y" € (z,y), it follows that (z,y") < (z,y) < G for all
y™ € sY. Thus the results follows by method of contrapositive.

Lemma 2.3 (Ali and Moori [4] or Conder et al. [21]). Let G be a finite simple
group such that G is (IX, mY,nZ)-generated. Then G is (I1X,IX,--- ,IX,(nZ)™)-
—_———

m—times
generated.

The following result is due to Scott ([21] and [39]).

Theorem 2.3 (Scott’s Theorem). Let g1,92,...,9s be elements generating a

group G such that g1g2...9s = 1g and V be an irreducible module for G with

dimV =n > 2. Let Cy(g;) denote the fized point space of (g;) on V and let d;
S

be the codimension of Cy(g;) in V. Then Zdi > 2n.
=1

With x being the ordinary irreducible character afforded by the irreducible
module V and 1, being the trivial character of the cyclic group (gi), the
codimension d; of Cy(g;) in V can be computed using the following formula

([25)):

di = dim(V) — dim(Cy(g;)) = dim(V) — <X¢gi>7 1<gi>>

1 o(gi)—1

i =0

x(g)).

The following proposition gives a criterion for G to be nX-complementary
generated or not.

Proposition 2.1 ([25]). A finite non-abelian group G is nX-complementary
generated if and only if for each conjugacy class pY of G, where p is prime, there
exists a conjugacy class tyy Z, depending on pY, such that G is (pY,nX,t,y Z)-
generated. Moreover, if G is a finite simple group then G is not 2X-comple-
mentary generated for any conjugacy class of involutions.
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3. The ranks of non-trivial conjugacy classes of 2F4(2)’

We start our investigation on the ranks of the non-trivial classes of 2F4(2)’ by
looking at the two classes of involutions, namely 24 and 2B. It is well-known
that two involutions generate a dihedral group. Thus the lower bound for the
rank of a class of involutions in a finite simple group G is 3.

Lemma 3.1. The group 2F4(2) is (24, 3A,13A)-generated.

Proof. Direct computations on GAP show that Azp,p(24,34,134) = 13.
We deduce from Table 2 that no maximal subgroup of “F4(2)’ will be involved
in the calculations of A§F4(2)/(2A,3A, 13A). Hence, A§F4(2),(2A,3A, 134) =
Asp,(9(24,3A,13A) = 13 and generation occurs immediately. O

Proposition 3.1. rank(?F4(2):24) = 3.

Proof. Since by Lemma 3.1, 2F(2)" is (24, 34, 13A)-generated group, it follows
by applications of Lemma 2.3 that 2F4(2)" is (24,2A4,2A4, (13A)3)-generated,
ie., (24,24,2A,13A)-generated group. Thus, rank(?F4(2):24) < 3. Since
rank(?F4(2):2A) & {1,2}, it follows that rank(?F4(2):24) = 3. O

Lemma 3.2. The group 2F4(2) is (2B,3A,16A)-generated.

Proof. Direct calculations with GAP yield Asp,5)(2B,34,164) = 112. We
deduce from Table 2 that only one maximal subgroup of ?F4(2)’, namely Ms, has
a nonempty intersection with the triple (2B,3A4,16A). We further calculated
Y(Ms)=0+0+0+32=32and h(g, M5) =1 for g € 16A. Thus,

Alp oy (2B,3A,164) > Aaop, 5y (2B,3A4,164) — 1- £(M;) = 112 — 32 = 80.

We find A§F4(2),(2B,3A, 16A4) > 0 showing that 2F4(2) is (2B,3A4,16A)-gene-
rated. O

Proposition 3.2. rank(?F4(2):2B) = 3.

Proof. By Lemma 3.2, 2F4(2)" is (2B,3A,16A)-generated. We see from the
Atlas [41] that (164)3 = 16A4. Now, application of Lemma 2.3 reveals that
2F,(2) is (2B,2B,2B,(16A)3)-generated, i.e., (2B,2B,2B,16A)- generated.
Thus, rank(?F4(2):2B) < 3. Since rank(?F4(2)":2B) ¢ {1,2}, it follows that
rank(?F4(2):2B) = 3. O

Proposition 3.3. rank(?F4(2):34) = 2.

Proof. Since by Lemma 3.1, 2F,(2)" is (24, 34, 13A)-generated group, it follows
by applications of Lemma 2.2 that 2F4(2)’ is (34, 3A, (13A4)?)-generated. Since
(134)2 = 13B it follows that 2F4(2)" is (3A4,3A,13B)-generated. This shows
that rank(?F4(2):34) = 2. O
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Remark 3.1. The result of Proposition 3.3 can be obtained directly from
Proposition 12 of [16].

Lemma 3.3. The group 2F4(2) is (24,4A,12A)-generated.

Proof. We calculated, with GAP, the structure constant Azp, 9y (24, 44,124) =
12. We deduce from Table 2 that only the maximal subgroups M5 and Mg of

2F4(2)" have nonempty intersection with the triple (24,44,12A). Further cal-

culations with GAP reveal that ¥(M;s) = 0 = ¥(Mg). We see from Table 2 that

h(g, Ms) = 1 and h(g, Mg) = 2 for g € 12A. Therefore,

Abp, 0y (2A,44,124) = Ao, 5y(24,44,124) — 1- 5*(Ms) — 2 5*(Ms)
= 12-0-0=12

showing that 2F4(2) is (24,44, 12A)-generated. O
Proposition 3.4. rank(?F4(2):4A) = 2.

Proof. Applying Lemma 2.2 to the result in Lemma 3.3 we see that 2F,(2)’
is (44,4A, (12A)?)-generated. Since (124)% = 124 it follows that 2Fy(2) is
(4A,4A,12A)-generated and the result follows. O

Lemma 3.4. The group 2F4(2) is (24,4C,13B)-generated.

Proof. Calculations with GAP yield Az, (9)(24,4C,13B) = 26. We see from
Table 2 that all the maximal subgroups of ?F4(2)’ have an empty intersection
with the triple (24,4C, 13B). Thus, A§F4(2)/(2A, 4C,13B) = Asp, (9 (24,4C, 13B)
= 26 showing that 2F4(2)’ is (24, 4C, 13B)-generated. O

Proposition 3.5. rank(?F4(2):4C) = 2.

Proof. Since by Lemma 3.4, 2F4(2)" is (24,4C, 13B)-generated group, it fol-
lows by application of Lemma 2.2 that 2F4(2)" is (4C,4C, (13B)?)-generated.
Since (13B)? = 134 it follows that 2F4(2)’ is (4C,4C, 13A)-generated. We thus
conclude that rank(?Fy(2):4C) = 2. O

Lemma 3.5. The group ?F4(2)" is (24,54, 13B)-generated.
Proof. See Proposition 9 of [16]. O
Proposition 3.6. rank(?F4(2):54) = 2.

Proof. Since by Lemma 3.5, 2F4(2)" is (24, 54, 13B)-generated group, it follows
by application of Lemma 2.2 that 2F4(2)’ is (54,54, (13B)?)-generated. Since
(13B)? = 134 it follows that 2F4(2)’ is (54,5A, 13A)-generated. This shows
that rank(?F4(2)":54) = 2. O

Remark 3.2. Alternatively, the result of Proposition 3.6 follows immediately
from either Proposition 16 or 17 of [16].
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Proposition 3.7. Let T'= {4B,8A,8B,10A}. For all conjugacy classes pX €
T we have rank(?F4(2)":pX) = 2.

Proof. We achieve the result by showing that 2F4(2)’ is (pX, pX, 13A)-generated
for all conjugacy classes pX € T'= {4B,8A,8B,10A}. We observe from Table 2
that for all pX € T, all the maximal subgroups of ?F4(2)’ have an empty intersec-
tion with the triple (pX, pX, 13A). Thus, we will have A;‘F4(2),(pX, pX,13A) =
Asp, oy (pX, pX,134). Now, direct computations with GAP yield

o Asp, oy (4B,4B,134) = 1222,

o Azp,(oy(84,84,134) = 13624,

o Asp, 2y (8B,8B,134) = 13624,

o Aszp, () (104,104,13A4) = 17000.

Since all of the structure constants calculated above are greater than zero, it

follows that A§F4(2),(pX, pX,134) > 0 for all pX € T. Therefore, 2F4(2) is

(pX,pX,13A)-generated for all conjugacy classes pX € T and thus

rank(*Fy(2)":pX) = 2. O
Lemma 3.6. The group 2Fy4(2) is (24, 13X,13Y)-generated for X € {A, B}.
Proof. The proof is given in Proposition 10 of [16]. O
Proposition 3.8. rank(?F4(2):13X) = 2 for X € {A, B}.

Proof. The proof follows similarly from the proofs of Propositions 3.3 and 3.6.
Alternatively, the result follows immediately from Proposition 19 of [16]. O

Proposition 3.9. Let S = {6A,12A,12B}. For all conjugacy classes ¢X € S
we have rank(?F4(2)":¢X) = 2.

Proof. We achieve the result by showing that 2F4(2)’ is (¢X, ¢X, 16 A)-generated
for all conjugacy classes ¢X € S = {6A4,12A4,12B}. Table 2 shows that
only the maximal subgroup M5 has a nonempty intersection with the triple
(¢X,qX,16A). Direct computations with GAP yield Az, oy (¢X,¢X,16A) =
124416 and X(Ms5) = 0 for all ¢X € S. With h(g, Ms5) =1 for g € 16A we find
that

Asp,2(aX, X, 164) = Aop,(3(qX, X, 164) — 1 - X(Ms)
= 124416 — 0 = 124416.

Thus, the group 2F4(2)" is (¢X, ¢X, 16A)-generated, hence rank(*F(2)":¢X) = 2
for all ¢ X € S. O
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Proposition 3.10. Let R = {8C,8D,16A,16B,16C,16D}. For all conjugacy
classes rX € R we have rank(*Fy(2):rX) = 2.

Proof. We obtain the result by showing that 2F4(2)" is (rX, X, 164)-generated
for all conjugacy classes rX € R = {8C,8D,16A,16B,16C,16D}. Table 2
shows that only the maximal subgroups Ms and M5 have a nonempty inter-
section with the triple (rX,rX,16A). Direct computations with GAP yield
Agpyay(rX,rX,16A4) = 69888 and X(M3) = X(Ms) = 0 for all rX € R. We
see from Table 2 that h(g, M3) = h(g, M5) =1 for g € 16 A. Therefore,

§F4(2)’(TX7 T’X, 16A) = A2F4(2)/(T’X7 T'X, 1614) — 1 . E(M,g) — 1 . E(M5)
= 69888 — 0 — 0 = 69888.

Thus, the group 2F4(2) is (rX, X, 16A)-generated, hence rank(?F4(2)":rX) = 2
all X € R. O

The proof of Theorem 1.1 follows directly from Propositions 3.1 to 3.10.

4. The nX-complementary generations of 2F(2)’

In this section we apply the results discussed in Section 2 to the group G =
2F4(2). We determine the non-trivial conjugacy classes n.X such that 2F,(2)’
is nX-complementary generated.

If 2X is a class of involutions of a non-abelian finite simple group G then G
is not 2X-complementary generated as if it is, then G would be (2Y, 2X, toy Z)-
generated. But this would mean that G is a dihedral group, which would con-
tradict the fact that G is a simple group. Thus, in the process of investigating
whether a group G is nX-complementary generated or not, we consider classes
nX of G with n > 3.

Let T = {2A,2B,3A,5A,13A,13B} be a set of all conjugacy classes of
2F4(2)" of elements of prime orders. This set 7' will be useful whenever we apply
Proposition 2.1 to prove that the group 2F4(2)’ is nX-complementary generated.

/

Proposition 4.1. The group 2F4(2) is 3A-complementary generated.

Proof. We achieve the result by showing that 2F4(2)’ is (pX, 34, 16 A)-generated
for all conjugacy classes pX € T. We divide our proof into two parts.

The first part involves the conjugacy classes in R = {24,2B,3A} C T.
We observe from Table 2 that only the maximal subgroup M5 has a nonempty
intersection with the triple (pX,3A4,16A) for pX € R. Computations with GAP
yield the structure constants and the values of ¥(Ms) in Table 3. We see from
Table 3 that A;‘F4(2)/(pX, 3A,16A) > 0 for all pX € R.

The second part involves the conjugacy classes in U = {5A4,13A4,13B} C T.
We observe from Table 2 that for pX € U, all the maximal subgroups of 2F4(2)’
have an empty intersection with the triple (pX,3A4,16A4). Thus, we will have
AL(pX,34,164) = Aq(pX,3A,16A). Now, direct computations with GAP
yield
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Table 3: Values of A(2F4(2)'), S(Ms), A*(?F4(2)") for (pX,34,16A), pX € R

H | ACF(2)) | 2(M5) | A"CF4(2)) |

(24,3A,16A) 16 0 16
(2B, 3A,16A) 112 32 80
(3A4,3A4,16A) 1536 0 1536

o Asp, oy (54,34,164) = 3328,
o Azp, 2y (13X,34,164) = 12800, X € {A, B}.

Since the structure constants computed above are greater than zero it follows
that A%L(pX,5Y,21A) > 0 for all pX € U.

We conclude from the two parts that the group 2F4(2) is (pX,3A,16A4)-
generated for pX € T = RUU. It follows, by Proposition 2.1, that 2F4(2)’ is
3 A-complementary generated. O

Proposition 4.2. The group 2F4(2) is 4A-complementary generated.

Proof. We show that 2F4(2)' is (pX,4A,tZ)-generated for all conjugacy classes
pX € T and some class tZ depending on pX. Our proof consists of six cases.
Case (24,4A,12A): Computations with GAP yield Asp, 9)(24,4A4,124) = 12.
That is, for a fixed z € 12A there are 12 triples (x,y, z) with z € 24 and y € 4A
such that ry = 2z and (z,y) < 2F4(2)’. We can see from Table 2 that only
the maximal subgroups M5 and Mg have a nonempty intersection with the
triple (24,4A,12A). Further computations with GAP reveal that ¥(Ms) =0 =
Y (Mjg). Therefore, none of the 12 triples generate a proper subgroup of 2F4(2)’.
Hence, A§F4(2),(2A,4A, 124) = Acp,(2y(24,4A,124) = 12.

Case (2B,4A,16A): We can see from Table 2 that only the maximal subgroups
M3 and M35 have a nonempty intersection with the triple (2B,4A,16A). Direct
computations with GAP yield Az, (9)(2B,44,16A4) = 56, ¥ (M3) = 16+8 = 24
and X(Ms) = 16. By Table 2, h(g, M3) = h(g, Ms) = 1. Thus,

Alp, (2B, 44,164) > Azp,(5(2B,4A,164) — 1- S(Ms) — 1 £(Ms)
= 56—24—-16 = 16.

Since A§F4(2),(2B, 4A,16A) > 16 > 0 it follows by Definition 2.1 that 2F,(2)’ is
(2B,4A,16A)-generated.
Case (3A4,4A,16A): For this case we find that only one maximal subgroup,
namely M5, will be involved in the computation of A;‘F4(2),(3A, 4A,16A). Direct
computations with GAP give Az, (9)(34,4A4,16A) = 864 and X(M;) = 32. So,
with h(g, M3) = 1 we get

Afp, 2y (BA,4A,164) > Aop, o) (34,44,164) — 1 - (M) = 864 — 32 = 832
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which is clearly greater than zero. Hence, 2F4(2)" is (3A4,4A, 16 A)-generated.
Case (5A,4A,16A): Also in this case we find that only one maximal subgroup,
namely Ms, will be involved in the computation of A§F4(2),(5A, 4A,16A). Com-

putations with GAP give Azp,(9)(54,4A,16A) = 1856 and ¥(M;5) = 128. So,
S 2y (PAAA 164) > Aop, 5/ (54,44,164) — 1- 5(Ms) = 1856 — 128 = 1728

which is clearly greater than zero. Hence, 2F4(2)" is (5A,4A, 16 A)-generated.
Case (13X,4A4,16A), X € {A, B}: In this case we deal with two cases involving
13A and 13B at the same time. We see from Table 2 that no maximal subgroup
of 2F4(2)" has a nonempty intersection with the triple (13X,4A4,16A) for X €
{A, B}. Therefore,

;F4(2)’(13X7 4A, 16A) = A2F4(2)’(13X7 4147 16A) = 7168

showing generation by the triple (13X,4A4,16A) for X € {4, B}.
We see from these cases that 2F4(2)" is (pX, 44, tZ)-generated for all pX € T.
Thus, by Proposition 2.1, the group 2F4(2)’ is 4A-complementary generated. [

Proposition 4.3. The group 2F(2)' is 4B-complementary generated.

Proof. Here, we show that 2F4(2) is (pX,4B, 13A)-generated for all pX € T.
From GAP, we get the following structure constants:

[ ] A2F4(2)/(2A,4B7 13A) — 13,

Nep, (2 (2B, 4B, 13A) = 65,

Acp, 2y (34,4B,13A4) = 1352,

Acp, (2 (54, 4B, 134) = 2392,

Aop, (9 (134,4B,134) = 10192,
o Asp, oy (13B,4B,134) = 10192,

From the calculations above we see that Azp, (o) (pX,4B,134) > 0 for all pX €
T. From Table 2, we can see that no maximal subgroup of 2F,(2)’ contains ele-
ments from 4B and 13A. Therefore, maximal subgroups of 2F4(2)’ make no con-
tribution in the calculations of A§F4(2),(pX, 4B,13A). Hence, A§F4(2)/(pX, 4B,
13A) = Aop,(9y(pX,4B,134) > 0. Therefore, by Definition 2.1, the group
2F4(2)" is (pX,4B,13A)-generated for all the conjugacy classes pX € T. It
follows by Proposition 2.1 that 2F4(2) is 4B-complementary generated. O

Proposition 4.4. The group 2F4(2) is 4C-complementary generated.
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Proof. We will treat cases involving classes in T" separately.

Case (2A4,4C,13A): We observe from Table 2 that no maximal subgroup of
2F4(2)’ contains elements from 24 and 134 together. Thus, A§F4(2), (2A,4C,134A)
= Aop,(2y(24,4C,13A4) = 26 and generation by (24,4C,13A) follows since
Alp, oy (24,4C,134) > 0 .

Case (2B,4C,16A): In this case the maximal subgroups M3 and Ms have the
required fusions. Computations with GAP yield Azp,(9)(2B,4C,164) = 168,
Y(M3) = 16 + 8 = 24 and ¥(M5) = 16. Therefore, A§F4(2),(23,4C, 16A4) >
Aop, (2 (2B,4C, 164) — 1-£(Ms) — 1- £(Ms) = 168 — 24 — 16 = 128 and thus,
2F4(2)" is (2B,4C, 16 A)-generated.

Case (34,4C,16A): We observe from Table 2 that only the maximal subgroup
M35 has a nonempty intersection with the triple (34,4C,16A). Computations
with GAP reveal that Asp, (9)(34,4C, 16A) = 2592 and X*(M5) = % (M) = 32.
Therefore, AZy., ), (34,4C, 164) = Aop, (2 (34,4C, 164) —1- 5*(Ms) = 2592 —
32 = 2560 showing that 2F4(2)" is (3A4,4C, 16 A)-generated.

Case (5A,4C,13A): We observe from Table 2 that no maximal subgroup of
2F4(2)’ has a nonempty intersection with the triple (5A4,4C,134). Therefore,
Alp, 2y (5A,4C, 134) = Aop, 9y (5A,4C, 13A) = 4784 showing that *Fy(2)" is
(5A,4C, 13 A)-generated.

Case (13A4,4C,16A): Again, from Table 2, we see that no maximal subgroup of
2F4(2)’ contains elements from 134 and 16 A together. So, A§F4(2),(13A, 4C,16A)
= Azp, 9y (134,4C, 13A) = 21504, hence *F4(2)" is (134, 4C, 16A)-generated.
Case (13B,4C,16A): The proof in this case is similar to the proof of
(134,4C, 16A).

Thus, 2F4(2)" is (pX, 4C, tZ)-generated, where tZ = 13A when pX € {2A,5A}
and tZ = 16A when pX € {2B,3A,13A,13B}, for all the conjugacy classes
pX € T. Tt follows by Proposition 2.1 that 2F4(2)’ is 4C-complementary gener-
ated. O

"is 5A-complementary generated.

Proposition 4.5. The group 2F,(2)
Proof. By Propositions 8, 13 and 16 of [16], the group 2F4(2)" is (pX, 54, 13A4)-
generated for all pX € {2A4,2B,3A,5A} C T. For the remaining classes 134
and 13B in T' we have Asp, 9y (13X,5A,16A) = 27648. We can see from Table 2
that no maximal subgroup of 2F4(2)’ has a nonempty intersection with the triple
(13X,5A,16A) for X € {A, B}. Hence, generation by the triple (13X,5A4,16A)
occurs because A’5F4(2),(13X7 5A,16A) = Asp, 9y (13X,5A,16A) = 27648. Thus,
2F4(2)"is (pX,5A,tZ)-generated, where tZ = 13A when pX € {24,2B,3A,5A}
and tZ = 16 A when pX € {13A,13B}, for all the conjugacy classes pX € T. We
conclude, by Proposition 2.1, that 2F4(2)" is 5A-complementary generated. [

Proposition 4.6. The group 2F4(2) is 6 A-complementary generated.
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Proof. By Proposition 4.1, the group 2F4(2)’ is 3A-complementary generated.
Since (6A4)? = 34 it follows by application of Lemma 2.2 that 2F4(2)" is 6A-
complementary generated. O

Proposition 4.7. The group ?F4(2) is 8X -complementary generated for X €
{A, B}.

Proof. By Proposition 4.3, the group 2F4(2)’ is 4B-complementary generated.
Since (8A4)? = (8B)? = 4B it follows by application of Lemma 2.2 that 2F4(2)’
is 8 X-complementary generated for X € {A, B}. O

Proposition 4.8. The group 2F4(2)" is 8X -complementary generated for X €
{C,D}.

Proof. By Proposition 4.4, the group 2F4(2) is 4C-complementary generated.
Since (8C)% = (8D)? = 4C it follows by application of Lemma 2.2 that 2F4(2)’
is 8 X-complementary generated for X € {C, D}. O

Proposition 4.9. The group 2F4(2) is 10A-complementary generated.

Proof. By Proposition 4.5, the group 2F4(2)’ is 5A-complementary generated.
Since (104)? = 5A4 it follows by application of Lemma 2.2 that 2F4(2)’ is 10A-
complementary generated. ]

Proposition 4.10. The group ?F4(2) is 12X -complementary generated for X €
{4, B}.

Proof. By Proposition 4.2, the group 2F4(2) is 4A-complementary generated.
Since (124)3 = (12B)? = 44 it follows by application of Lemma 2.2 that 2F4(2)’
is 12X -complementary generated for X € {A, B}. O

Proposition 4.11. The group 2F4(2)" is 13Y -complementary generated for Y €
{A, B}.

Proof. By Propositions 9, 14, 17 and 18 of [16] and for X,Y € {A, B}, the
group G is (2X, 13Y; 13B)-, (34, 13Y, 13B)-, (54, 13Y, 13B)- and (13X, 13Y, 13B)-
generated, respectively. Thus 2F4(2) is (pX, 13Y, 13B)-generated for all pX €
T, hence, it is 13Y-complementary generated for Y € {A, B}. O

Proposition 4.12. The group 2F4(2) is 16X -complementary generated for X €
{A,B,C,D}.

Proof. Since, by Proposition 4.7, the group 2F4(2)’ is 8X-complementary gen-
erated for X € {A, B} and since (16A4)? = (16C)? = 84 and (16B)% = (16D)? =
8B, it follows by Lemma 2.2 that 2F4(2)’ is 16.X-complementary generated for
X € {A,B,C,D}. O

The results established in the Propositions 4.1 to 4.12 show that the Tits
group 2F4(2)" is nX-complementary generated if and only if n > 3. Hence
Theorem 1.2 is proved.
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5. Conclusion

The ranks of the nontrivial conjugacy classes nX of the Tits group 2F4(2)" are
all equal to 2 except when nX is an involutory class. Furthermore, all these
conjugacy classes of rank 2 are the nX-complementary generators of 2Fy(2)’.
However, rank(G : nX) = 2 does not necessarily imply n.X-complementary gen-
eration. Since the Tits group is classified under the Twisted Chevalley groups,
it would be interesting to find if all the conjugacy classes nX of rank 2 in the
other Twisted Chevalley groups are the nX-complementary generators.
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