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1. Introduction

Let ¢ : (M™,g) — (N™, h) be a smooth map between two Riemannian man-
ifolds. A map ¢ is called p-harmonic if it is a critical point of the p-energy
functional

1
B, (¢) = © / dofdv,  p> 1,
P JbD

for every compact domain D C M and is characterized by the vanishing of the
p-tension field

7 (¢) = |do|P 2 (7 (¢) + (p — 2) do (gradIn|dg|)) = 0,

where

7(¢) =TryVdo

is the tension field of ¢. The p-bi-energy of ¢ : (M™,g) — (N™, h) is defined
by

Bypald) = - /D 7(6) P

*. Corresponding author
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Then, the map ¢ is called p-biharmonic map if it is a critical point of the p-bi-
energy functional, the first variation formula for the p-bi-energy shows that the
Fuler-Lagrange equation for p-bi-energy is

2 p— 2 p— —
2(8) = — A (IT@P 7 (9) = IO TryRY (7 () dg) dg = 0.

Tp,2 (¢) is called the p-bi-tension field of the map ¢. A simple calculation gives

A(Ir@P279) = I @)P 2 Try (V) 7 (9)
22t (e @P) (0)
=LA -6 grad (e (0)P) [ 7 (0)
=2 OF Vg ey (@)

then, the p-bi-tension field of the map ¢ is given by

2 p— p—2 p
Tp,2(¢):;)| TP (¢) — — p ®)| 4A( )
0 e R grad( oP)[
_2p=2)

T @F " Ve ey (@) =0

D grad( |7

where 73 (¢) is the bi-tension field of ¢ defined by

6\ N
72 (8) = =Try (V®) 7 (8) = Try,RY ((6) . dg) do = 0.
The map ¢ is p-biharmonic if and only if

T (@)1 72(8) = (0 = 2) I (@) Vi1 )T (9)

® =202 a1 0)?)] 7 (0
(p—2)

@) A (I (6)P) 7 (9) = 0.

The construction of harmonic maps and biharmonic maps has been the sub-
ject of several papers. In [1], [3] and [9], the authors present some methods
for constructing biharmonic maps by conformally deformation of the metrics
and they give several examples of biharmonic non-harmonic maps. In [4], the
authors give some properties of the f-biharmonic maps and they characterize
the p-biharmonicity of some particular cases. The authors in [5] investigate p-
biharmonic maps from a Riemannian manifold into a Riemannian manifold with
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non-positive sectional curvature. In [6], the authors introduce an intrinsic ver-
sion of the p-biharmonic energy functional for maps and they prove, by means
of the direct method, existence of minimizers of the p-bi-energy within the cor-
responding intrinsic Sobolev space. This paper is composed of two sections, in
the first and by conformal deformation of the metric g, we give a necessary and
sufficient condition of the p-biarmonicity for Id : (M mg= 6279) — (M™, g)
and Id : (M™,g) — (Mm,§: 6279) ans we construct some examples of p-
biharmonic maps.In the last section, we present other examples where we study
the p-biharmonicity of some smooth maps.

2. The conformal deformation and the p-biharmonic maps

Let (M™,g) be a smooth manifold and let § = €*7g be a metric conformally
equivalent to g, v € C*° (M). The relation between V and V is given by the
following equation (see [2])

(3) VXY = VxY + X(1)Y +Y (1) X — g(X,Y) grady,

where V et V are respectively the connections on M associated with g and g. Let
us choose{e;};~, to be an orthonormal frame on (M™, g), then an orthonormal
frame on (M™, g = e*g) is given by {¢; = e 7e;};", . We have

Ve,ei = Ve,e; — (m —2) grad y

and

Veéi=e 2 (Ve — (m—1)grady) .

Let ¢ : (M™,g) — (N™, h) be a smooth map, we have

7(¢) = e7*7 (1(¢) + (m — 2)dé(grad)) ,

where 7 (¢) denotes the tension field of the map ¢ with respect to g. In a first
result, we will study the p-biharmonicity of Id : (M™,g = ¢e*7g) — (M™,g)
where m # 2. We obtain the following result

Theorem 1. The identity map Id : (M™,g=e*'g) — (M™,g)(m # 2) is
p-biharmonic if and only if

m —4p + 2
lgrad v|* grad Ay + (2) lgrad v|* grad <|grad’y|2>
p—2)(m—4p+ 2
) + ( ) 5 ) lgrad v|? dy (grad (\grad'y|2)> grad
(r—2)(p—4)

2
1 ‘grad (|grad'y|2>‘ grad y
+ (p — 2) |grad 4|? vgrad(|grad7\2) grady



18 SMAIL CHEMIKH anp SEDDIK OUAKKAS
-2
+ (]?2) |grad’y!2 A (\grad’ﬂz) grad
—2(p— 1) (m — 2p) |grad v|® grad y
—2(p—1)[grad~y|* (A7) grad y
+ 2|grad v[* Ricci (grad v) = 0.
Proof of Theorem 1. By equation (2), the identity map
Id: (Mm,ﬁz 6279) — (M™,g)
is p-biharmonic if and only if
~ 4 ~
(1) (1) ~ (0~ 2) F U ¥ gy (1)
(P—2)(p—4)
(5) - 4

22z () A (7 (1)) 7 (1d) = 0

grad (|7 (1)) | 7 (14)

where
7(Id) = (m —2) e > grad .

A rigorous calculation gives us the following formulas
7 (Id)|* = (m —2)* ™" [grady[*,
grad (\7’ (Id)] ) m— 2)2 grad ( 4 \grad’y|2>
=226 (7 grad ) &
—2)2e P ( I grada?) e;
— 22 e e e (|grad ) e
27 |grad e (e71) e
~ grad (Igrad ol )
—4(m —2)% e |grad | grad v,
grad (|7 (1)) |- =7 (erad (7 (1)) rad (17 (1))
— (m —2)* 79 (grad (|grad|?) ,grad (Jgrad|) )
+ 16 (m — 2)4 e 07g (|grad 7]2 grad v, |grad 7]2 grad 'y)
—8(m—2)"e 10y (grad (Igrad 7|2) , lgrad v|* grad 7)
= (m—2)te ™ ‘grad (|grad 7]2> ‘2 +16 (m — 2)* 7107 |grad ~|°

—8(m — 2)4 e 197 |grad 7\2 dry (grad <|grad’y|2>> ,

3
1\3

3

(
= (
= (
= (

3

+(m—2)"e
2)%e

=(m—
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(1) = o= 2) e farad Ay 2 rad (Jgrad o) |

+2(m—2)e <(A’y) + (m —4) \grad’y|2) grad
—2(m — 2) e Ricci (grad v)
and

)?(Id) =(m—2)3e vV )6727 grad y

V grad (7 (1d)? grad(jgrad 7 ?

—4(m —2)° e |grad y|* Vgraa-e 2" grad y,
= (1 = 2)" €™V o (grad 42) 87007
+8(m—2)" e |grad y|* grad y
—2(m—2)3 ey (grad (\grad’y]2>> grad y
—2(m — 2)3 e |grad |2 grad (|grad ’y|2)
Finally, for the term A(|7(Id)[?), we have
A(IFUDP) = (m—2)* A (7 |grad )
— (m =2’ ™A (lgrady*) + (m - 2)° |grad > & (¢77)
+2(m —2)° (grad (lgrad5)”) , grad (e=))
— (m =2 ™ (A (|grad|?) + (m — 2) dy (grad (Jgrad+]*) ) )
+ (m—2)* e |grad[* (A (e7) + (m — 2) dy (grad (e~*7)))
—8(m—2)*e %y (grad (Igrad 7!2) ,grad 7)
m—2)2e O7A (|grad 7|2) 4 (m—2)% ey (grad (|grad 7\2))

m—2)% e |grad~|* A (e=*7)
(m — 2)* e™ 2V |grad v|* dry (grad (6_47))

8(m—2)2e Ny (grad <|grad 'y|2>>

m—2)%e A (|grad 7]2) —4(m—2)%e% |grad y|*

e fgradaf* (—4e ™" (Ay) + 16¢~*7 |grad o)
(m —2)? (m —10) e dy <grad (]grad 7]2)>

(m—2)* A (|grady[”) — 4 (m — 2)* e [grad 4"
—4(m—2)%e79 |grad y|* (Ay) + 16 (m — 2)? e |grad ~|*
+ (m —2)? (m —10) e %dy (grad (|grad 7]2)) ,

19
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which gives us
A(IFUDP) = (m—2)? A (Jgrad ) — 4 (m — 2)* ™ [grad 7 (A7)
+(m—2)*(m —10) e ¥dy (grad (\grad vl2))
—4(m—2)*(m —6) e |grad~|*.
Substituting these formulas into equation (5), we deduce that
Id : (Mm,f]: ezyg) — (M™,g)

is p-biharmonic if and only if

—4 2
lgrad v|* grad A~ + (m2p+) |grad y|* grad <|grad7|2>
p—2)(m—4p+2
+ ( ) 5 ) lgrad y|? dvy (grad (\grad7|2)> grad
— 9 (p—4 2
+ =2 =4 grad (\gradfyP) grad ~y

4
+ (p—2) |grad y|? vgrad(|grad'y\2) grad y
—2
+ (102) lgrad v|* A (|grad'y]2) grad
—2(p—1) (m — 2p) |grad (" grad
—2(p— 1) |grady|* (Ay) grady
+ 2|grad y|* Ricci (grady) = 0.
Example 1. Let Id : (R} x R™™! g) — (R% x R™"! g), (m > 2) the identity

map defined by
Id(tva""vxm) = (t’xZa"'axm)a

where g is the Euclidean metric given by
g=dt? +dz3+ ... +dz

Let g = €?7g where the function v depends only on ¢. By Theorem 1 and by using
the fact that p > 2, we deduce that Id : (R*Jr X Rm_l,ﬁ) — (Ri X Rm_l,g) is
p-biharmonic if and only if 3 = +/ satisfies the following differential equation
2
(p=1)B8"+(p—1)(p—2) () + (m—4p) (p— 1) 7'
—2(p—1)(m—2p)s*=0.
a

We deduce the particular solutions of the form 8 = ¢ where a # 0. We obtain

2(m —2p)a®+ (m —4p)a—p=0.

There are two solutions of this type:
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L Ifp=", m2>4,thena= —% and y(t) = In ﬁ, we obtain the metric
(up to a constant multiple) g = %g. On substituting v = 2+/¢, this takes

the form A A A
§=du’+ —dei+ Sde2 + ...+ —dz?.
g u+u2 x2+u2 T3 + +u2 T,

So, we conclude that the identity map
Id: (R xR™ 1 g) — (R xR™ 1 g)

is a p-biharmonic map, where p = 3.
2
2. If p # B, we obtain a = mfzp or a = —3 then g = tmf?pg org=1g. In
this cases, the identity map Id : (]Ri X Rm_l,'gV) — (Rj X Rm_l,g) is a

p-biharmonic map.

Remark 1. If we consider Id : (R™, g) — (R™, g) (m # 2) where we suppose
that the function ~ is radial (y = v(r), r = |z|, x € R™), then the p-
biharmonicity of Id : (R™, g =e*’g) — (R™,g) is equivalent to an ordinary
differential equation:

01088+ (-2 - 1) (#)" + T D gy
(6) Fo—1) (m—ap) g2 - 22D D g
(m 1)

2 B*—2(p—1)(m—2p)B*=0,

where = 7/.

Example 2. If we consider Id : (R™\ {0},g) — (R™\ {0}, g) (m # 2) where
we suppose 3 = %, a € R*. By equation (9), we deduce that

Id: (R™\{0},g =¢¥g) — (R™\ {0},9)
is p-biharmonic if and only if
2(p—1)(m—2p)a®>+(p—1)(3m —4p —2)a+p(m —p) = 0.

For the resolution of this last equation, we will present several cases (p > 2 and
m > 3).

e First case: p=m,m > 3, we obtain a = —";—;;2, then
m—+2 1
y=Inr " =In—
r2m
and
~ 1
g = m+2 g
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e Second case: p =3, m > 4, then a = —%, which gives us
1
y=In 2
r2(m—2)2
and
~ 1
g = =2 9
7 (m—2)2

e Third case: p:3"1_2,m24, then

i@\/3m2+4m—4
6 (m—2)

a=

and
i@ L4 3m2+4m74

y=Inr— 6  (m-2

» VBV3mZ+am—d ~ 1
— 3(m—2 = —
It follows that g = r (m=2)  gorg= ViSomeiimi g-

r 3(m—2)

e Fourth case: p # %, then g = r2¢g, where a = 4(m1 (4p — 3m + 2 —

—2p)
VH(m,p)) or

o= (4p—3m+2+/Hmp)

4(m — 2p)

and
12m — 12p + m?p + 12mp — 9Im? — 4

p—1
Now, let’s look the p-biharmonicity of the identity map
Id: (M™, g) — (M™,g=¢e"g),

H(m,p) =

where m # 2.

Theorem 2. The identity map Id : (M™,g) — (M™,g=e*g) (m # 2) is
p-biharmonic if and only if

|grady|* grad (Av) + (p — 2)° |grad v|* dy (grad (Igradvl2>) grad -y

p—2)(p—4 2
+ (L() ‘grad <|grad'y\2)‘ grady + (p — 4) |g1rad7|4 (Av) grad v

- (m +2p—p*— 2) |g1rad'y|6 grad ~y
—4 2
(M — (mzp+) |grad v|* grad <\grad*y\2>

2
+ (p —2) |grad 7| vgrad(|grad'y|2) grad y

p—2
+ (2) lgrad | A (]gradq/\Q) grad

+ 2|grady|* Ricci (grad ) = 0.
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Proof of Theorem 2. By equation (2), the identity map
Id: (M™,g) — (M™,g = e*g)

is p-biharmonic if and only if

)7 (1)~ P2 g (17 1)) [ 7 (10

4
(8) —(p—2)[F(1d))? ﬁgrad(mdm?(m)
-2 ap a (1)) 7 (1d) = o

where
T (Id) = (2 —m)grad~.

A long calculation gives us
7(Id) = (2 —m) grad,
I (I = (2= m)? 2 [grad 52
grad (\?(Id)E) = (2—m)*e* grad (|grad’y[2)
+2(2—m)?e? |grad y|* grad v,

‘grad (]?(Id)\Q)‘Q

= (2—m)*e? |grad <|grad'y|2) ’2 +4(2—m)*e? |grad~|°
+4(2—m)* e |grad | dy (grad (\grad7|2>) ,

N
(
2

2—m)2ePA (|grad 7]2) +4(2—-m)*e?dy (grad (\grad 'y|2>>
+2(2—m)?* |grad4|* (Ay) + 4 (2 — m)* ¥ [grad y[*
%grad(\?(ld) ) 7(1d)
= (2= )" €V g ((grad ) 81307 +2(2 = m)* € [grad 4| grad y
+2(2 —m)?e? |grad y|* grad <|grad'y|2>
and

(2- m)2(m —6) grad (|grad7|2>

+2(2—m) (Aq) grady — (2 = m)* (|grad 5| grad )
—2(2—m) Ricci (grad ) .

To (Id) = — (2 —m) grad (Av) +
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Substituting these obtained formulas into the equation (8), we conclude that
Id: (M™, g) — (Mm, g= 6279) is p-biharmonic if and only if

F ) 7 (1d) - 2=D =) 2)4(p —4) aradt (I7 (1)) ’2 #(1d)
—(p—2) |7 (Id))? %grad(mzd)e)?(fd)
)

- [F )P & (|7 1d)) 7 (1d) = o,
Example 3. Let Id : (Ri X Rmfl,g) — (Ri X Rmfl,g), (m > 2) the identity
map defined by

Id(t,zo,...,xm) = (t,x2,...,Tm),

where ¢ is the Euclidean metric given by

g =dt* +dzi+ ... + da?

m*

Let g = e?7g where the function v depends only on t. By Theorem 2 and by using
the fact that p > 2, we deduce that Id : (R*Jr X Rmfl,g) — (Ri X Rmfl,g) is
p-biharmonic if and only if 8 = +/ satisfies the following differential equation

2

p-1)B8"+(-2)(p—1)(8)
+(2p° — 3p—m +2) B8’
—(m+2p—p*-2)pt=0.

We deduce the particular solutions of the form 8 = % where a # 0. We obtain

(m+2p—p2—2)a2+ (2p2—3p—m+2)a—p(p—1) = 0.
There are two solutions of this type:

LIfm+2p—p>—2=0,then p=+yvm—-1+1, m >3 and a = 1.
It follows that and ~(t) = Int, we obtain the metric § = t2g. So, we
conclude that the identity map Id : (Ri X Rm_l,ﬁ) — (Ri x Rm—1, g) is
a p-biharmonic map, where p = v/m — 1 + 1. For example, if m = 5, we
obtain p = 3

2. If m+2p —p? — 2 # 0, we obtain a = or a = 1 then

p—p°
m—+2p—p2—2
(o)

g=tmt-r’-2gorg= t2g,

In this cases, the identity map Id : (]Ri X Rm_l,g) — (Ri X Rm_l,ﬁ) is
a p-biharmonic map. For example, if p = m = 4, we obtaina =1 or a = 2
and if p=m = 3, we obtain a =1 or a = 3.
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Remark 2. If we consider Id : (R™, g) — (R™, g) (m # 2) where we suppose
that the function ~ is radial (y = v(r), r = ||, x € R™), then the p-
biharmonicity of Id : (R™,g) — (R™,§ = e*7g) is equivalent to an ordinary
differential equation:

(p—1)(m—1)

(p—1)BB" + (2p* — 3p—m +2) 828’ + BB

(p—4)(m—1)ﬁ3

Ot e-20-nE) - (m; D
—(m+2p—p*-2)8'=0

where 8 =~/

Example 4. If we consider Id : (R™\ {0},g9) — (R™\ {0},g) (m # 2)

where we suppose f = %, a € R*. By equation (9), we deduce that Id :

e

(R™\ {0},9) — (R™\ {0},g = €*7g) is p-biharmonic if and only if
(m+2p—p2—2)a2—|— (3m—2p—mp+2p2—2)a—|—p(m—p) =0.

For the resolution of this last equation, we will present several cases (p > 2 and
m > 3).
e First case: p=m, m > 3, we obtain a = m—fg, then

m+2
v =Inrm-2

and
2(m+2)

g = r m-2 g
e Second case: p=+/m—1+1, m >3, thena= m_#_jm, which gives us

" 2(m—2)
g — rmf274mg'

For example, if m = 10, we obtain p =4 and a = —4

e Third case: p=3"=2 m >4, then

4
V3V3m2Z+4m —4
a=+—
6 (m —2)

and
V3 V3m244am—4

v = In r:t 6 (m—2)
It follows that
V3v3m2+4m—4
g=r 3(m—2) g

or
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e Fourth case: p #+/m — 1+ 1, then

g=r*y,
where
a= 1 (3m —2p —mp +2p* — 2+ A(m,p))
—2m —4p + 2p% + 4 ’
or
a=— 1 (—3m+2p+mp—2p2+2+A(mp))
—2m —4p + 2p% + 4 ’
and

A(m,p) = V/—12m + 8p + 12mp? — 10m2p + m2p? + 9Im? — 12p? + 4.

Note that, if m = 1, we obtain the following equation:
(p—1)a®—(2p—1)a+p=0.
The solutions for this equation are a = 1 and a = p%l, p> 2.
In a following section, we present other examples where we give the p-
biharmonicity condition of some maps.

3. Other examples
Example 5. Let the map ¢ : (]R3, gRs) — (RQ, ng) defined by

¢ (r1,22,23) = (\/x% +m%,x3> .

Using cylindrical coordinates (7,6, z3) in R? and the standard Euclidean coor-
dinates in R?, the map ¢ is written in the form

¢ (rcosf,rsinb, x3) = (y1,y2) ,

where y; = r = /2] + 25 et y» = z3. The metrics on R3 and R? have respec-
tively the expressions
grs = dr? + r2d6* + dx}

and
gre2 = dyi + dy.

A rigorous calculation give

10

T(¢)_;ay1’
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arad (|1 (0)2) = — 5o Jerad (I (0)F)] = 5

and
P 2 0

— 2\ _
Ve a(ror) @ =55, A(TOP) =5

Then, we conclude the the map ¢ : (]RS, gRg) — (]R2, ng) is p-biharmonic if
and only if p = 1.

Example 6. We consider the inversion ¢ : R™\ {0} — R™\ {0} (n > 3) defined
by ¢ (x) = ﬁ Note that this map is p-harmonic if and only if p = n. A long

calculation gives us

2(n—2) 0

7(¢) = 3 or’ |T(¢)|2 = 6 , () = 5 or’
_9)2 Y
grad (jr (6)) = - 22D aa (e o) = 2022
and
s 144 (n—2)° 9 2\ 24(n—2)%(n-28)
vgrad(|7—(¢)\2)7— <¢) - rii Ev A <‘T (¢>‘ ) - r8 )

where r = |z|, x € R™. Then, the inversion ¢ : R"\ {0} — R™\ {0} is p-
biharmonic non-p-harmonic if and only if p = ”T“'Q A class of solutions is given
by the case where n = 3k+1, k € N* which gives us p = k+ 1. For example,
if we take n =7, we find p = 3.

Example 7. Let ¢ : R"\ {0} — R x S"~! given in polar coordinates by
¢ (rd) = (Inr,0), r>0 0cS"!cR™

The same calculation method gives us

— n—2)? n— n—
r) =20 =" n =2 REmY S
5 4(n—2)? 5 16 (n — 2)*
grad (|7 (0)) = =52 o Jgrad (I (@) = =g
and
8(n—2)7% 0 4(n—2)%(n—6)
vgrad(lf(@IZ)T(qb): s or A(‘T(‘W) - 76 '

We conclude that ¢ is p-biharmonic if and only if p=75, n>3orp=
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4. The warped product and the p-biharmonic maps

Let (M™,g) and (N", h) two Riemannian manifolds and let f € C°° (M) be a
positive function. The warped product M x ; N is the product manifolds M x N
endowed with the Riemannian metric Gy defined, for X,Y € I'(T (M x N)),
by

Gy (X,Y) = g (dn (X) dx (Y)) + (f o m)* b (dn (X) ,dn (V)

where 7 : M X N — M and n: M x N — N are respectively the first and
the second projection. The function f is called the warping function function of
the warped product. Let X, Y € I'(T'(M x N)), X = (X1,X2), Y = (Y1,Y2).
Denote by V the Levi-Civita connection on the Riemannian product M x N .
The Levi-Civita connection V of the warped product M X N is given by

VxY =VxY + X (Inf) (0,Y2) + Y1 (In f) (0, X>)
(10) — f?h(X2,Y2) (gradIn £,0).

There are several methods to give the relation between the curvature tensor
fields of Gy and G, we are going to prove one of these methods.

Proposition 1. The relation between the curvature tensor fields of Gy and G
s given by
R(X,Y)Z=R(X,Y)Z — f?h (Ya, Z3) (Vx,gradIn f,0)
+ f2h (X2, Z3) (Vy, grad In £, 0)
— f?h (Y2, Z2) X1 (In f) (grad In £,0)
+ f?h(Xa, Z2) Y1 (In f) (grad In f,0)
(11) — f2h (Y2, Z5) |gradIn f|? (0, X>)
+ [2h (X2, Zs) [gradn f| (0, Y2)
—g(Vy, gradIn f, Z1) (0, X2)
+9(Vx, gradln f, Z1) (0,Y3)
+ X1 (Inf) Z1 (In f) (0, Y2)
—Yi(Inf)Z; (Inf) (0, X2)

for all XY, Z € T'(T' (M x N)).

h(
h(

Proof of Proposition 1. By definition, we have
R(X.Y)Z=VxVyZ—VyVxZ —VixyZ.
Using equation (10), we obtain

VyZ=VyZ+Yi(Inf)(0,2) + Z (In f) (0,Y2)
— f2h (Ya, Z5) (gradIn £,0),
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then

VxVyZ =VxVyZ+VxYi(Inf)(0,2) + VxZ (Inf) (0,Ys)
— Vxf2h (Ya, Z) (gradIn f,0) .

A long calculation gives us

VxVyZ =VxVyZ+ X1 (Inf) (0, Vy,Z2) + (Vv, Z1) (In f) (0, X)
— f?h (X2, Vy, Z2) (gradIn £,0),

VxYi(Inf)(0,Z) = X1 (In f) Y1 (In f) (0, Z3) + X1 (Y1 (In f)) (0, Z3)
— f2h (X5, Z5) Y1 (In f) (grad In £, 0)
+ Y1 (Inf)(0,Vx,22),

VxZi (Inf)(0,Y2) = X; (In f) Z1 (In f) (0, Y2) + X1 (Z1 (In f)) (0,Y2)
— f2h (X2,Y3) Z1 (In f) (grad In £, 0)
+Z1(In f) (0, Vx, Y2)

and

Vxf?h (Ya, Z2) (gradn f,0) = f2h (Ya, Z2) (Vx, gradIn f,0)
+ 212X (In f) h (Ya, Z2) (gradIn f,0)
+ f2h (Yo, Zs) |grad In £|? (0, Xs)
+ f2h (Vx,Ya, Z) (gradln f,0)
+ f%h (Yo, Vx,Z5) (gradIn £,0).

It follows that

VxVyZ

= VxVyZ — f*h (X2, Vy, Z2) (gradIn f,0) — f?h (Ya, Z2) (Vx, gradIn f,0)
— [?h(X2,Y2) Z1 (In f) (grad In f,0) — f*h (Vx,Ya, Z2) (gradIn f,0)

— 272X, (In f) h (Ya, Zs) (gradIn f,0) — f2h (Ya, Vx,Z2) (grad In £,0)

— 12h (X2, Z5) Y1 (In f) (gradIn f,0) — f2h (Ya, Zo) |grad In f|? (0, X3)

+ (Vy121) (In f) (0, X2) + X1 (Z1 (In f)) (0, Y2) + X1 (In f) Z; (In f) (0, Y2)
+ X1 (Inf) Y1 (In f) (0, Z2) + X3 (Y1 (In f)) (0, Z2) + X3 (In f) (0, Vv, Z2)
+Y1 (Inf) (0,Vx,Z) + Z1 (In f) (0, Vx,Y2).
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A similar calculation gives
%y%xz
= VyVxZ — f?h (Y, Vx,Zs) (gradIn f,0) — f2h (X, Zo) (Vy, gradIn £,0)
— [?h (X2,Y2) Z1 (In f) (grad In f,0) — f*h (Vy, X2, Z2) (grad In £, 0)
—2f%Y; (In f) h (Xa, Z2) (gradIn f,0) — f2h (X2, Vy, Zs) (gradIn £, 0)
— 12h (Ya, Z3) X1 (In f) (gradIn f,0) — f2h (Xq, Zo) |grad In f|* (0, Yz)
+ (Vx,Z1) (In £) (0,Y2) + Y1 (Z1 (In f)) (0, X2) + Y1 (In f) Z1 (In f) (0, X2)
+ Y1 (In f) X3 (In f) (0, Z2) + Y1 (X3 (In f)) (0, Z2) + Y1 (In f) (0, Vx, Z2)
+ X1 (In f) (0,Vy,Z2) + Z1 (In f) (0, Vy, X2)

and

VixyviZ = Vixy1Z + (X1, 1)) (In £) (0, Z2) + Z1 (In £) (0, [X2, Y2))
— f2h (X, [Xo,Y3]) (gradIn £,0),

which leads us to the following formula

R(X,Y)Z = R(X,Y)Z — f>h (Y, Zo) (Vx, grad In £, 0)
+ f2h (Xa, Z2) (Vy, gradIn f,0)
— f?h (Y2, Z3) X1 (In f) (grad In £, 0)
+ f?h (X2, Z5) Y1 (In f) (grad In £,0)
— f2h (Ya, Zs) |grad In £]? (0, X)
+ [*h (Xs, Z2) lgrad In f|? (0, Y2)
— g (Vy, gradIn f, Z1) (0, X3)
+g(Vx, gradIn f, Z1) (0,Y2)
+ X1 (Inf) Z; (In f) (0,Y3)
—Yi(Inf)Z (Inf) (0, X2)

As consequence, we obtain
Proposition 2.
Ricci (X) = (Ricci(X1),0) — n (Vx, gradIn f,0) — nX; (In f) (gradIn f,0)
- f12 (0, Ricci(Xa)) — (Aln f) (0, X3) — n|grad In f]? (0, X5)

Ric(X,Y) = Ric(X1,Y1) + Ric(Xa2,Ya) —ng (Vx, gradIn f, Y1)
—nXi (In f) Y1 (In f) — f2 (Aln f) b (X2, Y2)
—nf?|gradln f|* h (X3, Y2)
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and

1
Say =S¢+ ﬁsh —2n(Alnf)—n(n+1) ]gradlnf|2.
Using the fact that

A (f’“) — kf* (Alnf oy |grad1nf|2> :
we obtain the following result. If Sy = Sy, =0, then
Sa, =0 4f and only if the function fnTH is harmonic.

In the first, we study the p-biharmonicity of the first projection, we obtain
the following result:

Theorem 3. The first projection m : M™ x;y N — M™ is p-biharmonic if
and only if

|gradlnf|4 grad (Aln f) + (p;Q) |gradlnf|2 A <\gradlnf|2) gradIn f

12) + g |grad1nf\4grad (]gradln f|2) + 2|grad In f]4 Ricci(gradIn f)
12
+ (p—2)|gradIn f|2 vgrad(\gradlnf\Q) gradIn f

r—2)(p—4)

* 4

2\ |2
grad (]grad In f] )‘ gradIln f = 0.

Proof of Theorem 3. By equation (2), the first projection
7M™ xy N — M™
is p-biharmonic if and only if

7@ 72 (7) = (0 = 2 [F (1) Vg 2mz) T (7)

(- 2)4(19 —4) orad (I?(ﬂ)l2) ‘2 = ()
(p—2)

— L2 FE@P A (F@P) 7 () =
A long and rigorous calculation gives us the following formulas:
7(r)=n(gradln fom, |7(m)|*> =n?|gradln f|?,
A([7(@)?) = n?A (Jgradn f1?) |7 (m)]" = 0 Jgradin |,
grad (\7’(77)\2) = n?grad (\gradln f|2) o,

grad (|7 ()| = n* g

grad <|grad In f\2>
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T

= 3
Vgrad(‘?(ﬂ-)‘Q)T (m) =n (vgrad(\gradlan) grad In f> oT

and
~ . n 2
To (M) = —n (grad (Aln f) + 2Ricci (grad In f) + Egrad <\grad In f] )) oT.

Then, we deduce that the first projection 7 is p-biharmonic if and only if

lgrad In f|* grad (A In f) + @;2) lgrad In f|2 A (|grad1nf\2) gradln f

lgrad In f|4 grad <|grad lnf\Q) + 2|gradIn f|4 Ricci (grad In f)

n
2
+ (p —2) |grad In f? V grad(jgrad n f2) 8rad In f

P—2)(p—4)
4

_|_

2
+ grad <\grad In f]2)’ gradIn f = 0.

Example 8. We consider the first projection
7 :R™\ {0} x; N" — R™\ {0}
defined by
m(x = (t,xe,...,x2),y) = (t,x2,...,22),

where we suppose that the function f depends only on the ¢t. By the Theorem
1, we deduce that 7 is p-biharmonic if and only if the function 3 () = (In f (t))’
satisfies the following differential equation

2
(p—=1)88"+(-1)(p—-2) () +ns’s =0.
To solve this last equation, we will treat two cases:

1. Looking for particular solutions of type B(t) = ¢ (a € R*), then 7 is

. . . . 2— . .
p—blilarmomc if and only if a = 2. In this case, we obtain f(t) =
p

Ct 0 > 0.

2. f=a(a € R*) is a trivial solution of the differential equation. We obtain
f () =Ce™ C > 0.

Example 9. In this example, we suppose that the function f is radial (f = f (1)).
A rigorous calculus give us

o grad (|gradlnf|2) = 288'L,

e grad Aln f = (5” + (m;l)ﬁ/ — W;”ﬁ) 2,

o A(lgradin fI7) = 288" + 2(8)° + 2= gy,
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® Vgrad(jgrad1n f2) 8Tad In f = 23 (82,

where (3 (r) = (In f (r))’. Then, by Theorem 3, we deduce that the first projec-
tion

m:R™\ {0} x; N" — R™\ {0}

defined by 7 (x,y) = x is p-biharmonic if and only if the function g satisfies the
following differential equation

(p—1) 88"+ (p—1)(p—2) (8)° +np2s
. <p—1>7§m—1>w,_ (mr; g2,

Looking for particular solutions of type 8 = % (a € R*), then 7 is p-biharmonic
if and only if

We obtain
p(p—m)

f(ry=Cr =, C>0

and the first projection 7 is p-biharmonic.

Now, we consider two Riemannian manifolds (M™,g) and (N™,h) and we
will study the p-biharmonicity of the inclusion map iz, : N — (M x; N,Gy)
defined by iy, (y) = (z0,y). Note that for this map, we have di, (Y) = (0,Y)
for any Y € I' (T'N). In the case where f € C* (M), we obtain (see [4])

Proposition 3 ([4]). The tension and bitension field of the inclusion map iy, :
N — (M xy N,Gy) where f € C* (M) are given by

7 (igy) = —nf? (gradIn £,0) o iy,

and

~ /. n? 4 2 2 .
72 (igy) = —?f ((grad (|gradlnf\ ) ,0) + 4 |gradIn f|” (grad In f, 0)) O gy
Then, iy, is btharmonic if and only if

grad <|gradlnf\2) + 4 |gradIn f|* gradIn f = 0.
Remark 3. Based on the following two equations:
~.\2
Try (V’IO> (gradIn f,0) o iz, = —nf? |gradIn f|? (grad In f, 0) o iy,

and
~ 2
Trp R (7 (i), diay) iy = % e (grad (|grad In f]Q) ,o) o iy
+n?f*|gradIn f|2 (gradIn f,0) o iy,
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we deduce that the p-bitension field is given by
- . 1 _ )
P2 (ing) = ——n f% [gradIn {72 (grad (|gradIn f1°) ,0) o i,
p
4
— —nP f?P |grad In f|P (grad In £, 0) 0 iy,.
p

Then, we conclude that
The inclusion map iz, is p-biharmonic if and only if it is biharmonic.

Proposition 4. For the inclusion map iz, : N — (M x5 N,G¢), we have

fHlgradIn 12 hoig,.

3 (1ag) = -0

Proof of Proposition 4. By definition, we have
5 . I .. |2 = . .
S (iag) (X,Y) = ( 5 7 (i)’ + TraGy (V7 (iag) iy ) | B (X,Y)
— Gy (%X%(ixo) iy, (Y)) ~ Gy (%Y%(z‘mo) iy, (X)) .
Using the fact that 7 (iy,) = —nf? (gradIn f,0)0i,,, a rigorous calculation gives
7 (i) |* = 0 f* |grad In 12,
TGy (V7 (iny)  d6) = —n2f* [gradIn /|,

Gy (ﬁx%(%)  dig, (Y)) — —nfYigradln 2R (X,Y)

and

G, (Vy?(ixo) , dig, (X)) = —nf|gradln 2 h(X,Y).
It follows that

n(n—4)

5 fHlgradIn fI* h (X, Y).

8o (iag) (X,Y) = =

Remark 4. Based on the expression of Sy (iy,) , we conclude that

So (ig,) = 0 if and only if n = 4.

5. Conclusion

In this paper, we have presented some constructions of p-biharmonic maps by
conformal deformation and by using the warped product, we have studied the
p-biharmonicity in some particular cases. The results obtained have allowed us
to construct new examples of p-biharmonic maps. This paper is a generalization
of the results obtained for biharmonic maps and our next objective is to study
this class of maps by using the doubly warped product manifolds.
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