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Abstract. Let ® be a growth function. In this paper, we define a harmonic Bergman-
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1. Introduction

Let z = (x1,...,2n),y = (Y1,..-,Yn) be two vectors in the n-dimensional real
vector space R™. We write

(,y) = 21y1 + .. + Tpyn  and |z| = (2, 2) = \/23 + ... + 22.

For a € R", let B(a,r) = {x : |x — a| < r}, S(a,r) = IB(a,r) and B(a,r) =
B(a,r) US(a,r). In particular, let B = B(0,1), S = dB(0,1) and B = BUS
the closure of B. We denote by dv the normalized volume measure on B and
h(B) the class of all harmonic functions on B. For each o > —1, the weighted
normalized volume measure dv,(z) = co(1 — |2[*)%dv(x) and ¢, is a positive
constant so that v, (B) = 1.

*. Corresponding author



178 XI FU, MEINA GAO aND XTAOQIANG XIE

A function @ : [0,00) — [0,00) with ®(0) = 0 is called a growth function
if it is continuous and non-decreasing. The growth function ® satisfies the As-
condition if there exists a constant K > 1 such that

B(2t) < KD(t), te|0,00).

For a« > —1 and a growth function ® satisfying As-condition, the Orlicz
space L® (B, dv,) is the set of all measurable functions f such that

/]

o = /B &(|f (x)[)dva(x) < oo.

The harmonic Bergman-Orlicz space BY is the subspace of L® (B, dv,,) consisting
of all f € h(B). The Luxembourg gauge on BY is defined by

1£15% = inf{A >0 /Bq><|f()\1?)|)dua(x) <1}

We observe that ®(¢) = tP, the associated harmonic Bergman-Orlicz space is
the classical weighted harmonic Bergman space Bf (cf. [1, 9]).
For f € h(B), recall that the radial derivative R of f is given by

Rf(@) =2 Vi) = g (fE))m = 3 mfne),

m=1

where V is the usual gradient and the last form is the homogeneous expansion
of f. The fundamental theorem of calculus shows that

1
F(2) — £(0) = /0 ® )22

For a € B, we denote by ¢, the Mobius transformation in B. It’s an involu-
tion of B such that ¢,(0) = a and ¢,(a) = 0, which is of the form

_Jr—aPa—(1—laf’)(z —a)

5 , x €B,

#a(2) [z, al

where [z,a] = /1 — 2(z,a) + |z[?]a|2.
Let a € B and r € (0, 1), the pseudo-hyperbolic ball with center a and radius
r is denoted by
E(a,r) ={z € B: |pq(x)| < r}.

Indeed, E(a,r) is a Euclidean ball with center ¢, and radius r, given by

r(1—lal?)
1—|al?r?’

(1—-1r%)a
(1) Cq = W and Tq =

respectively (cf. [16]). It is well known that for & > —1 and any = € E(a,r),

(2) 1-— |a|2 ~1-— |a:|2 ~[a,z] and wvo(E(a,r)) =~ (1— ]a|2)"+a.
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For fixed 0 < s < oo and 0 < r < %, we consider the following area integral
functions which were introduced by Chen and Ouyang (see [3, 4])

o A = ([ Ja-PRwIarm) "

E(z,r)
e A6 = ([ 0= PvIwrew)

e 20w = ([ swraw)"

where dr(z) = (1 — |z|?)""dv(z) is the invariant measure on B.

Let B,, be the unit ball of the n-dimensional complex vector space C". For
0 < p < ooand a > —1, the standard weighted Bergman space A% (B,,) consists
of all holomorphic functions g on B,, such that

/ 19(2)Pdva(z) < oc.
B,

It is well known that a holomorphic function g € A% (B,,) if and only if
(1—12?)Vg(z) € LP(B,,dv,). In [18], B. Sehba extended this characterization
to the holomorphic Bergman-Orlicz space. By adding the restriction s > 1, Chen
and Ouyang [3, 4] proved that g € A5(B,,) is equivalent to one (and hence
all) of the conditions A%(g) € LP(By,dvs), A3 (9) € LP(Bp,dvs), A%(g) €
LP(B,,,dv,). As a consequence, they obtained some new maximal and area
integral characterizations for Besov spaces. For the further discussions on this
topic, we refer to [12].

Motivated by [3, 4, 18], our first aim in this paper is to extend Chen and
Ouyang’s result to the setting of harmonic Bergman-Orlicz space BE. In order
to state our results, we need some more definitions on the growth function .

We say that a growth function ® is of upper type ¢ > 1 if there exists C' > 0
such that, for s > 0 and ¢ > 1,

(3) O (st) < Ctid(s).

Denote by U7 the set of growth functions ® of upper type ¢, (for some g > 1),
such that the function ¢t — @ is non-decreasing.

We say that ® is of lower type p > 0 if there exists C' > 0 such that, for
s>0and 0 <t <1,

(4) B(st) < CLPD(s).

Denote by £, the set of growth functions ® of lower type p, (for some p < 1),

such that the function ¢t — @ is non-increasing.
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Let
Uu=Jur and L= |J £,
g1 0<p<1

From the above definitions on ®, we may always suppose that any ® € U
(resp. L), is convex (resp. concave) and that ® is a C! function with derivative
o' (t) ~ 20 (cf. 17, 18]).

Recall that the complementary function ¥ of a convex growth function @,
is the function defined from R4 onto itself by

U(s) = sup {ts — @(t)}.

A growth function ® is said to satisfy the Vy-condition whenever both & and
its complementary function ¥ satisfy the As-condition. See [15, 18] for more
details on the complementary function V.

Theorem 1.1. Let o > —1, f € h(B). Assume that ® is a growth function
satisfying one of the following conditions:

(1) ® € U? and satisfies the Va-condition;

(i7) ® € Ly, and the function ®,(t) = @(t%) satisfies the Va-condition.
Then the following statements are equivalent.
(a) feBy;

)
(b) A%(f) € L*(B, dva);
(¢) AL(f) € L2(B,dva);
(d) A*(f) € L*(B, dva).

For a € B\ {0} and § > 0, the Carleson cone is defined as
a
= IB%:‘ - —‘ dp.
Cs(a) {x € x al < }

Let p be a positive Borel measure on B and s > 0. We say that u is an s-
Carleson measure on B if there exists a constant C' such that for any a € B\ {0}
and any 0 < § < 2 such that

u(Cs(a)) < O3,

When s = 1, the above measure is called a Carleson measure. Carleson measures
were first introduced in the unit disk I of the complex plane C by Carleson
[2]. These measures are pretty adapted to the studies of various questions on
function spaces.
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Given 0 < p,q < oo, the question of the characterization of the positive
measures p on B, such that the embedding I, : AL(B,) — L%(B,,dp) is
continuous has attracted much attention. In the setting of Bergman spaces
of the unit disk D, this question was answered due to Hastings and Luecking
[10, 13] by using Carleson measures. For the extensions of these results to the
unit ball B, see [5, 13, 14]. In [19], Ueki established the boundedness and
compactness of composition operators between weighted Bergman spaces in B,
in terms of s-Carleson measures.

Our second aim of this paper is to investigate the ®-Carleson measure in the
real unit ball B whose definition is given as follows.

Definition 1.1. Let ® be a growth function. A positive Borel measure p on B
is called a ®-Carleson measure if there exists a constant C' > 0 such that for
any a € B\ {0} and any 0 < § < 2,

v
(b((snlfl ) .

Obviously, when ®(t) = t°, the ®-Carleson measure is the usual s-Carleson
measure on B.

p(Cs(a)) <

The following result provides an equivalent definition of the ®-Carleson mea-
sure.

Theorem 1.2. Let 7 >0, ® €c U U L and p be a positive measure on B. Then
w is a ®-Carleson measure if and only if

(1 —lal*)"
; aup [ o(—U Y < o
©) [, #(sgie) 0)

Let @1, ®5 be two growth functions. A positive measure p on B is called a
®y-Carleson measure for B21 if there is a constant C' such that

/ oy (Y gy <1,
B CHf‘ a,@l
for all f € B2t with Hfo;f%l # 0.

In our final result, we discuss the ®-Carleson measure for harmonic Bergman-
Orlicz spaces.
Theorem 1.3. Let a > —1, &1, P € U U E(%) (,C(%) = U%<p§1£p) and i be a
positive measure on B. If 9 /Py is non-decreasing, then the following statements
are equivalent.

(a) There exists a constant C1 > 0 such that for any a € B\ {0} and any
0<d<1,

(6) pu(Cs(a)) <

T P20 07 (k)
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(b) p is a ®y-Carleson measure for BE1;

(¢) There exists a constant Cs > 0 such that

(1 _ |a|2)2(n+a)

_ 1
(7) ilelg/Bq)2 <(I)1 1((1 _ |a|2)n+a) [a, 2]2(+e) )du(x) < Cs.

The organization of this paper is as follows. In Section 2, some necessary
terminologies are introduced and several known results are recalled. Sections 3
and 4 are devoted to the proofs of Theorems 1.1 ~ 1.3. Throughout this paper,
we always assume without loss of generality that our growth functions ® are
satisfying ®(1) = 1. The constants are denoted by C, they are positive and
may differ from one occurrence to the other. For nonnegative quantities X and
Y, X <Y means that X is dominated by Y times some inessential positive
constant. We write X =Y if Y S X <Y.

2. Preliminaries

In this section, we introduce notations and collect some preliminary results that
we will need later.

2.1 Operators on Orlicz spaces

Let ® be a C! growth function. Recall that the lower and the upper indices of
® are respectively defined by
td’'(t) t®'(t)

= 1 f = .
“@ =20 B () and by b D)

It is known that when ® is convex, then 1 < ag < bp < 0o and, if ® is concave,
then 0 < ag < by < 1. Note that a convex growth function satisfies the Vo-
condition if and only if 1 < ap < by < oo (cf. [6], Lemma 2.1).

Definition 2.1. Let ® be a growth function. A linear operator T defined on
L®(B, dvy) is said to be of mean strong type (®,®), if
[ 2 shdvate) < © [ a1 7dvao)

for any f € L*(B, dvy), and T is said to be mean weak type (®,®), if

sup @)oo ({o € B [TS(@)] > 1)) < C [ @(1fl)dva(a),

t>0
for any f € L*(B, dvy), where C is independent of f.

We remark that if ®(¢) = ¢P, then the mean strong type (t?,t?), is the usual
strong type (p,p). The following interpolation result comes from [7, Theorem
4.3].
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Lemma 2.1. Let &g, P and $o be three conver growth functions. Sup- pose
that their upper and lower indices satisfy the following condition

1 <asg, < bay, < ap, < by, < ap, < bgp, < 00.

If T is of mean weak types (P, Po)a and (P1, P1)q, then it is of mean strong
type (P2, P2)q.

Let 8 € R and consider the operator Eg defined for functions f on B by
1**|y\)
Baf (@) = [ 1) Rt

For a proof of the following lemma, see [9, Theorem 1.6].

Lemma 2.2. Let 1 < p < oo and o, 3 > —1. The operator Eg : LP(B, dv,) —
LP(B, dvy) is bounded if and only if a +1 < p(B+ 1).

Combining Lemmas 2.1 and 2.2, the following result can be easily derived,
see [18, Theorem 2.5].

Lemma 2.3. Let o, f > —1 and ® be a C' convex growth function with its lower
indice ap. If 1 <p <ap and a+1 < p(B+ 1), then Eg is of mean strong type
(P, ®)a-

2.2 Harmonic functions

It is well-known that the weighted harmonic Bergman spaces B2 for a > —1 is
a reproducing kernel Hilbert space with reproducing kernel R, (z,y):

(8) /f o, 9)dva(y), [ € B2,

From [7], we know that (8) is also true for all f € BL..
The reproducing kernels R, (z,y) can be expressed in terms of zonal har-
monics as

Rawy) =S LE2 50k 70 S (@) 2 (),
k=0

= (5

where the series absolutely and uniformly converges on K x B for any compact

subset K of B and (a), = %. A straightforward computation gives that

1

) |Ra(z,y)| < W

Note that R, (x,y) is real-valued, symmetric in the variables z and y and har-
monic with respect to each variable since the same is true for all Zy(z,y). For
the extension of reproducing kernels R, (z,y) to all a € R, see [7, 9].

We recall some useful inequalities concerning harmonic functions which are
useful for our investigations.
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Lemma 2.4 ([7, 16]). Let 0 <p < o0, 0 <7 <1 and f,g € h(B). Then there
exists some positive constant C such that

(W) [F@P < C fpon | F@)Pdr(y);

@) IVF@P < 1=Cor Jioy 1F @) Pdr(w).

Moreover, if 0 < p <1 and a > —1, then there exists a positive constant C' such
that

(3)
z)g(x — |zt /gy (o z)g(z)Pdv, (z e
[ @t~ av(o) < ([ 11@pgta)Pdua(@) "

The following standard estimate will be needed in the sequel.

Lemma 2.5 ([16]). Let a > —1 and 5 € R. Then for any x € B,

1 [2)F, 8>0,
(1 [y 1
oW )~ dlog——, B=
Amwmwm@ BT E 70
1, 8 <0.

3. Proof of Theorem 1.1

The purpose of this section is to prove Theorem 1.1. Before the proof, we need
some preparation.

Lemma 3.1 ([8]). Let ® € L,,. Then the growth function ®,, defined by ®,(t) =
1
O(tr) is in U? for some ¢ > 1. Moreover, for s >0 and t > 1,

B, (ts) < trd,(s).

By Lemmas 2.4 and Lemma 3.1, we can obtain the following useful integral
estimates.

Lemma 3.2. Let f € h(B) and ® € U?U L,. Then for 0 <r <1 and z € B,
(1) (1= [2)IVf(@)]) £ [ag) 2Uf@)ldr(y);

(2) (1 f@)]) < Jpen UF @)D (y).
Proof. Let

L i deul,
b= p, if ®ecLl,.
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By Lemma 2.4, for each x € B,

(1= |2V f()])" 5/ [f(y)[Prdr(y).

E(z,r)

Set

MR L0
T ey, if ®ecl,

It follows from Lemma 3.1 and the convexity of ®,(¢) that

¢((1—I$I2)|Vf(w)|)§/E( )‘I’(If(y)l)dT(y)-

This proves (1).
By Lemma 2.4 and an argument similar to the above, the assertion of (2)
follows. O

Lemma 3.3. Assume that ® is a growth function satisfying one of the following
conditions:

(i) ® € U? and satisfies the Va-condition;

(i) ® € Ly, and the function ®,(t) = Cb(t%) satisfies the Va-condition.
If a > —1 and f € h(B), then
(10) [ @)~ FO)Ddva(e) £ [ B((1~ e )R () dva(e):

B B
and
) [ e PIVI@)dn() S [ 8@ (a).
B B
Proof. We first prove (10). Let f € h(B). Then for s > —1,
/Rf (z,y)dvs(y).

Since [ Rf(y)dvs(y) = 0, subtracting this from the previous equation yields

_ /BRf(y)(Rs(x,y) — 1)dus(y).

Consequently,

10 =501 = | [ [RoG)F G0~ Do)

_ ‘/Rf / s(to y) Bt y) =1 sy )’
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Set

1
S ) —1
G($7y):/o Wdt.

From the proof of [9, Lemmal2.1], it deduces that

St dt 1
xy\</( “’ ‘dt</ < -
o [tz y]"*s ™ [z, y]"te

Therefore,

[f(z) = FO)] < /B(l— )R (y)] dvs—1(y).

[z, y]r st

We first consider the case ® satisfies the condition (i) of the lemma. Fix p so
that 1 < p < ag. By taking s large enough so that o + 1 < ps, we conclude
from Lemma 2.3 that

/ (| f(x) — £(0))dva(z) < / (1 — |2 |R S (1)) dva(z).
B B

1
We next consider the case of ® € £, and ®,(t) = P(tr) satisfies the V-
condition. Set s = (n+ ')/p —n and o/ > a + p. By Lemma 2.4, it deduces
that

[f(z) = FOF < /]BIRf(y)!plG(wvy)l”dvaf(y)

R P
< [N St
g [ LORIE,,, o,

1
As the growth function t — ®,(t) = ®(¢7) is in U7 and satisfies the Va-condition,
proceeding as in the first part of this proof yields that

[ 25@) - £Odvata) = [ 2,(1f(@) = FOF)dvao)
B B
— |z|? z)P)dva (z
S /B‘I’p((l 2[R f(2)])P)dva ()
= [ o1~ PR @) )
We now come to prove (11). By Lemma 3.2, we have

@((1—Iw!2)lvf(iv)!)§/E( )‘P(!f(y)!)dT(y), z € B.
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Integrating both sides of the above inequality over B with respect to dv,(z) and
applying Fubini’s theorem, we get

/ (1~ [a?)|V f(2) ) dvalz) < / B()f(2)])dva(x).
B B
This completes the proof. O

Proof of Theorem 1.1. We only prove (a) < (b). Similar discussions can be
applied to prove (a) < (c) and (a) < (d).

We first assume that A% (f) € L®(B, dv,). By Lemma 2.4, for each z € B,
we have

(1~ |2)Rf(2)| S AR(f)(2).

Then (b) = (a) follows from Lemma 3.3.
For the converse, we assume that f € BE. For each fixed z € B, let

h(z) = sup{(1 — [CP)RF(O)| : € € Bz, )}

From (1), we can find 7’ such that 0 < 3 < < 1 and E(¢,3) C E(z,r’) for
every { € E(z,1). It follows from Lemma 3.2 that

B4 (@) S 2@ S [ a(fw)dr)
E(z,r)
Hence by Fubini’s theorem and (2),

[elarn@)aat) £ [a-lP) [ al5)hirtan)
B B E(z,r")

— |z?)%dv(x

< [ewmbare) [ 0w

/ (1 (4)])dva(y).

B

N

This completes the proof. O

4. Proofs of Theorem 1.2 and Theorem 1.3.

Proof of Theorem 1.2. Assume first that (5) holds. For each a € B\ {0}, set
d =1 —|a|. A simple computation gives that

[a,2] <1—laf® <26,
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for « € Cs(a). Therefore

1

p(Cs(a)B(5) = 1

=t
2n—1
/c ‘b(ﬁ)dﬂ(»@)

5(a) la,x

2 (A= fal)"y
S /a;(@qj( 8 Jdu(@)
1—|a
S o) e

where the last inequality follows from the monotonicity of ® or %.

Conversely, assume that p is a $-Carleson measure. The proof is based on
a standard slicing trick, see [11, Lemma 2.2]. Without loss of generality, let
3 < |a| < 1. Denote Qo(a) = 0 and

Qu(a) ={zeB: ‘m - ﬁ <2 N1-la)}, k=12,

where N is the smallest integer such that 2V=1(1 — |a|) > 2.
Since for each = € Qp(a)\Qxr_1(a), [a,z] > |a]2=2(1 — |a]), we have

/ @(%W(m)

S i\[: < (1= lal*)" )dﬂ(x)
N u@\Qra(a)  N2ETAOTIH(L — g ) (DT
- N @ 2(k—2)(n— 1+7—)(1 |CLD" 1)
<> . 1
k=1 (2<k71)("71)(1—‘a|)n71>
N
5 Z okTs < 00,

i
I

where ¢ = 1if ® € Y and ¢ = p if ® € L is of lower type 0 < p < 1. The proof
is complete.
In order to prove Theorem 1.3, we need the following two lemmas.

Lemma 4.1. Leta > —1, ® €U UL and f € BE. Then there exists a positive
constant C such that for each a € B,

(12) (o) < C<I>‘1((1_1|)n+a)||f| tus

Proof. If Hf]““ 0, then f = 0 a.e. on B so that (12) obviously holds.
Suppose that HleW # 0. In view of (2) and Lemma 2.4, we see that for a € B
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and 0 < p < o0,

srs [ p () g )

[z, d]

It follows a similar discussion in the proof of Lemma 3.2,

() @) /(1= Jaf2)y
o < ® dve
(Ifliiffp> s /Em,r) (Ilflf;fi%>< ) (@)
< v
S A= Japye
which gives (12). O

Lemma 4.2. Let a > —1, % <p<land ® cUUL, Then each a € B, the
following function

fola) = @7 (W)R,@Ham,a)(l ~ Ja[22mte)

belongs to B2.

Proof. Let
B (1 . ‘a’2)2(n+a)
ha(l') - [x’ a]2(n+a)
Since o > —1, from (8),
[ #(fu(@)dva o)

= [ (07 () Reeaal @1 = a2+ ) (@)

5/3@(@%%)%@))@4@
=h+ Iy,

where
1

= /{xEB:ha(x)<1} ? ((b_l (W) ha(x)> Ae(2)

and
1

= /{zEB:ha(z)Zl} oo <W> hal@)) (@)

We now divide the remainder of the proof into the following two cases.

Case I. @ € U. By the monotonicity of @ and Lemma 2.5,
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I

N

»/{IEB:ha(x)<1} o) ® (q)il (W) > dva(T)

1gf2) ()
< /(1 )™ (@) < 1.
B

[IE, a]Z(TL+Ol) ~

Using (3), there exists some ¢ > 1 such that

= /{wEB:ha(x)Zl} ? <q)_1 ((1—\611!2)”+°V> h“(x)> @0 ().

(1 . |a|2)(2q—1)(n+a)
< <
~ /13 [z, a]2a(n+a) dva(z) S 1.

Case II. @ € £, with p > 5. Using (4) and Lemma 2.5, we have

s /{IEB:ha(m)gl} ha(a:)pcl)<qu (W))dva(:c)

(1— ‘a|2)(2p—l)(n+o¢)

< <
~ /153 [z, a]2P(n+e) dva(z) S 1.
By the monotonicity of % and Lemma 2.5 again,

b /{reB:ha(x)zl}®<®_1((1—16L1|2)W¥)h“($)>d”a(x)

(1 ‘3‘2)(n+a)
< A Dl B <
< /B 7 alZno) dvg(z) < 1.

Combining the above two cases, the assertion of this lemma follows. O

Now we are in a position to prove Theorem 1.3.
Proof of Theorem 1.3. The proof will follow by the routes (a) = (b) = (¢) =
(a).
We first prove (a) = (b). For y € B\ {0} and 1 < r < 1. By (1) and (2), we see
that for large enough k, E(y,r) C Q(y) and

1
(13) w(E(y,r)) < u(Qr(y) S —
; Py 0 <I>1 1(2(k—1)(n+a)1(1,|y|)n+a)

Let f € B®t with || f|™2 0. Note that ®; € U U L

a, Py

) then

1
2

/(@) FGL sy,
(1)2(Hf‘lm )S/E(z’i)CDZ(Hﬂlum ) = yl") dve(y)

a,Pq a, Py
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by Lemma 3.2. Thus

) @l
L= /Bq’g(ufugtzl)d“”

|f ()l 2\—(n+a)
< d Go(———— - dvg,

f .
[ (e @) a0 = i) )

N

From (1), we can find an integer k such that and E(z,3) C Qg(y) for every
z € E(y,%). It follows from Lemma 3.2 and (13) that

rsf %(H‘ﬁ,(ggl i Qu(y)) (1 — [y " du(y).

By the assumption ®9/®; is non-decreasing and (12),

®y 0 &7 (i
L < jg®1(|f@”| 222 (g )(1—!w2Yﬂu«Qadevﬂﬁ

Il " @ 0 QII(W)

W)
/Bq)l(\f\\étiél)d”“(y) <1

This implies that we can find a constant C> > 0 such that

/BCIJQ(CW)CZM(JU) <1

a, P

a, Py

AN

(b) = (c¢). For a € B, recall that

1
(1 — |a|?)+e

fala) = o7 ) Rutaa(z,a)(1 = |a)X+) € BD

from Lemma 4.2. Thus, the implication easily follows by testing f, and using
the monotonicity of ®, or the monotonicity of the function 220,

(¢) = (a). The implication (¢) = (a) follows the same way as in the proof of

Theorem 1.2. We omit the details here. O
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