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Abstract. In this paper, fantastic (weak) hyper filters in hyper BE-algebras are
introduced and investigated. The relationships between fantastic (weak) hyper filters
and (weak) hyper filters are discussed and the related examples are delivered. Then,
fantastic (weak) hyper filters are characterized respectively. Moreover, examples are
given in which fantastic weak hyper filters and fantastic hyper filters may not be deduced
from each other in hyper BE-algebras, meanwhile the conditions are found that fantastic
weak hyper filters become fantastic weak hyper filters in hyper BE-algebras.
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1. Introduction

The hyper algebraic theory was introduced by Marty [15] at the 8th Congress of
Scandinavian Mathematicians. Since then, hyper algebraic structure has been
intensively researched such as hyper BCK-algebras [12, 13], hyper K-algebras
[11, 18], hyper residuated lattices [2, 17], hyper EQ-algebras [4, 8] and hyper
equality algebras [3, 7], etc. At present, hyper algebraic theory has been widely
applied to many disciplines [9, 10]. Borzooei et al. investigated the filter theory
of residuated lattices and hyper equality algebras in [2] and [3] respectively.
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Then, Borzooei and Aaly in [1] systematically summarized various of hyper
algebraic structures and presented the relationships among these hyper algebraic
structures. Radfar et al. [16] in 2014 introduced the notion of hyper BE-algebras
as a generalization of BE-algebras [14]. Moreover, they proposed some special
types of hyper BE-algebras and (weak) hyper filters in hyper BE-algebras. In
fact, hyper BE-algebras are closely related to many hyper algebras and it is a
generalization of dual hyper BCK-algebras, dual hyper K-algebras and hyper
hoops [5]. Cheng and Xin in [6] focused on investigating (positive) implicative
hyper filters in hyper BE-algebras and induced quotient hyper BE-algebras by
use of implicative hyper filters. Based on the above, the present paper considers
fantastic (weak) hyper filters in hyper BE-algebras so as to further explore the
structure of hyper BE-algebras.

2. Preliminaries

In this section, we recollect some definitions and results about hyper BE-algebras
which will be used in the following.

Definition 2.1 ([16]). Let H be a nonempty set and ◦ : H ×H → P ∗(H) be a
hyperoperation. Then, (H, ◦, 1) is called a hyper BE-algebra provided it satisfies
the following axioms:

(HBE1) x ≪ 1 and x ≪ x;

(HBE2) x ◦ (y ◦ z) = y ◦ (x ◦ z);

(HBE3) x ∈ 1 ◦ x;

(HBE4) 1 ≪ x implies x = 1, for all x, y ∈ H, where the relation ≪ is defined
by x ≪ y ⇔ 1 ∈ x ◦ y. For any two nonempty subsets A and B of H,
A ≪ B means that there exist a ∈ A, b ∈ B such that a ≪ b.

Notice that, in any hyper BE-algebra, A ◦ B =
⋃

a∈A,b∈B a ◦ b and A ≤ B
means for any a ∈ A, there exists b ∈ B such that a ≪ b.

In the following sequel, by H denote a hyper BE-algebra (H, ◦, 1), unless
otherwise specified.

Proposition 2.1 ([6, 16]). In any hyper BE-algebra H, the following hold:

(1) A ◦ (B ◦ C) = B ◦ (A ◦ C);

(2) A ⊆ 1 ◦A, 1 ∈ A ◦ 1, 1 ∈ A ◦A;

(3) x ≤ y ◦ x,A ≤ B ◦A;

(4) A ≪ B iff 1 ∈ A ◦B;

(5) 1 ∈ A and A ≤ B imply 1 ∈ B;



FANTASTIC (WEAK) HYPER FILTERS IN HYPER BE-ALGEBRAS 93

(6) 1 ≪ A implies 1 ∈ A, for all x, y ∈ H,A,B ⊆ H.

Definition 2.2 ([16]). We say that a hyper BE-algebra H is a

(1) C-hyper BE-algebra, if x ◦ 1 = {1} for all x ∈ H;

(2) R-hyper BE-algebra, if 1 ◦ x = {x} for all x ∈ H;

(3) D-hyper BE-algebra, if x ◦ x = {1} for all x ∈ H;

(4) RD-hyper BE-algebra, if H is both a R-hyper BE-algebra and a D-hyper
BE-algebra;

(5) RC-hyper BE-algebra, if H is both a R-hyper BE-algebra and a C-hyper
BE-algebra.

Definition 2.3 ([16]). A nonempty subset F containing 1 of H is said to be a

(1) hyper filter if x ◦ y ∩ F ̸= ∅ and x ∈ F imply y ∈ F , for any x, y ∈ H;

(2) weak hyper filter if x ◦ y ⊆ F and x ∈ F imply y ∈ F , for any x, y ∈ H.

It is well known that every hyper filter is a weak hyper filter in a hyper
BE-algebra, but the converse is not true. Moreover, every hyper filter satisfies
the condition (F):

(F ) x ∈ F and x ≪ y imply y ∈ F for all x, y ∈ H.

3. Fantastic (weak) hyper filters

In this section, we introduce fantastic (weak) hyper filters in hyper BE-algebras
and deliver some related results of them.

Definition 3.1. A nonempty subset F containing 1 of H is said to be a

(1) fantastic hyper filter, if z◦(x◦y)∩F ̸= ∅ and z ∈ F imply ((y◦x)◦x)◦y∩F ̸=
∅, for any x, y, z ∈ H;

(2) fantastic weak hyper filter, if z◦(x◦y) ⊆ F and z ∈ F imply ((y◦x)◦x)◦y ⊆
F , for any x, y, z ∈ H.

Example 3.2. Let H = {a, b, 1}. Define the operation ◦ on H as follows:

◦ 1 a b

1 {1} {a, b} {b}
a {1, b} {1} {1}
b {1, b} {1} {1}

Then, (H, ◦, 1) is a hyper BE-algebras [16]. It is easy to verify that F = {1} is
a fantastic weak hyper filter and G = {1, a} is a fantastic hyper filter of H.
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Proposition 3.1. Let H be a RC-hyper BE-algebra. If F is a fantastic (weak)
hyper filter of H, then F is a (weak) hyper filter of H.

Proof. (1) Let x ◦ y ∩ F ̸= ∅ and x ∈ F , for any x, y ∈ F . Then, by x ◦ y ⊆
x ◦ (1 ◦ y) we have x ◦ (1 ◦ y) ∩ F ̸= ∅. Again since x ∈ F and F is a fantastic
hyper filter of H, we can obtain that {y}∩F = 1◦y∩F = ((y◦1)◦1)◦y∩F ̸= ∅
and thus y ∈ F . Therefore, F is a hyper filter of H.

(2) Let x ◦ y ⊆ F and x ∈ F , for any x, y ∈ F . Since H is a R-hyper
BE-algebra, we have x ◦ (1 ◦ y) = x ◦ y ⊆ F . Again since x ∈ F and F is a
fantastic weak hyper filter of H, then {y} = 1 ◦ y = ((y ◦ 1) ◦ 1) ◦ y ⊆ F and
thus y ∈ F . Therefore, F is a weak hyper filter of H.

Example 3.3. Let H = {a, b, 1}. Define the operation ◦ on H as follows:

◦ 1 a b

1 {1} {a} {b}
a {1} {1, a, b} {b}
b {1} {a, b} {1, b}

Then, (H, ◦, 1) is a RC-hyper BE-algebras [16]. One can calculate that F =
{1, a} is both a (weak) hyper filter and a fantastic (weak) hyper filter of H.

Notice that the condition of the RC-hyper from Proposition 3.1 is not neces-
sary in general. In fact, in Example 3.2 H is not a RC-hyper BE-algebra, but it
is easy to see that F = {1} is both a (weak) hyper filter and a fantastic (weak)
hyper filter of H.

The converse of Proposition 3.1 may not be true and see the following ex-
ample.

Example 3.4. (1) Let H = {a, b, 1}. Define the operation ◦ on H as follows:

◦ 1 a b

1 {1} {a} {b}
a {1} {1} {1, a}
b {1} {1} {1, a}

Then, (H, ◦, 1) is a RC-hyper BE-algebras [16]. It is not difficult to check that
F = {1} is a weak hyper filter of H, but it is not a fantastic weak hyper filter
of H since 1 ∈ F and 1 ◦ (b ◦ a) ⊆ F while ((a ◦ b) ◦ b) ◦ a = {1, a} ⊈ F .
(2) Let H = {1, a, b, c}. Define the operation ◦ on H as follows:

◦ 1 a b c

1 {1} {a} {b} {c}
a {1} {1} {1} {1}
b {1} {a} {1, b} {c}
c {1} {a} {1, b} {1, b}
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Then, (H, ◦, 1) is a RC-hyper BE-algebra [11]. It is routine to verify that F =
{1, a} is a hyper filter of H, but it is not a fantastic hyper filter of H since 1 ∈ F
and 1 ◦ (a ◦ b) ∩ F ̸= ∅ while ((b ◦ a) ◦ a) ◦ b = {b} ∩ F = ∅.

In what follows we deliver a characterization of the fantastic (weak) hyper
filter of H, respectively.

Theorem 3.1. Let F be a hyper filter of H. Then, the following are equivalent:

(1) F is a fantastic hyper filter of H;

(2) x ◦ y ∩ F ̸= ∅ implies ((y ◦ x) ◦ x) ◦ y ∩ F ̸= ∅, for any x, y ∈ H.

Proof. (1) ⇒ (2) Assume that (1) holds and x ◦ y ∩ F ̸= ∅, for any x, y ∈ H.
Since x ◦ y ⊆ 1 ◦ (x ◦ y) then 1 ◦ (x ◦ y)∩F ̸= ∅. Since 1 ∈ F and F is a fantastic
hyper filter of H, we have ((y ◦ x) ◦ x) ◦ y ∩ F ̸= ∅.

(2) ⇒ (1) Assume that (2) holds. Let z ◦ (x ◦ y) ∩ F ̸= ∅ and z ∈ F , for
any x, y, z ∈ H. Since F is a hyper filter of H, then x ◦ y ∩ F ̸= ∅ and so by
hypothesis we can obtain ((y ◦ x) ◦ x) ◦ y ∩ F ̸= ∅. It concludes that F is a
fantastic hyper filter of H.

Theorem 3.2. Let F be a weak hyper filter of a R-hyper BE-algebra H. Then,
the following are equivalent:

(1) F is a fantastic weak hyper filter of H;

(2) x ◦ y ⊆ F implies ((y ◦ x) ◦ x) ◦ y ⊆ F , for any x, y ∈ H.

Proof. (1) ⇒ (2) Assume that (1) holds and x ◦ y ⊆ F , for any x, y ∈ H. Since
1 ∈ F, 1 ◦ (x ◦ y) = x ◦ y ⊆ F and F is a fantastic weak hyper filter of H, we
have ((y ◦ x) ◦ x) ◦ y ⊆ F .

(2) ⇒ (1) Assume that (2) holds. Let z ◦ (x ◦ y) ⊆ F and z ∈ F , for any
x, y, z ∈ H. Since F is a weak hyper filter of H, then x ◦ y ⊆ F and so by
hypothesis we can obtain ((y ◦x) ◦x) ◦ y ⊆ F . It concludes that F is a fantastic
weak hyper filter of H.

In general, a fantastic hyper filter of H may not be a fantastic weak hyper
filter and vice versa.

Example 3.5. (1) In Example 3.2 one can check that the set M = {1, b} is a
fantastic hyper filter of H, but it is not a fantastic weak hyper filter since b ∈ M
and b ◦ (1 ◦ a) = {1} ⊆ M while ((a ◦ 1) ◦ 1) ◦ a = {1, a, b} ⊈ M .
(2) Let H = {a, b, 1}. Define the operation ◦ on H as follows:

◦ 1 a b

1 {1} {a, b} {b}
a {1} {1, a} {1, b}
b {1} {1, a, b} {1}
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Then, (H, ◦, 1) is a hyper BE-algebras [16]. It can be calculated that F = {1, a}
is a fantastic weak hyper filter of H, but it is not a fantastic hyper filter since
a ∈ F and a ◦ (1 ◦ b) = {1, b} ∩ F ̸= ∅ while ((b ◦ 1) ◦ 1) ◦ b = {b} ∩ F = ∅.

In what follows, we provide the conditions that fantastic weak hyper filters
become fantastic hyper filters in hyper BE-algebras.

Definition 3.6 ([6]). A nonempty subset S of H is said to be ◦-reflexive if
x ◦ y ∩ S ̸= ∅ implies x ◦ y ⊆ S for all x, y ∈ H.

Proposition 3.2. Let H be a RC-hyper BE-algebra. If F is a ◦-reflexive fan-
tastic weak hyper filters of H, then it is a fantastic hyper filter of H.

Proof. As F is a ◦-reflexive weak hyper filters of H, we have that F is a hyper
filter of H. Now, set x ◦ y ∩ F ̸= ∅, for any x, y ∈ H. It follows from the
◦-reflexivity of F that x ◦ y ⊆ F . Since F is a fantastic weak hyper filter of H,
then by Theorem 3.2 we obtain ((y◦x)◦x)◦y ⊆ F and so ((y◦x)◦x)◦y∩F ̸= ∅.
Therefore, by Theorem 3.1 F is a fantastic hyper filter of H.

Definition 3.7. A hyper BE-algebra H is called right-ordered, if x ≪ y implies
y ◦ z ≪ x ◦ z for all x, y, z ∈ H.

Example 3.8. It is easy to verify that the hyper BE-algebra H from Example
3.5 (2) is right-ordered.

Theorem 3.3. Let H be a right-ordered RD-hyper BE-algebra, and F,G be ◦-
reflexive weak hyper filters of H. If F ⊆ G and F is a fantastic weak hyper filter
of H, then G is a fantastic hyper filter of H.

Proof. Let x ◦ y ∩ G ̸= ∅, for any x, y ∈ H. Denote m = x ◦ y, since G
is ◦-reflexive then m ⊆ G Again since H is a D-hyper BE-algebra, we have
x ◦ (m ◦ y) = m ◦ (x ◦ y) = {1} ⊆ F . Notice that H is a R-hyper BE-algebra and
F is a fantastic weak hyper filter, it follows from Theorem 3.2 that m ◦ ((((m ◦
y) ◦ x) ◦ x) ◦ y) = (((m ◦ y) ◦ x) ◦ x) ◦ (m ◦ y) ⊆ F and hence m ◦ ((((m ◦ y) ◦ x) ◦
x) ◦ y) ⊆ G. Combing that m ∈ G and G is a weak hyper filter, we can obtain
(((m ◦ y) ◦x) ◦x) ◦ y ⊆ G. Again since y ≪ m ◦ y and H is right-ordered, we get
that (((m◦y)◦x)◦x)◦y ≪ ((y ◦x)◦x)◦y. Considering (((m◦y)◦x)◦x)◦y ⊆ G
and the ◦-reflexivity of G, it can conclude that ((y◦x)◦x)◦y∩G ̸= ∅. Therefore,
using Theorem 3.1 G is a fantastic hyper filter of H.

4. Conclusions

Filters are an important tool in the research of algebraic structures. In this
paper, fantastic (weak) hyper filters are proposed in hyper BE-algebras and also
the relation between them is delivered. What is more, the characterizations of
fantastic (weak) hyper filters are showed. In the further work, we shall explore
some applications of fantastic (weak) hyper filters such as in quotient hyper
BE-algebras and in the state theory of hyper BE-algebras.



FANTASTIC (WEAK) HYPER FILTERS IN HYPER BE-ALGEBRAS 97

Acknowledgments

This research is supported by a grant of National Natural Science Foundation of
China (11971384), the Natural Science Basic Research Plan in Shaanxi Province
of China (2022JM-014,2022JQ-068), the Scientific Research Program of Shaanxi
Provincial Department of Education (21JK0963), University Level Scientific Re-
search Fund (2020KY0206) and PHD Research Start-up Foundation of Xi’an
Aeronautical Institute.

References

[1] R.A. Borzooei, M. Aaly, An overview of hyper logical algebras, Journal of
Algebraic Hyperstructures and Logical Algebras, 1 (2020), 31-50.

[2] R.A. Borzooei, M. Bakhshi, O. Zahiri, Filter theory on hyper residuated
lattices, Quasigroups and Related Systems, 22 (2014), 33-50.

[3] R.A. Borzooei, M.A. Kologani, M.A. Hashemi, Filter theory on hyper equal-
ity algebras, Soft Computing, 25 (2021), 7257-7269.

[4] R.A. Borzooei, B.G. Saffar, R. Ameri, On hyper EQ-algebras, Italian Jour-
nal of Pure and Applied Mathematics, 31 (2013), 77-96.

[5] R.A. Borzooei, H. Varasteh, K. Borna, On hyper hoop-algebras, Ratio
Mathematica, 30 (2016), 67-81.

[6] X.Y. Cheng, X.L. Xin, Filter theory on hyper BE-algebras, Italian Journal
of Pure and Applied Mathematics, 35 (2015), 509-526.

[7] X.Y. Cheng, X.L. Xin, Y.B. Jun, Hyper equality algebras//quantitative logic
and soft computing 2016, Springer, Cham, 2017, 415-428.

[8] X.Y. Cheng, X.L. Xin, Y.W. Yang, Deductive systems in hyper EQ-algebras,
Journal of Mathematical Research with Applications, 37 (2017), 183-193.

[9] P. Corsini, V. Leoreanu, Applications of hyperstructure theory, Dordrecht,
Kluwer, 2003.

[10] B. Davvaz, A.D. Nezhad, M.M. Heidari, Inheritance examples of algebraic
hyperstructures, Information Sciences, 224 (2013), 180-187.

[11] M. Hamidi, A. Rezaei, A. Borumand Saeid, δ-relation on dual hyper K-
algebras, Journal of Intelligent & Fuzzy Systems, 29 (2015), 1889-1900.

[12] Y.B. Jun, X.L. Xin, Fuzzy hyper BCK-ideals of hyper BCK-algebras, Sci-
entiae Mathematicae, 53 (2001), 353-360.

[13] Y.B. Jun, M.M. Zahedi, X.L. Xin, R.A. Borzooei, On hyper BCK-algebras,
Italian Journal of Pure and Applied Mathematics, 8 (2000), 127-136.



98 XIAOYUN CHENG, XIAOLONG XIN AND XIAOLI GAO

[14] H.S. Kim, Y.H. Kim, On BE-algebras, Scientiae Mathematicae Japonicae
Online, e-2006, 1299-1302.

[15] F. Marty, Sur une generalization de la notion de group, 8th Congress Math.,
Scandinaves, Stockholm, 1934, 45-49.

[16] A. Radfar, A. Rezaei, A. Borumand Saeid, Hyper BE-algebras, Novi Sad J.
Math., 44 (2014), 137-147.

[17] Y.W. Yang, K.Y. Zhu, X.Y. Cheng, Falling fuzzy hyper deductive systems of
hyper residuated lattices, Italian Journal of Pure and Applied Mathematics,
44 (2020), 965-985.

[18] M.M. Zahedi, A review on hyper K-algebras, Journal of Mathematical Sci-
ences and Informatics, 1 (2006), 55-112.

Accepted: March 05, 2023


