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Abstract. A generalized inverse for matrices is introduced, which is called the
MPEPN-inverse. Let A be a complex matrix, the MPEPN-inverse can be described

*. Corresponding author



78 X.F. CAO, T.Y. ZHAO, S.Z. XU, Q.S. FENG anxp H.S. CHEN

by using the part A; in the EP-nilpotent decomposition of A and the Moore-Penrose
inverse of A. Let A = A; + A, be the EP-nilpotent decomposition of A, APt be
the MPEPN-inverse of A and A be the Moore-Penrose inverse of A, one can show
that AP TAAPY = AFY does not hold in general, moreover, necessary and sufficient
conditions to make the MPEPN-inverse to be an outer inverse of A are given, that
is APHAAE+ = AP hold if and only if one of the conditions (A;AT)2 = A; AT and
Pr(4,)A® = 0 holds, where AD is the Core-EP inverse of A and Pra,) is the projection
on R(Ay). If A; AT is an idempotent, then the MPEPN-inverse of A coincides with the
(ATAlPR(A*),PR(A)AlAT)—inverse of A, i.e. coincides the inverse along ATAlPR(A*)
and PR(A)AlAT.

Keywords: MPEPN-inverse, EP-nilpotent decomposition, Moore-Penrose inverse,
index, outer inverse.
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1. Introduction

Let C be the complex field. The set C"™*™ denotes the set of all m x n complex
matrices over the complex field C. Let A € C"™*". The symbol A* denotes the
conjugate transpose of A. Notations R(A) = {y € C" : y = Az,z € C"} and
N(A) ={z € C": Az = 0,z € C"} will be used in the sequel. An integer k
is called the index of A € C™*™ if k is the smallest positive integer such that
rank (A¥F) = rank(A**1) holds and is denoted by ind(A).

Let A € C™™. A matrix X = At € C™™ is called the Moore-Penrose
inverse of A [8, 12] if AXA=A, XAX =X, (AX)" = AX and (XA)* = XA
hold. Let A, X € C™ " with ind (A) = k. Then algebraic definition of the
Drazin inverse as follows: if

AXA=A, XA = AF and AX = X A,

then X is called a Drazin inverse of A. If such X exists, then it is unique and
denoted by AP [4]. More generalized inverses can be seen as follows:core inverse
[2] by using ¥ — K — L decomposition [7], core-EP inverse [9] and DMP inverse
[11].

Let A,B,C € C"". The (B,C)-inverse of A is unique (see [1, 5, 13]).
Several kinds of generalized inverses are all special cases of the (B, C)-inverse
of the matrix A: Moore-Penrose inverse [8, 12], Drazin inverse [4], core inverse
[2], DMP-inverse [11] and core-EP inverse [9].

For a complex matrix with a given index, there are three important matrix
decompositions: core-nilpotent decomposition [10], Core-EP decomposition [14]
and EP-nilpotent decomposition [15]. The CMP inverse can be introduced by
the core-nilpotent decomposition and the MPCEP-inverse can be introduced by
the Core-EP decomposition. Motivated by the idea of the CMP inverse and
the MPCEP-inverse of a complex matrix, in this paper, the MPEPN-inverse
was introduced. Specifically, the CMP inverse of A € C"*" was introduced by
Mehdipour and Salemi in [10], this inverse using the core part in core-nilpotent
decomposition of A and the Moore-Penrose inverse of A. The MPCEP-inverse
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can be described by using the core part in Core-EP decomposition of A and the
Moore-Penrose inverse of A [3]. Motivated by the above method, we have a natu-
ral question as follows: Using the core part A; in EP-nilpotent decomposition of
A and the Moore-Penrose inverse of A to introduce a matrix X = AT A; At. Thus,
the MPEPN-inverse can be described by using the core part in EP-nilpotent de-
composition of A and the Moore-Penrose inverse of A [15].

2. Existence criteria and expressions of the MPEPN-inverse

The EP-nilpotent decomposition of A was introduced by Wang and Liu in [15].
That is A can be written as A = A7 + Ay, where k is the index of A, A; is an
EP matrix (i.e. AlAJ{ = AJ{Al), Ag“ =0 and A3A; = 0. The following lemma
holds by [15, Theorem 2.2].

Lemma 2.1 ([15, Theorem 2.1]). Let A € C"*" and A = Ay + Ay be the EP-
nilpotent decomposition of A. Then there exists a unitary matric U € C™*"
such that

T 0

(1) Ale[O 0

]U andAgzU[O N:|Ua

where ind (A) = k, T is nonsingular, S and N are matrices with some suitable
sizes.

The Core-EP decomposition in the following lemma is useful in the study
of the Core-EP inverse. Ferreyra et al.[6] given the explicit expressions of the
Moore-Penrose inverse by using the Core-EP decomposition, which can be seen
in Lemma 2.3.

Lemma 2.2 ([14, Theorem 2.1]). Let A € C"*" and A = A} + A} be the Core-
EP decomposition of A. Then there exists a unitary matrizc U € C™™*"™ such
that

T S

(2) A’I:U[O 0

« 0 0,
]U (mdAézU[O N}U’

where ind (A) = k, T is nonsingular, S and N are matrices with some suitable
sizes.

Lemma 2.3 ([6, Theorem 3.9]). Let A € C"*" with ind(A) = k. If A has the
Core-EP decomposition of A as (2.2) in Lemma 2.2, then

T*A —T*ASNT

f_
AT=U (Bp_y — NTN)STA Nt —(E,_; — NTN)S*ASNT

U,

where t = rank(A*), A = [TT* +S(E,_; — NTN)S*|~! and E,,_; is the identity
of sizen —t.
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Lemma 2.4 ([8]). Let A € C"*".Then
(1) A*B = A*C if and only if A'B = ATC for any B,C € C™";
(2) BA* = CA* if and only if BAT = CA" for any B,C € C™*™.

The core part of the EP-nilpotent decomposition can be expressed by the
Moore-Penrose inverse of A, where ind(A) = k. The core part of the EP-
nilpotent decomposition is useful in our paper.

Lemma 2.5 ([15, Theorem 2.2]). Let A € C"*™ with the index of A is k and
A = Ay + As be the EP-nilpotent decomposition of A as (2.1). Then A} =
AAF (AR,

Lemma 2.6 ([5, Theorem 2.1 and Proposition 6.1]). Let A € C"*". Then
Y € C"*"™ is a (B,C)-inverse of A if and only if YAY =Y, R(Y) = R(B) and
N(X) =N(C).

Motivated by the definition of the CMP inverse in [10], in the following
definition we will introduced the MPEPN-inverse of a complex matrix by using
the Moore-Penrose inverse of such matrix and the core part of the EP-nilpotent
decomposition of this matrix, then one can prove that this inverse is unique.

Definition 2.1. Let A € C™*™ with the index of A is k and A = A1 + Ay be
the EP-nilpotent decomposition of A as (1). Then X = AYAAT is called the
MPEPN-inverse of A.

Example 2.1. The MPEPN-inverse ATA; A" is different to ATAP AT, Since by

Lemma 2.5, we have A; = AA*(AF)T and by [5], we have AP = AF(AZk+1)T AR,

thus ATA; AT = ATAMHL(AMTAT and ATAPAT = ATAF(AZRHDTARAT Let
4

101 -1 5 550
9 9
A = 0 11—l € C*4, one check that ATA;AT = _% % g 0
000 1 ’ 2= P A
00 0 O 0 0 0 0
27 11
o
-1 2 1
and ATAPAT = | 3 3 3
3 3 30
0 0 0 0

Let A € C™*" with the index of A is k. The equality AA¥(A*)T = Ak(AF)TA
does not hold in general, a counterexample will be given in the following exam-
ple.
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1 01 -1
011 -1 e o
Example 2.2. Let A = 000 1 € C***. Then it is easy to check
000 O
1 000
. . _ ko Akt 2420 _ |01 00
that the index of A is k = 2, but AA®(A")T = AA*(A°)! = 00 0 ol
00 0O
1 01 -1
AR(ARTA = A2(A2)TA — 8 (1) (1) _01 | that is, AAR(ARYE £ AR(ARYTA.
0 00 O
2 11
Moreover, we have AP = 0 110 At=1 3 3 3 0 and AFT =
’ 000 Of i 2 20
0 00O 0 0 1 0
5 _4 1 g
9 9 9
S ERE
1 .
5 9 9 0
0 0 0 O

Let A € C™*" with the index of A is k. The following Example 2.3 shows
that the equality AAF(AF)t = AF(A*)TA can hold for some matrices.

1 0 0 O
01 00 Axd o
Example 2.3. Let A = 00 L 2 € C***. Then it is easy to check that
00 2 1
10 0 O
ind(A) =k =1and AA"(A")T = AAAT = 00 L 2 JAR(ARYTA = AATA =
00 21
1 0 0 O
0100 : k( Akt k( Akt R
00 1 2 , that is, AA"(A®)T = A®(A")TA. Moreover, we have A™* =
AP = At =

SO O =
o O = O
o= O O
G © O

Example 2.2 and Example 2.3 show that the equality AA¥(A*)T = Ak(AF)T A
does not hold in general. One sufficient condition such that the equality holds
can be seen in the following proposition.



82 X.F. CAO, T.Y. ZHAO, S.Z. XU, Q.S. FENG axp H.S. CHEN
Theorem 2.1. Let A € C"*" withind (A) = k. If PA*A* = 0, then AAF(AF)T =
AF(ARYT A, where P = E,, — A*(A®)T and E,, is the identity of size n.

Proof. Since P = E, — A¥(AF)!, then PA*A! = 0 is equivalent to [E, —
AF(AR)T]A* AF = 0, which is equivalent to

(3) A*AF = Ak (AF)TA* AR,

Taking * on (3) gives (A*AF)* = [AF(AF)T A* AF]* then

(4) (AM)*A = (AF)* ALAR (AR = (AF) AAk(Ab)f

By (4) and Lemma 2.4, we have

(5) (AMTA = (AF)TAAR (AR

Pre-multiplying by A* on (5) gives

AF(ARYTA = AR(AR)TAAR (AR = AR (AF)TAR A(ARYT = AR A(AR)T = AAF (AR,
that is, AAF(AR)T = AF(AR)TA, O

By using the Moore-Penrose inverse of A and the core part in the EP-
nilpotent decomposition of A, the formula of the MPEPN-inverse of A was
given. Moreover, we can get the formula At A¥F1(A*)t At is the MPEPN-inverse
of A.

Theorem 2.2. Let A € C™*" with the index of A is k and Ay be the core part
in the EP-nilpotent decomposition of A, then ATAFTY(AF)TAT is the MPEPN-
inverse of A.

Proof. Let X be the MPEPN-inverse of A, we have A; = AAF(AM)T by
Lemma 2.5. By Definition 2.1, we have X = ATA;Af. Thus, the conditions
A = AAR(AR)T and X = ATAL AT give

X = ATA AT = ATAAR(AF)TAT = ATARHL(AF)T AT, O

3. When the MPEPN-inverse of complex matrix is an outer inverse
of this matrix

Let A € C™*" with the index of A is k and X € C™*™ be the MPEPN-inverse
of A. In general, the MPEPN-inverse is an outer inverse of A? The answer is
no, X = XAX does not hold, a counterexample will be given in the following
example.
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101 -1
01 1 —1 ixd .
Example 3.1. Let A = 000 11| € C***. Then ind(4) = 2, but
000 O]
5 4 1 r 14 13 1
s 9 g 0 aq, g 7 Y
-4 5 19 3 14 1 g
ABE= |79 L ARRAARE = | TR 5 g ) that s, AP #
9 9 9 2 27 27
0 0 00 0 0 0 0
1000 2 110
APTAAEE Moreover, Ay = 0 100 At = _% % g 0 then
' T loo o0 o T L2 o
0000 0 0 10
2 1 1 5 4 1
RO R
|73 3 3 9 quap=|"9 9 9V
Ad =19 5 0 of0 U 0 0 00
0 0 0 0 0 0 0 0

Obviously, A; AT is not an idempotent.

The above counterexample shows that X # X AX, where X is the MPEPN-
inverse of A. A natural question is: when AP is an outer inverse of A. One
can show that if the condition (A; A")? = A; AT holds, then the MPEPN-inverse
of A is an outer inverse of A.

Theorem 3.1. Let A € C™"™ with the index of A is k and A1 be the core
part in the EP-nilpotent decomposition of A. Then XAX = X if and only if
(A1 AN)?2 = A1 AT, where X is the MPEPN-inverse of A.

Proof. Let X be the MPEPN-inverse of A, then by Definition 2.1 we have
X = AT A; AT, We have the following conditions of equation X AX = X.

XAX = X <« ATA; AT = ATALATAATA AT = ATA AT A AT,
that is,
(6) XAX =X = ATA1AT = ATA ATA AT
By Lemma 2.5, we know A; = AA¥(A*)T thus (6) gives
() XAX = X <= ATAA(AF)TAT = ATAAR(AF)TATAAR(AR)TAT,
Pre-multiplying by A on the right of (7) implies

AATAAR(ARYTAT = AATAAR(AF)TATAAR(AR)T AT,

Then,
(8) AAR(ARYTAT = AAR(AR)TATAAR(AFYTAT,

Thus, we have the equality in (8) is equivalent to Al AT = A AT A AT by A1 =
AAk(Ak)T, that is, (AlAJf)2 = A, A, O
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In the following, we show that the MPEPN-inverse of A is an outer inverse
under the condition S(E,_; — NTN)S* = 0, where E,,_; is the identity of size
n — t and reciprocally.

Theorem 3.2. Let A € C™*" with the index of A is k and A = A1 + Ay be
the EP-nilpotent decomposition of A as (1). Then XAX = X if and only if
S(E,_y — NTN)S* = 0, where t = rank(A*) and X is the MPEPN-inverse of
A.

Proof. By Lemma 1, we have A = A; + Ay, where A1 = U ﬁ; 8] U* and
Ay =U [8 ]ff U*, where t is the rank of A*  the size of T and N are t and

n — t, respectively. Then by Lemma 1 and Lemma 2.3, we have

A AT —U [T o] [(E T*A ~T*ASN'

0 0 +— NTN)STA Nt — (B, — NTN)S*ASNT} v
* o * T

U [TT A —TT*ASN ] .
0 0

By (A1A")? = A; AT, we have

* _ * T 2 * _ * T
(U [T];) A —TT OASN ] U*> _ [T];) A —-TT OASN ] o

which is equivalent to

() (TT*A)? —TT* ATT*ASNT
0 0

since U is nonsingular because U is unitary. The equality in (9) gives

TT*N\ —TT* A\ SNt
0 0

{(TT*A)2 =TT*A
(10)

TT*ATT*ASNT = TT*ASN'

By Lemma 2.4, we know that (10) is equivalent to

(11)

(TT*A)* = TT*A
TT*ATT*ASN* = TT*ASN*

Since T is nonsingular, then 77 is nonsingular, then (11) is equivalent to

(12)

TT*A = E;
TT*ASN* = SN*

which is equivalent to

(13) TT*A = E,.
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Since A is invertible, (13) is equivalent to

(14) TT* = AL
By Lemma 2.3,
(15) AT =TT* 4+ S(E,_+ — NTN)S*.

By (14) and (15), we have TT* = TT* 4+ S(E,,_; — NTN)S*, that is, S(E,_; —
NtN)S* = 0. O

Remark 3.1. By the proof of Theorem 3.2, we have X = X AX if and only if
TT* = A~!, where X is the MPEPN-inverse of A and A = [TT* + S(E,,_; —
NTN)S*~L.

In the following, we show that the MPEPN-inverse of A is an outer inverse
of A if and only if AgALA® =0,

Theorem 3.3. Let A € C"*" with the index of A is k and A = A1 + Ay be
the EP-nilpotent decomposition of A as (1) and A = A} + A} be the Core-EP
decomposition of A as (2.2). Then XAX = X if and only if APA; Ay A5 A1 AD =
AL (AL)TAL(AY)*, where X is the MPEPN-inverse of A.

Proof. Let X be the MPEPN-inverse of A. By Theorem 3.2, we have X AX =
X if and only if S(E,_; — NTN)S* = 0, that is,

(16) S5* = SNTNS*.
We have
. 0 S|,. 0 0 . S§* SN*| . .,
R P P AT
bA—UOSU*ndA*—U*O OUMr r, by Lemma 1
y As = 0N a = g« pn+|U- Moreover, by Lemma 1 we
have
T 0f .,
(18) a=vlg ol
By (17) and (18), we have
o SS*T  0f .,
(19) AsA5A =U [NS*T O] U*.

By (19), we have

w [T o], . [SsT 0] . . [TSST 0], .,
ottt =u [T o[5S U g [TSST ]
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By [14, Theorem 3.2], we have

@ — *
(21) AY =U [ 0 0} U-.

By (20) and (21), we have

(22) AP A Ay A5 A A® — U {55 8] U,
, 0 0 N
By Lemma 2.2, we have (A5)T =U +| U*, then
0 N
0o 0 7.,
(23) ()= [0 \iy| v
3 !\ *x T* O *
Since (A))* =U g 0 U*. Thus by (23), we have
T S0 0 T 0
TAINT AT (AT *
[0 SNIN| [T* 0], .
(24) =Vl o } {S* o] v
[SNTNS* 0] ..
=U 0 0} U-.

By (22) and (24), the equality in (16) can be written as
AP A Ag A5 AL AD = AL (AL)TAL(AY)*.
O

Theorem 3.4. Let A € C™"*" with the index of A is k and A = A1 + Ay be
the EP-nilpotent decomposition of A as (1). Then XAX = X if and only if
AQAEACD = 0, where X is the MPEPN-inverse of A.

Proof. By Lemma 2.3, we have

0 0

-I- o *
@) A=U [(En_t ~ NTN)S*A Nt — (B, — NTN)S*ASNT} v

where A = [TT* 4+ S(E,_; — NTN)S*]~!. Then
tad 0 0 -1 0] .
A AT =U [(En_t—NTN)S*A NT—(En_t—NTN)S*ASNT] [ o oY

0 V)
(26) _U[(Ent—NTN)S*AT—l o| V™
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By (26), we have

0 S|, 0 0
0 N}UU{(En_t—NTN)S*AT—I 0
U S(Ep_y — NTN)S*AT 0 -
- N(E,_; — NTN) 0| -~

A ATA® = U [ } U*

Thus,
S(Ep_y—NTN)S* =0 < S(E,_—NTN)S*AT ! = 0 = A,A}A® = 0. O

Note that, the condition AQA;AG) = 0 in Theorem 3.4 can be written as
PRr(4,)A® =0, where Pp(4,) is the orthogonal projectors onto R(Az).

4. The “distance” between the MPEPN-inverse and the inverse
along two matrices

In 2012, Drazin [5] introduced a new kind of generalized inverse based on two
elements. In 2017, Benitez et al. [1] investigated the (B, C')-inverse of a rectan-
gle complex matrix. The “distance” between the MPEPN-inverse and the in-
verse along two matrices can be stated by A®t is the (ATAlPR(A*), PR(A)AlAT)—
inverse of A under the condition (A4;A%)% = A; Af.

Theorem 4.1. Let A € C™*"™ with the index of A is k and Ay be the core part
in the EP-nilpotent decomposition of A. If A1 A" is an idempotent, then X is the
(ATAlPR(A*), PR(A)AlAT)—inverse of A, where X is the MPEPN-inverse of A.
Proof. By Theorem 3.1, when A; A" is an idempotent, we have XAX = X,
where X = ATAJAT = ATAMTL(AM)TAT. Let B = ATA1Pgs-) and C =
Pr(a)A1AT, then X = XAX = ATA|ATAX = ATAPg4X = BX, which

gives

(27) R(X) C R(B).
Moreover, the condition B = ATA1PR(A*) = ATA;ATA = X A implies
(28) R(B) C R(X).

By (27) and (28), we can get R(B) = R(X). For any u € N(PR(A)AlAT), that
is, PR(A)AIATU =0, then Xu = XAXu = XAATA; ATy = XPR(A)AlATu =0,
which gives

(29) N (Pra)A1AT) C N(X).

For any v € N(X), that is, Xv = 0, then the condition PR(A)AlATv =
AATA ATy = AXv = 0 implies

(30) N(X) C N (Pr(a)A1A").

By (29) and (30), we have N (C) = N(X). Thus, by Lemma 2.6, we have X is
the (ATA1PR(A*), PR(A)AlAT)—inverse of A. O



88 X.F. CAO, T.Y. ZHAO, S.Z. XU, Q.S. FENG anxp H.S. CHEN

The MPEPN-inverse of A is different from the Moore-Penrose inverse, the
DMP inverse AP'T of A ([11]), the Core-EP inverse A® of A ([9]) and the
MPCEP-inverse A"® of A ([3]). The example can been seen in the following
example.

1 -1 1 0
0O 0 0 O Axd .
Example 4.1. Let A = 01 00 € C***. Then it is easy to check that
0 0 1 0
1 0 1 —17 1 0 1 -1 1 010
000 O 001 O 00 0O
El _ T D,t
4 00 0 0]’ A 000 1]’ A 00 0 0|’
00 0 O] 0 0 0 O 00 0O
3 0 1 0] 1 0 0 0
0O 0 0 O 00 0O
® _ f® _
4 0 0 0 O A 00 0O
0 0 0 0] 0 0 0 O

Thus, the MPEPN-inverse is different from the above generalized inverses.

5. Conclusions

Let A be a given complex matrix with a given index, then one can get that
the computation of the MPEPN inverse of A by using the EP-nilpotent de-
composition of this matrix. There is a interesting fact about the EP-nilpotent
decomposition of A, that is one can using the Core-EP decomposition of A to get
the the EP-nilpotent decomposition of A. The future perspectives for research
are proposed:

Part 1. The MPEPN inverse is one of the useful tools to investigate the
matrix partial orders.

Part 2. The rank properties of a given matrix, such as rank (AA®+ — AF1A),

Part 3. The weighted generalized inverse of matrices related given range
space and null space.

Author contributions

Writing-original draft preparation, Xiaofei Cao; writing-review and editing,
Tingyu Zhao and Sanzhang Xu; methodology, Sanzhang Xu and Qiansheng
Feng; supervision, Xiaofei Cao and Huasong Chen.

Acknowledgments

The research article is supported by the National Natural Science Foundation
of China (No0.12001223), the Qing Lan Project of Jiangsu Province, the Natural



THE MATRIX INVERSE BASED ON THE EP-NILPOTENT DECOMPOSITION ... 89

Science Foundation of Jiangsu Province of China (No.BK20220702), the Natural
Science Foundation of Jiangsu Education Committee (No.22KJB110010) and
“Five-Three-Three” talents of Huai’an city.

References

[1]

2]

J. Benitez, E. Boasso, H-W. Jin, On one-sided (B, C)-inverses of arbitrary
matrices, Electron. J. Linear Algebra, 32 (2017), 391-422.

O.M. Baksalary, G. Trenkler, Core inverse of matrices, Linear Multilinear
Algebra, 58 (2010), 681-697.

J.L. Chen, D. Mosi¢, S.Z. Xu, On a new generalized inverse for Hilbert
space operators, Quaestiones Mathematicae, 43 (2020), 1331-1348.

M.P. Drazin, Pseudo-inverses in associative rings and semigroup, Amer.
Math. Monthly, 65 (1958), 506-514.

M.P. Drazin, A class of outer generalized inverses, Linear Algebra Appl.,
43 (2012), 1909-1923.

D.E. Ferreyra, F.E. Levis, N. Thome, Characterizations of k-commutative
equalities for some outer generalized inverses, Linear Multilinear Algebra,
68 (2020), 177-192.

R.E. Hartwig, K. Spindelbock, Matrices for which A* and AT commmute,
Linear Multilinear Algebra, 14 (1983), 241-256.

E.H. Moore, On the reciprocal of the general algebraic matriz, Bull. Amer.
Math. Soc., 26 (1920), 394-395.

K. Manjunatha Prasad, K.S. Mohana, Core-EP inverse, Linear Multilinear
Algebra, 62 (2014), 792-802.

M. Mehdipour, A. Salemi, On a new generalized inverse of matrices, Linear
Multilinear Algebra, 66 (2018), 1046-1053.

S.B. Malik, N. Thome, On a new generalized inverse for matrices of an
arbitrary index, Appl. Math. Comput., 226 (2014), 575-580.

R. Penrose, A generalized inverse for matrices, Proc. Cambridge Philos.
Soc., 51(1955), 406-413.

D.S. Raki¢, A note on Rao and Mitra’s constrained inverse and Drazin’s
(b,c) inverse, Linear Algebra Appl., 523(2017), 102-108.

H.X. Wang, Core-EP decomposition and its applications, Linear Algebra
Appl., 508 (2016), 289-300.



90 X.F. CAO, T.Y. ZHAO, S.Z. XU, Q.S. FENG aAnD H.S. CHEN

[15] H.X. Wang, X.J. Liu, EP-nilpotent decomposition and its applications, Lin-
ear Multilinear Algebra, 68 (2020), 1-13.

Accepted: October 20, 2023



