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A Mehrotra-type algorithm with logarithmic updating
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Abstract. A Mehrotra-type predictor-corrector algorithm for P, (k) linear comple-
mentarity problems is presented. In this algorithm, the corrector step takes a new
direction, and the barrier parameter is the smaller positive root of a logarithmic equa-
tion. The iteration complexity of the new algorithm matches the currently best-known
results. Numerical results show that the algorithm is efficient.
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1. Introduction

Mehrotra’s predictor-corrector algorithm [1, 2] and its variants have become the
backbones of some optimization solvers [3-7]. The superior practical perforance
of Mehrotra-type predictor-corrector algorithms motivated scholars to explore
their theoretical properties. Jarre and Wechs [8] investigated an interior point
method in which the search direction is based on corrector directions of Mehro-
tra’s algorithm. To avoid small steps, Salahi et al. [9] introduced a safeguard
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strategy for a Mehrotra-type algorithm. After that, Salahi and Terlaky [10]
proposed a new variant of Mehrotra-type algorithm without any safeguards and
proved the iteration complexity bound coincides with the result in [9]. Recently,
Salahi [11] introduced a new adaptive updating technique of the barrier param-
eter in Mehrotra-type algorithm for linear optimization (LO), which allowed
them to prove the polynomial iteration complexity without employing any safe-
guards. Infeasible versions of Mehrotra-type algorithm [12, 13] and second order
Mehrotra-type algorithms [14, 15] are also studied by scholars. Since efficiency
in computation, Mehrotra-type predictor-corrector algorithm are extended to
linear complementarity problems (LCPs) [12, 16], semidefinite programming
[17-19], nonlinear complementarity problems [20] and many other problems.

LCPs are closely associated with linear programming and quadratic pro-
gramming. The class of P.(k) LCP is an important branch of LCPs. Interior
point algorithms for P, (x) LCPs have been widely studied in the last few decades
[21]. Large update technique [22], full-Newton step [23, 24] and interior point
method based on kernel function [25] are also presented for Py (k) LCPs.

In this paper, a new Mehrotra-type algorithm for P, (x) LCPs is presented,
in which it takes a different corrector search direction and an adaptive updat-
ing technique of the barrier parameter. It extends the algorithm in [11] for
LO to Py(k) LCPs. In Py(k) LCPs, the search directions Az and As are not
orthogonal any more, while they are orthogonal in LO, this leads a different
technique to analyze the iteration complexity. Taking a specific default value
as the predictor step size, we prove that the algorithm stops after at most
O(/(1 + 4k)(1 + 2k)nlog((z°)T's?/€)) iterations. If k = 0, the iteration bound
coincides with the result of LO in [11].

The rest of this paper is organized as follows. In Section 2, we recall some
basic concepts and state a new Mehrotra-type algorithm for P, (x) LCPs. Section
3 includes several important technical results, and subsequently the iteration
bound of this algorithm is derived. Two illustrative numerical results of this
algorithm are presented in Section 4. Finally, conclusion and final remarks are
shown in Section 5.

For simplicity, we use the following notations throughout the paper:

e=(1,1,---,1)T.

I={1,2,--- ,n}, Iy ={i € I[|Az{As} > 0},1_ = {i € I|Az]As} < 0}.
F = {(x,s) eER" X R"s =Mz +q,(z,s) > 0}.

FO = {(:E,s) € Fl(z,s) > 0}.

X = diag(x), S = diag(s).

T
xs = Xs = (x181,7282, * ,TpSp)" .
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2. The algorithm

A matrix M € R™™" is a P,(k) matrix if there is a constant x > 0 such that

(1+48) > xi(Mz)i+ Y ai(Mz); >0, VxR,
i€l () iel_(a)

or equivalently
2T Mz > —4k Z x;(Mz);, Yo € R",
€l (z)
where Iy (x) = {ilz;(Mz); > 0,7 € I} and I_(z) = {i|lz;(Mz); < 0,7 € I}.
Note that, M is a positive semidefinite matrix if K = 0. Thus, the class of P, (k)
matrices includes positive semi-definite matrices. The goal of a Py(x) LCP is to
find solutions (z,s) € R™ x R™ such that

(1) Mx+q=s,2s=0,(z,s) >0,

where M is a Py (k) matrix, ¢ € R" and n > 2.
To find an approximate solution of (1), a parameterized system is established
as follows:

(2) Mx+q=s,zs = pe, (x,s) >0,

where p > 0. We assume that system (1) satisfies the interior point condition
(IPC), i.e., there exists a point (2%, s%) such that

0

SonxO—l—q, :U0>0, s > 0.

For a given p > 0, if the IPC holds, then system (2) has a unique solution
(x(u), s(u)), which is called the p-center of (1). The set of all u-centers is called
the central path of (1). As u goes to 0, the limit of (x(u),s(u)) exists and
approaches the solution of (1).

In the following, a feasible version of Mehrotra-type predictor-corrector al-
gorithm for P.(k) LCPs will be presented, which works in a negative infinity
neighborhood defined as

No() ={(z,5) € F°| wis; > yug, Vi € I},

where v € (0,1) is a constant independent of n. The neighborhood N () is
also widely used in the implementation of other interior point algorithms.
The predictor direction (Az®, As®) is determined by the following system:

MAz® = As®,

sAx® + xAs® = —us,

3)

and the predictor step size «, is defined by

(4) a, = max{a|(z + aAz® s+ aAs?) € F,0 < a < 1}.
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However, the our algorithm does not take a predictor step right away. By
using information about the predictor step, the algorithm derives the corrector
direction from the following system:

MAzx = As,
sAT + xAs = pe — x5 — a2 Ar"As®.

()

The corrector direction in system (5) is different from that in [9] where it is
determined by the equations M Ax = As and sAx + xAs = pe — xs — Ax®As®.
Motivation of the modification is based on the following observation. Since 0 <
aq < 1, it can be found that o2 |Az*As?| < |Az*As?|, thus pe—1rs—a2Az*As?
is much closer to pe — xs than pe — xs — Azx®As®.

In each iteration of a primal-dual interior point algorithm, the barrier param-
eter u needs to be updated. In this paper, we focus on the updating technique
in [11]. A classical logarithmic barrier proximity function is used to measure
the distance from the current iterate to the central path, and it is defined as

.CCTS n
_|_

1 n
(6) D(z, s, 1) = o 2 logp — 3 ;log(xisi).

n
2

Obviously, for given (z,s), the function ®(z,s, ) is minimum if p = p, = <2,
We denote up = /r151 - - TnSy. From the Arithmetic Mean—Geometric Mean
inequality, it is clear that uj, < pg. We consider the following equation with
respect to p,

(c—1)n

@ D, 5.) = T,

where the constant o > 4k + 4. From (6) and (7), it can be found that equation
(7) is equivalent to

(8) @—l—logﬁ—ozo.

I [ih

Follows from Corollary 2.5 of [11], equation (8) has two positive roots. The
smaller one is defined as the target barrier parameter denoted by p;.

The barrier parameter u; is used to compute the corrector search direction
(Ax, As) by the following equations

) MAzx = As,
sAx + xAs = e — x5 — a2 Ar*As®.

The new iterate is denoted as (z(ae), s(ae)) = (z + acAx, s + aAs) where the
corrector step size . is defined by

(10) a, = max{a|(z(a), s(a) e Ng(7),0 < a < 1}.

Based on the previous analysis, a new Mehrotra-type predictor-corrector algo-
rithm for P,(x) LCP is stated as Algorithm 1.
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Algorithm 1
Input:
A parameter o > 4k + 4, a starting point (2°,s%) € NZ(vy) with v = %,
an accuracy parameter € > 0.
begin
Set z :=2%; 5 = s0;
while z7s > € do
begin Predictor step
Solve (3) and calculate the predictor step size o, from (4);
end
begin Corrector step
Solve (8) to derive the smaller positive root fi;
Solve (9) and calculate the corrector step size a, from (10);
Set (z,s) := (x(a), s(ae)).
end
end

3. Complexity analysis

In this section, we establish the polynomial complexity for Algorithm 1. In
the following, we give the bounds of uy, ||AzAs|, AzTAs and step sizes of
Algorithm 1. The bounds are important in the complexity analysis.

Lemma 3.1 ([11])). For all iterates (z,s) of Algorithm 1, we have o < % < 20.

Lemma 3.2. Let (Ax®, As®) be the solution of (3). Then:

1€l —AxiAsy < —(— — Days;, 1€ 1
1 (S xr; AS; a( - xisi, 1

4k + 1
4

(i) AziAs! <

T
(ii) ngmgg%; 3 Axtast| < 2T's;
il iel_

sz

(iii) —rals < (Az9)TAs® < R

Proof. (i) The proof is similar to that of Lemma A.1 and Proposition 4.1 in
[9], and it is omitted here.

(ii) The first conclusion is a direct consequence of (i). We will prove the
second conclusion in the following. Since M is a Pi(x) matrix, following from
the first conclusion, we have

1+ 4k

0> > AzfAsy > —(1+4k) > AzlAs) > —
icl_ icly

z7s,

that is > |AzfAst| < Mg T,

iel_
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T

(iii) From statement (ii), it follows that (Az®)TAs® < 3., AzfAs? < L5,

Since As® = M Az® and M is a P,(k) matrix, we get

1€l
Az TAs* > —4k AzéAs? > —kzls.
? ?
i€l

This completes the proof. O

Theorem 3.1 ([16])). If the current iterate (z,s) € N (v) and o is the pre-

dictor step size, then
5
> —_—
Ga = \/ (45 + 1)n

In what follows, we consider the lower bound as a default value for predictor
step size, that is

2
(11) Qg = 4 /m.

Lemma 3.3. Let (x,s) € N (7) and (Ax, As) be the solution of (5) with pn > 0,
then

1 1 ) 1, o
8wl < /4 + 0 + )l 3 At < gl
el

where w = (acs)_%(,ue — x5 — a2 Az As?).

Proof. The proof is similar to that of Lemma 8 in [26], and we omit it here. [

Lemma 3.4. Let (x,s) € N (7) and (Ax, As) be the solution of (5) with pn > 0,
then

I|wl|? < L/‘Z —onu+ (4x + 1)ainpu n ad +8a2 +402(1 — ) (4 + 1) + 16n,u ‘
Yhg 2y 16 g

Proof. From Lemma 3.3, one has

1 Az As?)?
ol =2 Y~ Y s = 2 a3 LS
iel TN el iel v
Ax?As®
- 20(3;12 il R 20&32AZE?A8?.

T;i8;
iel v iel
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Due to (z,5) € Ng(y), we have u? Zielﬁ < :—Zz Using (i) and (ii) in
Lemma 3.2, we obtain

i (AzfAs?)? o (AzfAst)? o (AzfAs))?
5 —at Y rap Yo (B4

XiS; TiSq

iel iely icl_
(Lisi)2 —Az?As?
< 4 4 4 ) . a a
< a, Z — +a, Z I (—AzxiAsy)
Z€I+ iel_
4
4 LiSg e an .a
Saa‘ 16 +07a(a7a_1)z|AxiAsi‘
Z€I+ el
4
4 1
< T—ngs +a2(1 - ag) HI zT's
ad +402(1 — )4k + 1)
= nlu’g7
16
and
202y Z Az?As? <202y Z |AzdAs?| < 202 (4K + 1) Lo (4k + 1)04371,117
= Tisi 5 wisi dypg 2y
where the second inequality follows from (z,s) € N (). Moreover,
o2
202 Z AzlAs? < 202 Z AziAs) < 7“n,ug.
el i€I+
Combining the above results yields that
[Jwl[?

2 4 2 2 2
nu ay +4o;(1 —aq)(4k+ 1) 4k + Dagnp — of
<—— +npg — 2np+ Ny + T ey
=it Hg 12 16 Hg 2y 9 Hg

2 4K + 1)a? t+8aZ+4a2(1 —ag)(4k +1) + 16
:M—Qn,u—i—(ﬁ—i_ )aanu+aa+ az +402(1 — ag)(4k + 1) + nity.
Vitg 2y 16
This completes the proof. O

Lemma 3.5. Let (x,s) € NZ(v) and (Ax,As) be the solution of (5) with
= pie, then

[|[AzAs|| < pinpg, Az"As < D2Npig,

where p1 = /(1 +4k)(2 + 4K), p2 = £
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Proof. Lemma 3.1 implies that § = & < Z—; < 1 = 4 Following from
Lemma 3.4, one has

2 2
n 4rk+1)ain at+8a2+4a2(1 — ag)(4k + 1) + 16
HwHQ Sﬂ—Qnﬂt‘F( ) a lut+ ( tl)( ) Nty
Vhg 2y 16
[1 (ﬁ 2_gHt (4/@—&—1)042&_{_0& +8a2+4a2(1— aa)(4m+l)—|—16]nu
gt hg 27y 16 I
1, v ooy 6y + 16
<(Z42-2ly L )
—(ﬂ 21T e )M
_3271/1«97

where the second inequality is due ton > 2, k > 0 and ag = ,/ (4511)11 <1 by

Theorem 3.1. The third inequality comes from v = = < 4H S i
From Lemma 3.3, it follows that

37 1 37
[AzAs]| < o \/( +R)(G + RNy = 150 V(14 46)(2 + 4r)npg = pinpg,
and AzTAs < 13278 ntg, which completes the proof. O

In order to simplify the analysis, we define
Azxr?As®
(12) t:max{m},

i€l T;S;

that is, AxfAs? < ta;s; if i € Iy. Since M is a Py(k) matrix, one has I # ()
and t < % from Lemma 3.2.

Theorem 3.2. Let (z,s) € N (7), where v = 2 and o > 4+ 4k. If (Az, As)
is the solution of (5) with p = p and o is the corrector step size, then

S 14~
= 37ny/(1 + 4k)(2 + 4K)

(13)

Proof. The goal is to determine a maximum step size « € (0, 1] in the corrector
step such that

(14) zi(a)si(a) > yug(a), Viel,

() = 796(0‘)28(0‘) and

where 14
zi(a)s;(a) = zis; + a(xiAs; + s;Ax;) + o? Az As;

= x;8; + oy — xi8; — ozZAa:?As?) + o?Ax;As;
= (1 — a)zis; + apy — aa Azl As? + o> Ax;As;.
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Since we consider the lower bound of Az{As{, we should give more focus on the
case of AzyAs? > 0 than Az{As? < 0. Thus, we have to prove z;(«a)s;(c) >
Ypg(e) for all ¢ € I, From Lemma 3.5 and equation (12), it follows that, for
any ¢ € I,

zi(a)si(a) = (1 — a)xis; + apy — a2 Azt As? + o® Ax;As;

> 1 — (1 4+ a2t)a)wis; + apy — o*pinpy
2

«
Za)a]zisi +

where the last inequality follows from t < i and % < 20.

Since (m s) € N (7), it is clear that [1— (14 D‘Tg)a]xisi >[1—(1+ %)ahpg
if @ < ;7. Thus,

(6%
>[1—(1+ SVhg — O pinjg,

2

[\

« 2
5 THg — " P1Niig

(15 aia)si(a) =1 (1+ % ;

1)l +

1fa§4+2

On the other hand, we have

r(a)Ts(a)  als+anu —2Ts — a2(Ax*)TAsY) + a?AzT As

g (o) = " = n

From Lemma 3.1, 3.2 and 3.5, we get

als + a2 — 2Ts + a2ka’'s) + a’npop,
n

g ()
(16) = (I—a)pug+ayug+ aag’iﬂg + 042132,“9'

Combining (15) and (16) yields that the new iterate is certainly in the neigh-
borhood N () if

2

[1—(1+a

1 Vig—apinpy > (1—a)ypg+a? pg+oad kyng+aYpay.

o }wg+2

2

This is equivalent to ( i e 2k)y > (yp2 + np1)e, that is,

2
G- ety
B P2 + np1
Furthermore,
2
Rt e ke L DR
P2 + np1 BTy + 3Lny/(1+ 4k)(2 + 4k)

7
- 32

T Eny/ (1 +4k)(2 + 4k)
14

37ny/(1 + 4k) (2 + 4K)’
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where the inequality follows from v < 4H1+4 < 1 < ny/(1+4k)(2+4k) and

n > 2. Therefore inequality (14) holds if a@ < o= \/(1i?)(2+4 5+ Thus, the
n K K
maximal step size satisfies
. 4 14~
a > mln{ 7 }
4+ az 37n\/(1 +4K)(2 + 4k)
Since ag < 1, v < 3, n > 2 and K > 0, we have —+, > 4 > v 5
4 1+a2 5 37n
14~ . .
ST (L an) ) Consequently, the corrector step size a. satisfies
S 14~
~ 37ny/(1 + 4r)(2 + 4K)
This completes the proof. O

The following theorem gives the upper bound of iteration number in which
Algorithm 1 stops with an e-approximate solution.

Theorem 3.3. After at most
O\T (0
O<\/(1+4m)(2+4ﬁ)nlog (z7)s )

iterations, Algorithm 1 stops with a solution for which x's < e.

Proof. After each iteration, the dual gap is pg(c.). From (16), it follows that

pg(oe) < [1— (1= — a2r)ae + paa’] pg
(1_*_i)a N
4 32)% T 108t

<~
(1 128 )

[1 3857 }
2368n/(1 1 4m)(2 + dr)d'

IA

where the second inequality is due to o, = and v < %. This completes

(45—7—1)71
the proof by Theorem 3.2 of [27]. O

4. Numerical results

It is difficult to know the value of parameter x of a P,(x) matrix [26], however,
it is well known that a positive semi-definite matrix is a P, (0) matrix. In the
following, Algorithm 1 is applied to P,(0) LCPs.

Example 4.1. Let M = (mij)nxn, ¢ = (¢i)nx1, where ¢; =n + 1 — i and
9, ifi=j;
ms; = —1, if |7,—j| :1;

0, else.
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Table 1: Iteration numbers of Example 4.1
n=5 n=10 n=50 n=100 n=200 n=400 n=800 n=1000

c=45 11 11 14 15 16 17 18 18
o=35 10 11 13 14 15 16 17 17
oc=55 10 11 13 14 15 15 16 17
c=6 10 10 12 13 14 15 16 16
c=65 9 10 12 13 14 15 16 16
o= 9 10 12 13 14 14 15 16
c=75 9 10 12 13 13 14 15 16
o= 9 10 12 12 13 14 15 15

Table 2: Average iteration numbers of Example 4.2
n=5 n=10 n=50 n=100 n=200 n=400 n=800 n=1000

oc=4.5 1098 12.00 15.00 1691 18.00 19.00 21.00 21.01
oc=5 10.40 11.85 15.00 16.00 17.09 19.00 20.00 21.00
oc=55 10.04 11.05 14.056 16.00 17.00 18.00  20.00  20.02
oc=6 9.98 11.00 14.00 15.10 17.00 18.00 19.01  20.00
c=65 979 11.00 14.00 15.00 16.82 18.00 19.00  20.00
o=17 9.39 10.80 14.00 15.00 16.00 18.00 19.00  19.00
oc=75 915 1030 13.35 1500 16.00 17.08 19.00  19.00
oc=238 9.07 10.15 13.01 15.00 16.00 17.00 19.00  19.00

Example 4.2. Let M = RR”, where R = (Tij)nxn is randomly generated and
ri; € [0,1]. The vector ¢ = (g;)nx1 is also randomly generated, where ¢; € [0, 5].

In both examples, the accuracy parameter is set as € = 1075, Table 1 shows
the iteration numbers to obtain an e-solution for Example 4.1. In Example 4.2,
for each n and every o, one hundred random P, (0) LCPs are considered. Itera-
tion numbers in Table 2 are the average iteration numbers of the one hundred
LCPs. From Table 1 and Table 2, we can find that, for a given n, the iteration
number decreases if ¢ increases. This is because that if ¢ is larger, then the
neighborhood N () is bigger, and Algorithm 1 has a larger corrector step size
and fewer steps. The numerical results show that Algorithm 1 is efficient.

5. Concluding remarks

In this paper, we present a modified Mehrotra-type predictor-corrector algo-
rithm for P,(x) LCPs and discuss the polynomial complexity of this algorithm.
It should be pointed out that the corrector direction in our algorithm is different
from other algorithms. The iteration bound is O(y/(1 + 4x)(2 + 4x)n log @)
If x = 0, this bound coincides with the iteration bound for LO.
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