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1. Introduction and main results

The discrete Holder inequality states that if ap > 0, b > 0,k = 1,2,...,n,
p>1, 5+ =1, then

S
NS
N———
Q=

(1) St < (Sal)(

Correspondingly, the integral version of Holder’s inequality can be formu-
lated as

@) [t < ([ ) ( [ pwa)

where f(x) and g(z) are nonnegative integrable on [a,b], p > 1, % + % = 1.

Holder’s inequality is one of the most important foundational inequality in
analysis, it also plays a key role in dealing with various problems of pure and
applied mathematics, see [1] for background information on Hélder’s inequality.
In the past more than 100 years, this classical inequality has been paid consid-
erable attention, there have been a large number of literature focusing on its
improvements, extensions and applications. For example, some refinements and
generalizations of Holder’s inequality were established by Yang in the references
[2] and [3], respectively. A sharpened version was given by Hu [4]. A comple-
mentary version of sharpening Holder’s inequality related to the work [4] was
provided by Wu [5]. A generalization of the result of Hu [4] was obtained by Wu
[6]. A further generalization and refinement of Hélder’s inequality was proposed
by Qiang and Hu in [7]. For more results regarding different improvements of
Holder’s inequality can be found in monograph [8] and references therein.

In recent years, application of Schur convexity and majorization properties
to establish and improve various inequalities has been a hot research topic. For
details about the applications of Schur convexity of functions, we refer the reader
to the references [9-13].

In this paper, we provide a novel method to study the improvements and
variants of Holder’s inequality. More specifically, we will construct some func-
tions associated with Holder’s inequality, and then we use Schur convexity of
these functions to derive the refined versions of Holder’s inequality under certain
specified conditions.

We denote the n-dimensional real vector by V' = (v1,vg,...,v,), and let

R™ = {(v1,v2,...,0n) :v; ERi=1,2,...,n},

RY = {(v1,v2,...,0n) 1 0; > 0,4 =1,2,...,n}.

Our main results are as follows:



IMPROVEMENTS OF HOLDER’S INEQUALITY VIA SCHUR CONVEXITY ... 563

Theorem 1.1. Let a = (a1,az,...,0,),b = (b1,b2,...,b,) € R}, and let p,q
be two non-zero real numbers

m = () (5w’

If p > 1, then for fixed b, Hy(a) is Schur-convex on R"}. If p <1, then for fized
b, H(a) is Schur-concave on R} .

Theorem 1.2. Let a = (ay,az,...,0,),b = (b1,b2,...,b,) € R}, and let p,q
be two non-zero real numbers, Ay(a) =37, ay,

b) :ni(ibg)}m
k=1

If ¢ > 1, then for fized a, Hy(b) is Schur-convex on R”. If ¢ < 1, then for fized
a, Hy(b) is Schur-concave on R'}.

Theorem 1.3. Let f(z ),g( ) be two nonnegative and continuous functions on
I,letf;f(a:) da;;éOf pd:c;éOf x))idx # 0, for any a,b €
(a #b), p,q € R, and let

_ G (Rle) o2

[f( ag )]qp—q, a=>0.

3)

Then, H3(a,b) is Schur-convex (Schur-concave) on I? if and only if

d(f'0) + (@) | ple"®) +5"(@) 5 U Bg0) +f(@)gla >><p+ Q)
J2 fr(x)da [Pgi(@)de T 1P F(@)g(x)d

(4)

2. Preliminaries

In this section, we introduce some essential definitions and lemmas.
Definition 2.1 ([14]). Let U = (ui,ug,...,un) and V = (v1,v2,...,v,) € R™

(i) The vector U is said to be majorized by the vector V', symbolized as U <
Vv, if Zle up) < Zle v for £ =1,2,...,n =1 and 37" u; = 31" v,
where Uy = Ul 2 Uy and U] 2 V[t 2 Ul are rearrangements of
U and V in a descending order.

(1) Let @ C R™, ¥: Q — R is said to be Schur-convex function on  if
U <V on Q implies V(U) < ¥ (V), while VU is said to be Schur-

concave function on Q if and only if —V is Schur-convex function.
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Lemma 2.1 ([14]). Suppose that & C R™ is a convex set and has a nonempty
interior set °, suppose also that ¥ : Q — R is continuous on ) and differen-
tiable in Q°. Then U is the Schur-convex (or Schur-concave) function, if and
only if it is symmetric on £ and

— — > <
(1 U2)< " w) 0 (or <0)

holds, for any V = (v1,ve,...,v,) € Q°.

Lemma 2.2 ([15], Chebyshev inequality). Let ay >0, by > 0,k =1,2,...,n.
(1) If {ar} and {bx} (k=1,2,...,n) have opposite monotonicity, then

(5) Y ar) bp=n) apby
k=1 k=1 k=1
(13) If {ax} and {by} (k=1,2,...,n) have same monotonicity, then
(6) ag bk < HZ akbk
k=1 k=1 k=1

Lemma 2.3 ([15], Hermite-Hadamard inequality). If f(x) is a convex function
on [a,bl], then

(7) f(a+b>§bia/abf(:n)d1:§f(a)+f(b)

2 2
If f(x) is a concave function on |a,b], then inequality (7) is reversed.

Lemma 2.4 ([16]). Ifa <b, u(t) =tb+ (1 —t)a, v(t) =ta+ (1 —t)b, 0 < t; <
ty < 5 or s <ty <ty <1, then

a+b a+bd
(®) (R

Lemma 2.5 ([16]). Let a = (a1,a2, - ,a,) € R?, Ay(a) = 230 a;. Then

T n

) =< (u(ta),v(t2)) < (u(tr), v(t1)) < (a,b)

9) u= (An(a),An(a),m ,An(a)> < (a1, a2, ,an) = a.

~~
n

3. Proof of main results

Proof of Theorem 1.1. Tt is obvious that H;(a) is symmetric about ay, as, ..., ay
on R", without loss of generality, we may assume that a; > as.
Differentiating Hj(a) with respect to a; and as respectively, we obtain

S = () (o G () ()

k=1 k=1 k=1
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Hence, we have

Ay = (a1 — az)((;il - ?;2) = (a1 — az)(kila@;_l(;b@é(aﬁ’_l —abh.

It is easy to see that Ay > 0 for p > 1, and Ay < 0 for p < 1. By Lemma
2.1, it follows that Hi(a) is Schur-convex on R’} for p > 1, and Hy(a) is Schur-
concave on Rl for p < 1. The proof of Theorem 1.1 is complete. O

Proof of Theorem 1.2. Using the same arguments as that described in the proof
of Theorem 1.1, we can easily carry out the proof of Theorem 1.2. O

Proof of Theorem 1.3. Note that

Jo (g(x)) dz )( Ju(f (@))rda ) o (Ja £7(@)de)" (J, 9 (@)d)"

Hs(a,b) =
3(a,b) (fabf(x>g<x)dx fabf(J?)g(:U)dx (f f 2)g(x d;(})erq

Since Hz(a,b) is symmetric about a,b on R%, we may assume that b > a.
Differentiating Hs(a) with respect to b and a respectively gives

0Hs _q(J; f7()de)" f20) ([, 6" (@)dx)” (f; f(@)g(x)da)""
ob ([ f(a)g(x)da)*P*
L P g @)de)" g7 (f”fp da)" ([, f(2)g(x)da)""
(f f(z dx)2(p+q)
e+ (S f@)g x)da:>p+q b)) ([ fP(@)dx) ([ g (x)d)"
(f; 1 dw)“p*”
oHy _q( [y f(@)de) (@) ( g‘f( ) (f f(@)g(x)dz)"
da (f f(@)g(x)d) P+
(g (@)da)" g1 (@) (f, S (@) da) " ([} f(@)g(@)da)"
(f F(@)g(x)dar) "+
L ([ f@g()da)" " fa)g(@) (3 £ ()d)" ([, 9" (@)dz)”
(fa f(2) g(m)daz) 2(p+q)

Thus, we have
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+ ’ 1
/ F(@)g(2)de)" (2 (6) + £2(a)) + p( / 6 (x)dz)"
/fp )dr)? /f 2)dz)" 1 (g1(b) + ¢9(a)) — (p + q)
< ( / F(@)g(a)dz) T ( / £ (2)dz)( / g%m)dw)p(f(b)g(w+f<a>g<a>>]

(ff (p+q /f dm ”*‘“ /fp dx :
X /ag (z)dx )™ 1 /wagmdw q/abgq(w)dm(fp(b)Jrfp(a))
[P0 + @)

b b
~ra( [ P [ g@)dn) (F09(b) + Faygla)].

Using the assumption condition of Theorem 1.3 and the non-negativity of

f da? Pt 1 fp dac -1 bgq(ac)d:c p-1
(J fa 7 U )

we deduce that Ay > (<) 0 if and only if
b
/ @) o [ @+ @) +p [ @) + o)

/ f7(2)de / dz) (F(b)g(b) + f(a)g(a))(p + q)

+fp( ) | plg’(b) +9%(a)) (<)(f(b) g(b) + fla)g(a ))(p+Q)
faf” Jgt(@)yde Ja F@)g(x)d

Hence, H3(a,b) is Schur-convex (Schur-concave) on I? if and only if

AP D£ P10 | PO () (000 L)
f; fP(z)dx ff gl(x)dx f f(x)g(x)

This completes the proof of Theorem 1.3. O

4. Some corollaries
In this section, we give some consequences of Theorem 1.3.

Corollary 4.1. Let f(x), g(z) be two nonnegatwe conver functwns onl, f"g+
J"f+2f¢g <0, and letf;f(a: x)dx # 0, f x))Pdz # 0, f qdaﬁ#o
foranya,bel (a#b). Ifp>1,q>1, then Hg(a b) is Schur-convex on I2.
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Proof. Direct computation gives

(fP)" = pfP2 e — D)2+ 7 (99" = a9 2[(a = 1)(9')* + 99",

(f9)" = f"9+49"f +2f'q

Since f(z), g(z) are convex functionon I, p > 1,¢ > 1, we have (fP(x))"” > 0,
(99(x))" > 0 for x € I, so fP(x),g%(x) are convex functions on I. In addition,
form the assumption f"g+g¢" f+2f'g’ < 0, we conclude that f(z)g(x) is concave
function on I.

By using Lemma 2.3 (Hermite-Hadamard inequality), we obtain

q(f7(b) + fP(a)) | plg*(D) +9‘1(a)) _ (f(d)g(d) + f(a)g(a))(p + q)
Jy fr(@)de I 97(x) JP f(@)g(x)de

- 20 2 (Fb)g(b) + (a)g(a))(p+Q)

“b-a b-a I f@)g(w)dz

_ 2 (f)y(b) + fla)g(a))] .

(p+Q)[b_a 17 @) }_

We deduce from Theorem 1.3 that Hj(a,b) is Schur-convex on I2. The proof
of Corollary 4.1 is complete. O

Corollary 4.2. Let f(x),g(x) be two nonnegative and opposite monotomcity
concave functions, and let ff f(z)g(z)dz # 0, f ))Pdx # 0, f ))4dx #
0, for any a,b € I (a #b). If p < 0,q < 0, then H3(a b) is Schur—concave on
I2.

Proof. In light of
(2" =pll— D))+ £, (99" = allg — D(9)* + 99”1972,
(f9)" =f"g+d"f+2f49

we conclude that (fP(z))” > 0, (¢%(x))” > 0, so fP(z) and ¢9(z) are convex
functions on I. Since f(z),g(x) are opposite monotonicity concave functions,
which implies that f(z)g(z) is concave function on I. By Hermite-Hadamard
inequality, we have

q(f7(b) + f*(a) | plg*(b) + gq(a)) _ (f(b)g(b) + f(a)g(a))(p +q)

ff fP(x)dx fb gi(z f;f(x)g(:z)dx
_u o w g0) m @@+
“b-a b-a 2 f(a)g(a)da
) 2 (f(bd) + fag(a)]

ey e v b

It follows from Theorem 1.3 that Hs(a,b) is Schur-concave on I2. Corollary 4.2
is proved. O
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Corollary 4.3. Let f(x),g(x) be two nonnegatwe and opposite monotom’city
concave functions, and let f; f(x)g(z)dx # 0, f ))Pdz # 0, f ))idz #
0, for any a,b €l (a#b). Ifp<0,0<qg<1 andp—l—qZO thean(a b) is
Schur-conver on I?.

Proof. In view of
(2" =pllp— D)+ £, (99" = allg — D(9)* + 99”1972,
(f9)" =f"g+d"f+2fd

we deduce that fP(x) is convex function for p < 0, g%(z) is concave function
for 0 < ¢ <1, f(x)g(x) is concave function on I. By using Hermite-Hadamard
inequality, we obtain

q(f7(b) + f*(a) | plg?(b) + gq(a)) _ (f(b)g(b) + f(a)g(a))(p +q)

f; fP(x)dx fb gi(x f;f(x)g(:r)dx
S 20 2 (f(b)gb ) (a)g(a))(P+ q)
S b-a boa S J(@)g(a)de
_ 2 (f)g®) + fla)g(a)) .
e v b
We deduce from Theorem 1.3 that Hs(a, b) is Schur-convex on I2. Corollary 4.3
is proved. O

5. Applications to inequalities of Holder type

Firstly, we establish two discrete Holder-type inequality involving power mean
and arithmetic mean.

Theorem 5.1. Let a;, > 0,b;, > 0,k = 1,2,...,n, and let p,q be two non-zero
real numbers.
(i) If p>1,q > 1, then

(10) ()" (08)" = ¥ As(a) Au(o)

k=1 k=1
() If p < 1,q¢ < 1, then

n

() (3t) () =t e,

k=1

where Ay (a) = %2221 ap, Ay (b) = %Zﬁzl by,

Proof. (i) By Lemma 2.5, one has the majorization relationship

(al’a% e 7an) - (An(a')a An(a)’ Ty (An(a')) .
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From Theorem 1.1, we know that, for p > 1, H;(a) is Schur-convex on R’}.
It follows from Definition 2.1 that Hi(a) > Hi(An(a)) for p > 1.

Hence
(3 a)" (08)" = (niAnla))? (X 8)" = b Au(a) (3"
k=1 k=1 k=1 k=1

On the other hand, by Theorem 1.2, we obtain that, for ¢ > 1, Ha(b) is
Schur-convex on R’}. Now, from the majorization relation
(b17 b27 o 7b7’b) - (An(b)7 An(b)7 e 7A7’L(b))7
we have Ho(b) > Ha(A, (b)) for ¢ > 1, that is

(Z 1) Aula) > b Au(@)(n( A4, (6)%)F = 031 A, (@) 4, 5)

Hence, we get

(S a) (8) 2 b au(@(38)" = i A (@Anb)

which implies the required inequality (10).
(ii) By the same way as the proof of inequality (10), we can prove the in-
equality (11). This completes the proof of Theorem 5.1. O

Nextly, we provide two refined versions of discrete Holder-type inequality
under certain specified conditions.

Theorem 5.2. Let a > 0, by > 0,k = 1,2,...,n, p,q be two non-zero real
numbers.

@O Ifp > 1, 5+
monotonicity, then

(12 () (8" = naul >Zakbk,

(i) If 0 < p < 1,
monotonicity, then

(13) (iai) 5( bZ); < ndy(a)An(b) < iakbk.
k=1

k=1 k=1

% = 1 and {ar},{bx} (k = 1,2,...,n) have opposite

=1 and {ar},{bx} (kK = 1,2,...,n) have same

Proof. (i) For p > 1 and = + = = 1, by utilizing Theorem 1.1, we have

1,1
P g

<Z ) (Z”q> > 101 An (@) An(b) = nAn(a) An(b).

k=1

Moreover, using Lemma 2.2 (Chebyshev inequality) gives
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Hence, we have

n

(Z ai) z (i bZ) i > nA,(a)A,(b) > Zn: arby,
k=1 k=1

which implies the required inequality (12).
(ii) In the same way as the proof of inequality (12), we can verify the validity
of inequality (13). The proof of Theorem 5.2 is complete. O

In Theorems 5.3, 5.4 and 5.5 below, we will give some refined versions of
integral Holder-type inequality under certain specified conditions.

Theorem 5.3. Let f(x),g(z) be two integrable and nonnegative functions on
[a,b], and let p,q be two non-zero real numbers.
(i) If p> 1, % + é =1 and f(x),g(x) have opposite monotonicity, then
b 1, (b 1
([ pan)( [ g
a a

(19 2 [ gz [ .

(9) If 0 <p <1, % + % =1 and f(z),g(x) have same monotonicity, then
b . b .
([ P ( [ oo
b b b
(15) <ot [ t@ds [ g < [ fgons

Proof. (i) If p > 1, %—{—% =1,a, > 0,bpy >0 and {ar},{br} (k=1,2,...,n)
have opposite monotonicity, then by Theorem 5.2, we obtain

(o ) (5 o M)
k=1

ia<b;a§f<a+ k(bn— a))) <b;aig(a+ k(bn— a))>

b
k=1
bt (o ) K=

Letting n — oo in both sides of the above inequalities, we obtain

([ ([ pwan = [ [z [ @,

which is the desired inequality (14).
(ii) By the same way as the proof of inequality (14), one can prove the
inequality (15). This completes the proof of Theorem 5.3. O

Vv

>
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Obviously, inequalities (12), (13), (14), (15) are the sharpened versions of
Hoélder’s inequality under some specified conditions.

Theorem 5.4. Let f(z),g(x) be two nonnegatwe convex functwns onlI, f"g+
J'f+2f¢ <0, andletf;f(x) dx;é() f x))Pdx # 0, f x))4dz # 0,
foranya, b€ (a#b). If p>1, 1 —1—7—1 then

S Fa)g(e)de

f(x)g(z)dr < : .
/a ( f;(@)) fP(x)dz)? ( fu((tt)) a(z )dx)a

(16) x(/abfp(x)da;)’l’</: % /f” dx /a ()dx)}],

where u(t) = th+ (1 — t)a,v(t) =ta+ (1 —t)b, 0 <t < 1,t # 1.
([ rwar) ([ o@a) = 2 [ e [ owas

a a b
(1) > (59500 2 [ f@gla)ds

Proof. (i) Since p > 1 and %—F% = 1, f(z),g(z) are nonnegative convex
functions with g + ¢"f + 2f'¢" < 0 on I, it follows from Corollary 4.1 that
Hs(a,b) is Schur-convex on I?. Additionally, from Lemma 2.4, one has, for
0<t<1,t+# 3, the relation (“‘QHJ, “T‘H’) =< (u(t),v(t)) < (a,b). Hence, we obtain

a+b a—l—b) _ (f(a—l—b)g(a—i—b))pQ—p—q:l’

H3<a,b)zHg(u(t),v<t>>2H3( 9 2 2 2

which implies that
Uy £ @) ([} g"@)da)” ) 7)) o) (2)da)”
(J, f z)g(x dx)“q T (L) F@g(a)dz) T

—

/ F(@)g()dz)"

(f;((tt)) f(@)g(x)dx) o r( P
= (0 pr(aydn) (50 oo’ / o) / )

< ([ )y / g (2)da)".
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It follows from % + % =1 that p 4+ ¢ = pgq, taking the é power of two sides
in the above inequalities, we derive the desired inequality (16).
(ii) Using Holder’s inequality (2) gives

(b—a)%(f; fp(x)dm); > [1 f(a)da, (b_a)%(ffgq(x)d:c)q > [? g(z)da

Hence, we have

([ o) ([[#ww) = [ rwa [ o

In addition, from the assumption conditions, we find that f(z), g(x) are convex
on I, f(z)g(x) is concave on I, thus we deduce from the Hermite-Hadamard
inequality that

_a/ fa dw/ o)da >f(a+b)g(a+b /f

The proof of Theorem 5.4 is complete. O

|

It is worth noting that inequalities (16) and (17) are the refined versions of
Holder’s inequality under a specified condition.

Theorem 5.5. Let f(z),g(z) be two nonnegative and opposite monotomcity
concave functions, and let f; f(x)g(z)dx # 0, f ))Pdz # 0, f ))idz #
0, foranya,be I (a#0b). If p<0, ¢ <0, then

(/ab fp(a:)da;>’1)(/ab g%x)dx)é

19 < (1) T [ st

Proof. By the aid of Corollary 4.2, we observe that Hs(a,b) is Schur-concave
on I?, in addition, from Lemma 2.5, one has (‘ZTH’, “T'H’) < (a,b). We thus have

Hs(a,b) < Hg(a+b a+b) _ (f(a+b)g<a+b))qupfq

2 72 2 2
=

abfp ¢ bq b a a Pg—p—q
LA (52 10), ()

taking the é power of the two-sides inequality above, we obtain the required
inequality (18). Theorem 5.5 O



IMPROVEMENTS OF HOLDER’S INEQUALITY VIA SCHUR CONVEXITY ... 573

6. Applications to inequalities for special means

Let b > a > 0, the Stolarsky mean is defined as follows (see [12])

P+l gptl \ b
Lot = (Grop—g) © P*10

The arithmetic mean, geometric mean and logarithmic mean are respectively

defined by

Aa,b) = “"2”), Gla,b) = Vab, L(a,b) = logz:?oga
Theorem 6.1. Letb>a>0,1+1=1.
(7) If p > 1, then
(19) Ly(a,b) > A(a,b)L(a,b)L_g(a,b) > L_g(a,b).
(13) If 0 < p < 1, then
(20)  Ly(a,b) < (A(a,6)*(Ly(a,b) ™" < (La(a,))*(Ly(a, b))

Proof. Note that
(bia /abxpdx>; - <m>; = L,(a,b),
(o [ (o
(i) For p > 1, by Theorem 5.3, we have
(— /ab f”b:))fl’(b_la /abgq(x)dx>3
(=) " (o) / gl > / " Ha)g(w)ds.

Taking f(z) = x,g(x) = 27! in the above inequality, it follows that

1 b k L
Bl )™ 2 g [t [z 2 [

that is
Ly(a,b) > A(a,b)L(a,b)L_4(a,b) > L_4(a,b).
(ii) For 0 < p < 1, by Theorem 5.3, we have

(s [ P@) (2 [ o)’

S ' fa)de / glo)e < / ' fa)g(a)dz.
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Taking f(z) = =z, g(x) = x, we obtain
Ly(a,b) < (A(a, b)*(Lala,b) ™" < (La(a,b)(Lg(a, b))
The proof of Theorem 6.1 is complete. O

Theorem 6.2. Let b > a > 0, u(t) = tb+ (1 — t)a,v(t) = ta + (1 — )b,
0<t<1,t#45. Ifp>1, 1 +%=1, then

L_q(u(t),v(t))
(21) L_y(a,b) < mLP(a, b) < Ly(a,b).

Proof. Using Theorem 5.4 with a substitution of f(z) = z, g(z) = 27! in
inequality (16), we obtain

f” (t) dr b 1

b b 1 1
/a dz < (fi(%) xpdar);’z)fv(t)(ml)qdw); </a mpdx) P (/a (x_l)qu) q

u(t)
1

S(/abxpdx);</ab(:c_l)qu>q,

(v16) — ()b - @) 71 Ly(a,b)(L—q(a, b))
(v(t) — u())? " Ly(u(t), v(#)) (L (u(t), v(t)))
< (b—a)r i Ly(a,b)(L_g(a, b)),

that is

(b—a) <

which leads to the desired inequality

Ly(u(t), v(t))
L_4(a,b) < WLP(CL, b) < Ly(a,b).

This completes the proof of Theorem 6.2. O

7. Conclusion

In this work, we provided a new approach to refine Holder’s inequality. Firstly,
we constructed some functions associated with Hoélder’s inequality and verified
their Schur convexities, meanwhile, in Theorems 1.1 and 1.2, we proved the
Schur convexity of functions associated with discrete Holder’s inequality, we de-
rived the Schur convexity of function connected to integral Holder’s inequality
in Theorem 1.3. Nextly, with the help of the Schur convexity of functions, in
Theorem 5.1 we acquired two discrete Holder-type inequality involving power
mean and arithmetic mean; in Theorem 5.2 we provided two refined versions of
discrete Holder-type inequality; in Theorems 5.3, 5.4 and 5.5, we offered some
refined versions of integral Holder-type inequality. Finally, we illustrated the
applications of the obtained Holder-type inequalities, some novel comparison
inequalities for Stolarsky mean, arithmetic mean, geometric mean and logarith-
mic mean are derived respectively in Theorems 6.1 and 6.2.
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