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Abstract. The main object of this paper is to study and characterize the connect-
edness, diameter, dominating sets and domination number of the k-zero-divisor hyper-
graph Hy(R) of a finite direct product of integral domains and a class of commutative
Artinian rings R, respectively. We will show that the k-zero-divisor hypergraph asso-
ciated to the direct product of k > 3 integral domains (resp., commutative Artinian
rings which are the direct product of k£ > 3 local rings) are connected with diameter
at most 3 and domination number at most 2 (resp., connected with diameter at most
4 and domination number at most 2k). We will also provide some examples related to
these results.
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1. Introduction and definitions

The main goal of this paper is to study and characterize the connectedness,
diameter, dominating sets and domination number of the k-zero-divisor hyper-
graphs H(R) of two well-known classes of commutative rings R; namely, a finite
direct product of integral domains and a class of commutative Artinian rings,
respectively. Through out this work, all rings are commutative with identity
1 # 0, J(R) denotes the Jacobson radical of R, and a local ring is a ring with
only one maximal ideal.

In this section we recall some definitions together with some references and
will discuss the main results in the next section. We will show (Theorem 2.1)
that the k-zero-divisor hypergraph associated to k > 3 direct product of integral
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domains (e.g., R/J(R) of a semilocal ring (Corollary 2.1), finite reduced rings
(Corollary 2.2)), respectively commutative Artinian rings which are the direct
product of k£ > 3 local rings (Theorem 2.2), e.g., ring of integers modulo n
Corollary 2.3 are connected with diameter at most 3 and domination number
at most 2 (resp., connected with diameter at most 4 and domination number at
most 2k).

The concept of the zero-divisor graph of a commutative ring has been studied
extensively by many authors, and the k-zero-divisor hypergraph of a commuta-
tive ring R, denoted by Hy(R), is a nice abstraction of this concept which
was first introduced by Eslahchi and Rahimi [6]. In their work, they studied
some ring-theoretic properties of the k-zero-divisors of R and graph-theoretic
properties of Hy(R) and investigated the interplay between the ring-theoretic
properties of R and the graph-theoretic properties of its associated k-uniform
hypergraph Hy(R). Specially, in Section 3, they discussed the connectedness and
completeness of Hs(R) and showed that its (diameter, girth) is bounded above
by (4, 9) and also found a lower bound for its clique number. Furthermore, the
research on this subject continued and extended by other authors as well (e.g.,
[14], [15], [16]).

We now define the zero-divisor graph of a commutative ring.

The zero-divisor graph of a commutative ring R, denoted I'(R), is an undi-
rected graph whose vertices are the nonzero zero-divisors of R and two distinct
vertices x and y are adjacent if and only if xy = 0. Thus I'(R) is an empty graph
if and only if R is an integral domain. Beck in [4] introduced the concept of a
zero-divisor graph of a commutative ring, but this work was mostly connected
with colorings of zero-divisor of rings. The above definition first appeared in
the work of D.F. Anderson and Livingston [2], which contains several funda-
mental results concerning I'(R). This definition, unlike the earlier work of D.D.
Anderson and Naseer [1] and Beck [4], does not take zero to be a vertex of I'(R).

We now recall the following two definitions, i.e., the k-zero-divisor and k-
zero-divisor hypergraph of a ring, respectively from [6].

Definition 1.1. Let R be a commutative ring and k > 2 a fized integer. A
nonzero non unit element a1 in R is said to be a k-zero-divisor in R if there
exist k — 1 distinct non unit elements as,as, ..., ar in R different from a1 such
that ajagas - - - ap, = 0 and the product of no elements of any proper non-singleton
subset of A ={ay,as,...,a} is zero.

Definition 1.2. Let R be a commutative ring (with 1 # 0) and let Z(R, k) be
the set of all k-zero-divisors in R. We associate a k-uniform hypergraph Hy(R)
to R with vertex set Z(R, k), and for distinct elements x1,xa, ..., x in Z(R, k),
the set {x1,xz2,...,xk} is an edge of Hi(R) if and only if x1x2-- -z, = 0 and
the product of elements of no (k — 1)-subset of {x1,x2,...,xx} is zero.

Remark 1.1. It is not difficult to show that the statement “the product of
no elements of any proper (nonsingleton) subset of A is zero” or the statement
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“the product of no elements of any (k — 1)-subset of A is zero” can be used in
Definition 1.1 equivalently. Clearly, from Definition 1.1, every element of the
set {ag,as,...,ar} is a k-zero-divisor in R. It is clear that every k-zero-divisor
in R is also a zero-divisor in R, but, the converse is not true in general. For
example, the element 2 is a zero-divisor, but not a 3-zero-divisor in Zig and 2
in Z4 is a zero-divisor but not a 2-zero-divisor.

We now review some basic graph-theoretic definitions and notions used
throughout to keep this paper as self contained as possible; and for the nec-
essary definitions and notations of graphs and hypergraphs, we refer the reader
to standard texts of graph theory such as [17] and [5].

A hypergraph is a pair (V,FE) of disjoint sets, where the elements of F
are non-empty subsets (of any cardinality) of V. The elements of V are the
vertices, and the elements of E are the edges of the hypergraph. The hypergraph
H = (V, E) is called k-uniform whenever every edge e of H consists of k vertices.
A k-uniform hypergraph H is called complete if every k-subset of the vertices
is an edge of H. An r-coloring of a hypergraph H = (V,E) isamap c: V —
{1,2,---,r} such that for every edge e of H, there exist at least two vertices
xz and y in e with ¢(x) # ¢(y). The smallest integer r such that H has an
r-coloring is called the chromatic number of H and is denoted by x(H). A path
in a hypergraph H is an alternating sequence of distinct vertices and edges of
the form vy, ey, v2,e9,..., v, such that v;,v;41 is in ¢; for all 1 < i < k — 1.
The number of edges of a path is its length. The distance between two vertices
x and y of H, denoted by dg(z,y), is the length of the shortest path from
x to y. If no such path between z and y exists, we set dy(z,y) = co. The
greatest distance between any two vertices in H is called the diameter of H and
is denoted by diam(H). The hypergraph H is said to be connected whenever
diam(H) < co. A cycle in a hypergraph H is an alternating sequence of distinct
vertices and edges of the form v1,e1,v2,€9,..., vk, €k, v1 such that v;, v;41 is in
e; for all 1 <4 < k—1 with vg,v; € eg. The girth of a hypergraph H containing
a cycle, denoted by gr(H ), is the smallest size of the length of cycles of H.

We now define the notion of the dominating set and domination number of
a hypergraph and for a detailed study of the dominating sets and domination
number of the zero-divisor graph of a commutative ring (resp., with respect to
an ideal), see [13] and [10], respectively (see, also, [7]).

Definition 1.3. Let H = (V, E) be a hypergraph with vertex setV and edge set
E. A nonempty set S CV is a dominating set of H if every vertex in 'V is either
in S or is adjacent to a vertex in S. That is, for every v € V '\ S, there exists
an edge e € E such that v € e and the intersection of e and S is nonempty. The
domination number of H, denoted by v(H), is the minimum cardinality among
all dominating sets of H.

We end this section with a brief general overview related to graphs associated
to some algebras.
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The area of research on assigning a graph to an algebra (algebraic structure)
has been very active (specially) since last two decades and there are many pa-
pers which apply combinatorial methods (using graph-theoretic properties and
parameters such as connectedness, planarity, clique number, chromatic number,
independence number, domination number, and so on) to obtain algebraic results
and vice versa. For instance, there are many papers on this interdisciplinary sub-
ject and for a short list of them, see for example [11] and [12] (covering many
different cases using commutator theory) and also see the work of Mehdi-Nezhad
and Rahimi in [9] for some other references and a brief historical note on some
graphs associated to some algebraic structures.

2. Main results

We begin this section with a lemma using for Theorem 2.1 and provide some
examples and corollaries as an application to this theorem (e.g., R/J(R) of
a semilocal ring (Corollary 2.1), finite reduced rings (Corollary 2.2) to show
that their corresponding k-zero-divisor hypergraphs are connected with diameter
(resp., domination number) at most 3 (resp., 2). Then, we continue to show that
Hy(R) is connected with diameter at most 4 and domination number at most
2k (Theorem 2.2), where R is an Artinian ring which is the direct product of
k > 3 local rings (see also Corollary 2.3 as an application to this theorem).

Lemma 2.1. Let k > 3 be a fized integer and R = Ry X Ro X - -+ X Ry, the direct
product of k integral domains. Then, (a1,as,...,ar) € R is a verter in Hy(R)
if and only if exactly one of its components is zero. That is,

Z(R,k) = {(a1,as,...,ax) € R | exactly one of the a;'s is zero for 1 <i < k}.

Proof. The sufficient part follows directly from definition. For example, let

x1 = (a1,ag,...,a) € R such that exactly one and only one of the com-
ponents is zero. Without loss of generality, assume that a; = 0. Let x; =
(1,1,...,1,0,1,1,...,1), where the ith component is the only zero component

of z; for each 2 <i < k. Now, it is obvious that {z1,z2,...,2;} € E(Hk(R)).
For the necessary part, it is obvious that any k-zero-divisor of R must have
at least one zero component. Now, let 21 = (a11,a12, .. ., a1x) be a k-zero-divisor
(vertex in Hy(R)) with at least two zero components. Without loss of generality,
assume that a;; = a12 = 0. Consequently, there exist zo, z3, ...,z € V(Hi(R))
such that {z1,z2,...,2x} € E(Hg(R)), where z; = (aj1,a;2,...,a;) for all
1 <4 < k. Thus, Hi21 a;; = 0 for each j > 3. Now, since R; is an integral
domain, then for each fixed j > 3, there exists at least one i; with 1 < i < k
such that a;;; =0. Let I be the set of all i;’s such that ai;; =0 for the smallest
i in the set {1,2,...,k}. Thus, we have z1 [[;c; #; = 0 and since |I| < k-2, we
have a contradiction and the proof is complete. O
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Theorem 2.1. For any fized integer k > 3, there exists a ring R whose k-zero-
divisor hypergraph is connected with diameter at most 3 and domination number
at most 2.

Proof. Let R = R; X Ry X --- X Ry, be the direct product of k integral domains.
Now, the proof is straight forward by using the above lemma. For instance,
D = {z1,z2} is a dominating set in Hy(R), where z; = (0,1,1,...,1) and a9 =
(1,0,1,...,1). Note that e = {z1, z2,..., 2} is an edge in Hi(R), where x; is a
k-tuple with ith component 0 and jth component 1 for each 1 <i # j <k. O

We now provide some examples as an application to the above theorem.
Example 2.1. For any fixed integer k > 3, we have the following:

(a) Let R be the direct product of k factors of the ring Z,. Clearly, Hi(R)
has only one edge and hence is connected and its domination number is 1
since the singleton set of each vertex is a dominating set. Note that the
chromatic number of this hypergraph is 2.

(b) Let R be the direct product of k factors of the ring Z, for some prime
p > 2. Then, by the above theorem, Hy(R) is a connected k-zero-divisor
hypergraph with diameter at most 3 and domination number at most 2.

(¢c) let n = p; - - - py for distinct primes py, ..., pg. Then, Hi(Z,) is a connected
k-zero-divisor hypergraph with diameter at most 3 and domination number
at most 2. The proof follows directly from the above theorem and the fact
that Zy, = Zy, X -+ X Ly, .

We now apply the above theorem to a semilocal ring.

Corollary 2.1. For a semilocal ring R with k>3 mazimal ideals M1, Mo, . .., M,
there exists a connected k-zero-divisor hypergraph associated to R/J(R) whose

diameter is bounded above by 3 and its domination number is at most 2, where
J(R) is the Jacobson radical of R.

Proof. The proof is an immediate consequence of the above theorem since (by
Chinese Remainder Theorem) R/J(R) = Fy x Fy X ... X F}, where F; = R/M;
for each 1 <4 <k. O

We next apply the above theorem when R is a reduced or finite reduced ring,
i.e., a direct product of finitely many finite fields.

Corollary 2.2. Let R be a reduced (resp., finite reduced) commutative ring
(which is not an integral domain) with at least k > 3 minimal prime ideals and
nil(R) the ideal of nilpotent elements of R. Then, there exists a ring whose
k-zero-divisor hypergraph is connected with diameter at most 8 and domination
number at most 2 (resp., Hi(R) satisfies the mentioned properties).
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Proof. Let P,..., P, be the minimal prime ideals of R. Then, P, N---N P, =
nil(R) = {0} since R is reduced. Thus there is a monomorphism from R to
T = R/P; x --- x R/P,. Now, the proof follows from the above theorem and
for the finite case, R is isomorphic to 7', by Chinese Remainder Theorem, since
prime ideals are maximal in a finite ring. O

We next discuss the results of Theorem 2.1 for commutative Artinian rings
which are the direct product of £ > 3 local rings. Recall that any commutative
Artinian ring is a finite direct product of Artinian local rings ([3, Theorem 8.7]).

Theorem 2.2. Let R be a commutative Artinian ring (in particular, R could
be a finite commutative ring) which is the direct product of k > 3 Artinian local
rings, where k is a fived integer. Then, Hx(R), the k-zero-divisor hypergraph of
R, is connected with diameter at most 4 and domination number at most 2k.

Proof. Let R = R; X Ry X -+ X Ry, where R; is an Artinian local ring
with maximal ideal M; and assume M; # 0 for each i = 1,2,... k. By [8,
Theorem 82|, suppose M; = ann(m;) for some nonzero m; € M; and each
i =1,2,...,k. We now construct a dominating set S of size 2k for Hy(R).
Let S = {z1,29,..., %k, Y1,Y2,...,Yk}, where for each 1 < i < k, y; is a k-
tuple whose ith component is 0 and other components are 1’s; and for each
1<i<(k—1), z; is a k-tuple whose ith component is m;, its kth component is
0, and the other components are all 1’s, and = = (1,1,...,1,0,my). Further,
we take m; = 1 whenever M; = (0) for any 1 < i < k. Note that a nonzero
element (a1, az,...,ax) is a vertex in Hy(R) (k-zero-divisor in R) provided that
at most one of its components can be 0 and at least one of its components; must
belong to its corresponding maximal ideal. O

We now end the paper by applying the above theorem to Z, , the ring of
integers modulo n.

Corollary 2.3. For any fized integer k > 3, let n = p'il x 'p',;’“ for distinct
primes p1,...,p, and positive integers ti, ... t,. Then, Hy(Z,) is a connected
k-zero-divisor hypergraph with diameter at most 4 and domination number at
most 2k.

Proof. The proof follows directly from Theorem 2.2 and the fact that Z, =
Zptl X o X Zptk. Note that for any prime p > 2 and integer ¢t > 2, Zé is a local
1 k

ring. O
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