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Abstract. We derive integral inequalities of Hermite-Hadamard type for the functions
that have preinvex absolute values of third order derivatives. Moreover, we also discuss
applications to several special means.

Keywords: Hermite-Hadamard inequality, invex set, preinvex function, integral in-
equality.

1. Introduction

For convex functions, several inequalities have been studied by many authors,
see [1], [2]-[9]. But the inequality obtained by Hadamard [8] is considered the
most significant and rich in applications. Let g : I ⊆ R → R be a convex
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function on the interval I. The inequality in [8] is given by

(1) g

(
α+ β

2

)
≤ 1

β − α

∫ β

α
g(u)du ≤ g(α) + g(β)

2
, α, β ∈ I and α < β.

As mentioned in [8]: ”inequality (1) is known as the Hermite-Hadamard (H-H)
inequality for convex functions”. The inequalities will be reversed for a concave
function. Hadamard inequality refines the concept of convexity and various
classical inequalities can be derived from it.
Recently, several extensions, refinements and generalizations have been dis-
cussed by the many authors, see [2, 7, 9, 16, 18]. Dragomir et. al. [5] proved
the following lemma for the class of convex functions.

Lemma 1.1 ([5]). Suppose that g : Io ⊆ R → R be a differentiable mapping on
Io, α, β ∈ Io, such that α < β. If g′ ∈ L[α, β], then

(2)
g(α) + g(β)

2
− 1

β − α

∫ β

α
g(u)du =

β − α

2

∫ 1

0
(1− 2t)g′(tα+ (1− t)β)dt.

Hanson [10] introduced the concept of invexity which is a significant gener-
alization of covexity. The concept of preinvex functions was introduced by Weir
and Mond [17], later Jeyakumar et. al. [13] investigated some properties of these
functions. They [13] also studied the role of preinvex functions in optimization
and mathematical programming. Yuan et. al. [18] investigated some new char-
acterizations of preinvex and prequasi-invex function under some assumptions.
Noor [14] derived H-H inequality for preinvex and log-preinvex functions, later
Iqbal et. al. [11] investigated some refined integral inequalities and discussed
its applications to special means.

The objective of this work is to formulate some new refined inequalities of H-
H type for the functions that have preinvex absolute values of third derivatives.
We have considered various special means to show its applications. Our findings
extend the previously known results.

2. Preliminaries

The following definitions and known result will be used in the sequel.

Definition 2.1 ([10]). A set X ⊆ Rn is said to be invex with respect to η :
X ×X → Rn if

v + tη(u, v) ∈ X,∀ u, v ∈ X & t ∈ [0, 1].(3)

As discussed in [10], ”the definition says that there is a path starting from
v which is contained in X. It is not necessary that u should be one of the end
points of the path. However, if we require that u be an end point of the path
for every pair u, v ∈ X, then η(u, v) = u− v, reduces to convexity.”
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Define
Puy := {w : w = u+ tη(v, u) : t ∈ [0, 1]}.

It represents the η-path joining the points u and y := u + η(v, u) for every
u, v ∈ X.

Definition 2.2 ([17]). Let X ⊆ Rn be an invex set with respect to η : X×X →
Rn. Then, the function g : X → R is called preinvex with respect to η, if

(4) g(v + tη(u, v)) ≤ tg(u) + (1− t)g(v), ∀ u, v ∈ X & t ∈ [0, 1].

Preinvex function is the generalized class of convex functions. The function
f(u) = − | u | is preinvex with respect to η, where

η(u, v) :=

{
u− v, if u ≤ 0, v ≤ 0 and u ≥ 0, v ≥ 0,

v − u, otherwise.

But it is not convex. Recently, Barani et. al. [1] extended the Lemma 1.1
for invex sets as follows:

Lemma 2.1 ([1]). Suppose that A ⊆ R be an open invex subset with respect
to η : A × A → R and α, β ∈ A with η(α, β) ̸= 0 and that g : A → R be
differentiable function. If g′ is integrable on the η path Pβγ , γ = β + η(α, β),
then

− g(β) + g(β + η(α, β))

2
+

1

η(α, β)

∫ β+η(α,β)

β
g(u)du

=
η(α, β)

2

∫ 1

0
(1− 2t)g′(β + tη(α, β))dt.

Using Lemma 2.1, Barani et. al. [1] established H-H type inequalities for
preinvex functions.

3. Main results

We now extend the previous known results for the functions whose third deriva-
tives absolute values are preinvex. Consider the function η : A × A → R with
η(α, β) ̸= 0, for α, β ∈ A. Henceforth, we assume that A ⊆ R is an open invex
set with respect to η.

Lemma 3.1. Let g : A → R be three times differentiable function and g′′′ is
integrable on the η-path Pβγ , γ = β + η(α, β), then

η(α, β)

12
[g′(β+η(α, β))−g′(β)]−1

2
[g(β+η(α, β))+g(β)]+

1

η(α, β)

∫ β+η(α,β)

β
g(u)du

(5) =
η(α, β)3

12

∫ 1

0
t(1− t)(2t− 1)g′′′(β + tη(α, β))dt.
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Proof. Let α, β ∈ A. Since A is an invex set with respect to η, β+ tη(α, β) ∈ A
for every t ∈ [0, 1]. Integrating by parts, we get∫ 1

0
t(1− t)(2t− 1)g′′′(b+ tη(α, β))dt

=

[
t(1− t)(2t− 1)g′′(β + tη(α, β))

η(α, β)

]1
0

− 1

η(α, β)

∫ 1

0
(−6t2 + 6t− 1)g′′(β + tη(α, β))dt

=
1

η(α, β)

[
(6t2 − 6t+ 1)g′(β + tη(α, β))

η(α, β)

]1
0

− 1

η(α, β)2

∫ 1

0
(12t− 6)g′(β + tη(α, β))dt

=
1

η(α, β)2
[g′(β + η(α, β))− g′(β)]− 6

η(α, β)3
[g(β + η(α, β)) + g(β)]

+
12

(η(α, β)4

∫ β+η(α,β)

β
g(u)du.

Using above lemma, we prove some interesting results for the preinvex func-
tions.

Theorem 3.1. Let g : A → R be three times differentiable function and g′′′ is
integrable on the η-path Pβγ , γ = β + η(α, β). If |g′′′| is preinvex on A, then∣∣∣∣η(α, β)12

[g′(β + η(α, β))− g′(β)]

−1

2
[g(β + η(α, β)) + g(β)] +

1

η(α, β)

∫ β+η(α,β)

β
g(u)du

∣∣∣∣∣
≤ |η(α, β)|3

384

[
25

2
|g′′′(β)| − |g′′′(α)|

]
Proof. Applying Lemma 3.1 and using the preinvexity of |g′′′|, we get∣∣∣∣η(α, β)12

[g′(β + η(α, β))− g′(β)]− 1

2
[g(β + η(α, β)) + g(β)]

+
1

η(α, β)

∫ β+η(α,β)

β
g(u)du

∣∣∣∣∣
≤ |η(α, β)|3

12

∫ 1

0
t(1− t)|(2t− 1)||g′′′(β + tη(α, β))|dt

≤ |η(α, β)|3

12
[

∫ 1

0
t(1− t)|(2t− 1)|(t|g′′′(α)|+ (1− t)|g′′′(β)|)dt
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=
|η(α, β)|3

12
[|g′′′(α)|

∫ 1

0
t2(1− t)|(2t− 1)|dt+ |g′′′(β)|

∫ 1

0
t(1− t)2|(2t− 1)|dt

=
|η(α, β)|3

384

[
25

2
|g′′(β)| − |g′′(α)|

]
.

Theorem 3.2. Let g : A → R be three times differentiable function and g′′′ be
integrable on the η-path Pβγ , γ = β + η(α, β). If |g′′′|p/p−1 is preinvex on A for
p > 1, then∣∣∣∣η(α, β)12

[g′(β + η(α, β))− g′(β)]− 1

2
[g(β + η(α, β)) + g(β)]

+
1

η(α, β)

∫ β+η(α,β)

β
g(u)du

∣∣∣∣∣
≤ |η(α, β)|3

96

(
1

p+ 1

) 1
p (

|g′′′(α)|q + |g′′′(β)|q
) 1

q .

Proof. Using Lemma 3.1, preinvexity of |g′′′|p/p−1 and Holder’s integral in-
equality, we obtain∣∣∣∣η(α, β)12

[g′(β + η(α, β))− g′(β)]− 1

2
[f(β + η(α, β)) + g(β)]

+
1

η(α, β)

∫ β+η(α,β)

β
g(u)du

∣∣∣∣∣
≤ |η(α, β)|3

12

∫ 1

0
t(1− t)|(2t− 1)||g′′′(β + tη(α, β))|dt

≤ |η(α, β)|3

12

(∫ 1

0
tp(1− t)p|(2t− 1)|pdt

) 1
p
(∫ 1

0
|g′′′(β + tη(α, β))|qdt

) 1
q

≤ |η(α, β)|3

12

(
1

22p+1(p+ 1)

) 1
p
(∫ 1

0
t|g′′′(α)|q + (1− t)|g′′′(β)|qdt

) 1
q

≤ |η(α, β)|3

96

(
1

p+ 1

) 1
p (

|g′′′(α)|q + |g′′′(β)|q
) 1

q ,

where 1
p + 1

q = 1.

Theorem 3.3. Let g : A → R be three times differentiable function and g′′′ be
integrable on the η-path Pβγ , γ = β + η(α, β). If |g′′′|q is preinvex on A for
q > 1, then ∣∣∣∣η(α, β)12

[g′(β + η(α, β))− g′(β)]− 1

2
[g(β + η(α, β))
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+g(β)] +
1

η(α, β)

∫ β+η(α,β)

β
g(u)du

∣∣∣∣∣
≤ |η(α, β)|3

192

(
1

2

) 1
q
(
25

2
|g′′′(β)|q − |g′′′(α)|q

) 1
q

.

Proof. Since |g′′′|q is preinvex, using Lemma 3.1 and power-mean inequality,
we obtain∣∣∣∣η(α, β)12

[g′(β + η(α, β))− g′(β)]− 1

2
[f(β + η(α, β))

+g(β)] +
1

η(α, β)

∫ β+η(α,β)

β
g(u)du

∣∣∣∣∣
≤ |η(α, β)|3

12

∫ 1

0
t(1− t)|(2t− 1)||g′′′(β + tη(α, β))|dt

≤ |η(α, β)|3

12

(∫ 1

0
t(1− t)|(2t− 1)|dt

)1− 1
q

·
(∫ 1

0
t(1− t)|(2t− 1)||g′′′(β + tη(α, β))|qdt

) 1
q

≤ |η(α, β)|3

12

(
1

16

)1− 1
q
(∫ 1

0
t(1− t)|(2t− 1)|[t|g′′′(α)|q + (1− t)|g′′′(β)|q]dt

) 1
q

≤ |η(α, β)|3

12

(
1

16

)1− 1
q
(
|g′′(α)|q

∫ 1

0
t2(1− t)|(2t− 1)|dt

+|g′′(β)|q
∫ 1

0
t(1− t)2|(2t− 1)|dt

) 1
q

≤ |η(α, β)|3

12

(
1

16

)1− 1
q
[
|g′′′(α)|q(− 1

32
) + |g′′′(β)|q(25

64
)

] 1
q

=
|η(α, β)|3

192

(
1

2

) 1
q
(
25

2
|g′′′(β)|q − |g′′′(α)|q

) 1
q

.

4. Some applications

For distinct positive real numbers a1 and a2, we have:

Arithmetic mean: A(a1, a2) =
a1 + a2

2
,

Logarithmic mean: Lp(a1, a2) =
a1 − a2

ln a1 − ln a2
, and

generalized logarithmic mean: Lp(a1, a2) =

[
ap+1
1 − ap+1

2

(p+ 1)(a1 − a2)

]1/p

, p ̸= −1, 0.
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Let us suppose that

g(u) =
un+3

(n+ 1)(n+ 2)(n+ 3)

be a function and a3 = a2 + η(a1, a2), then

g(a3) + g(a2)

2
=

1

(n+ 1)(n+ 2)(n+ 3)
A(an+3

3 , an+3
2 ),

1

η(a1, a2)

∫ a3

a2

g(u)du =
1

η(a1, a2)

1

(n+ 1)(n+ 2)(n+ 3)

[
an+4
3 − an+4

2

n+ 4

]
.

For η(a1, a2) = a1 − a2, it becomes

1

a1 − a2

∫ a1

a2

g(u)du =
1

(n+ 1)(n+ 2)(n+ 3)
Ln+3
n+3(a1, a2),

g′(a2 + η(a1, a2)− g′(a2) =
(a2 + η(a1, a2))

n+2 − an+2
2

(n+ 1)(n+ 2)
.

For η(a1, a2) = a1 − a2, it becomes

g′(a1)− g′(a2) =
(a1 − a2)

(n+ 1)
Ln+1
n+1(a

n+2
1 , an+2

2 ).

Now, using the results of section 3, we discuss some applications to special
means of real numbers.

Proposition 4.1. For positive numbers a1 and a2 such that a1 > a2 and 0 <
n ≤ 1, we have∣∣(a1 − a2)

2(n+ 2)(n+ 3)Ln+1
n+1(a

n+2
1 , an+2

2 )

−12A(an+3
1 , an+3

2 ) + 12Ln+3
n+3(a

n+4
1 , an+4

2 )
∣∣

≤ |(a1 − a2)|3

32
(n+ 1)(n+ 2)(n+ 3)

[
25

2
|an2 | − |an1 |

]
.

Proof. The statement takes after from Theorem 3.3 connected to the function

g(u) =
un+3

(n+ 1)(n+ 2)(n+ 3)
,

for η(a1, a2) = a1 − a2.

Proposition 4.2. For positive numbers a1 and a2 such that a1 > a2 and 0 <
n ≤ 1, we have∣∣(a1−a2)

2(n+2)(n+3)Ln+1
n+1(a

n+2
1 , an+2

2 )−12A(an+3
1 , an+3

2 )+12Ln+3
n+3(a

n+4
1 , an+4

2 )
∣∣

≤ |(a1 − a2)|3

8

(
1

p+ 1

) 1
p

(n+ 1)(n+ 2)(n+ 3)(|an1 |q + |an2 |q)
1
q .
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Proof. The statement takes after from Theorem 3.3 connected to the function

g(u) =
un+3

(n+ 1)(n+ 2)(n+ 3)
,

for η(a1, a2) = a1 − a2.

Proposition 4.3. For positive numbers a1 and a2 such that a1 > a2 , 0 < n ≤ 1
and q > 1, we have∣∣(a1−a2)

2(n+2)(n+3)Ln+1
n+1(a

n+2
1 , an+2

2 )−12A(an+3
1 , an+3

2 )+12Ln+3
n+3(a

n+4
1 , an+4

2 )
∣∣

≤ |(a1 − a2)|3

16

(
1

2

)q

(n+ 1)(n+ 2)(n+ 3)

[
25

2
|an2 |q − |an1 |q

] 1
q

.

Proof. The statement takes after from Theorem 3.3 connected to the function

g(u) =
un+3

(n+ 1)(n+ 2)(n+ 3)
,

for η(a1, a2) = a1 − a2.

5. Conclusion

In this paper, we have extended the estimates of right hand side of Hermite-
Hadamard type inequality for the functions having pre-invex third derivative
absolute values. To show its application, we have considered several special
means for arbitrary real numbers. In the future, the results can be generalized
for higher order derivatives. Moreover, it can be studied in the context of q-
calculus, and various applications can be explored.
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