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Abstract. Let D be a bounded strongly pseudoconvex domain in C*, §(z) = d(z,9D)
the Euclidean distance from the point z to the boundary D and H(D) the set of all
holomorphic functions on D. For given 5 € R, the weighted Hilbert Bergman space on
D, denoted by A?(D, 3), consists of all f € H(D) such that

1

2= [ [ IS 0] <.

where dv is the Lebesgue measure on D. The aim of the paper is to completely char-
acterize the Schatten class of weighted composition operators on A?(D, 3) when §(z)
satisfies certain integrable condition.

Keywords: weighted composition operator, strongly pseudoconvex domain, weighted
Hilbert Bergman space, Schatten class.
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1. Introduction

Let Q be a domain in C" and H(2) the set of all holomorphic functions on €.
Let ¢ be a holomorphic self-map of Q and u € H(2). The well-known weighted
composition operator on some subspaces of H({2) is defined by

Wouf(2) = u(2)f(p(2)), z €

When wu(z) = 1, it is reduced to the composition operator, usually denoted
by C,. While ¢(z) = z, it is reduced to the multiplication operator, usually

*. Corresponding author
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denoted by M,. Weighted composition operators have been widely studied (see,
for example, [4, 5, 8, 9, 10, 15, 16, 17] and the related references therein).

Let D C C" be a bounded strongly pseudoconvex domain, §(z) = d(z,9D)
the Euclidean distance from the point z to the boundary 9D and dv the Lebesgue
measure on D. The authors in [2] introduced the following weighted Bergman
space by considering the distance function §(z) as a weight on D. For given
B € R and p € [1,+00), the weighted Bergman space AP(D, ) consists of all
f € H(D) such that

1

£l = [ [ £ do()]” < oc.

With the norm || - ||, 3, AP(D, ) becomes a Banach space. If § = 0, then
AP(D, 3) is abbreviated to AP(D), usually called the Bergman space. In this
paper, we consider the case of p = 2. For this case, it is a Hilbert space with
the inner product

(f. )5 = /D F(2)g(2)8(2) dv ().

For a given separable Hilbert space H, the Schatten p-class of operators on
H, Sy(H), consists of those compact operators 1" on H with its sequence of
singular numbers \,, belonging to #P, the p-summable sequence space. When
p = 1, it is usually called the trace class, and p = 2 is usually called the
Hilbert-Schmidt class (see [22]). The theory of Schatten p-class of operators
on the holomorphic function spaces has been widely studied (see, for example,
[18, 7, 19, 14, 23, 12, 13, 6, 20] and the references therein). In particular,
the authors in [20] characterized the Schatten p-class of weighted composition
operators on A%(D).

Motivated by previous mentioned studies (in especial [20]), it is natural
to consider how to characterize the Schatten p-class of weighted composition
operators on A%(D, ). After a long time of careful consideration, we find that
if the parameter 8 satisfies the condition

/ K(z,2)8(2)Pdv(z) = +o0,
D

then it is a difficult problem. However, if 8 satisfies the condition

/ K(z,2)8(2)Pdv(z) < o0,
D

we can completely characterize the Schatten p-class of weighted composition
operators on A2(D,3) by borrowing the methods obtained in [2] and [21]. We
hope that this paper can attract people’s more attention to such problems.

Let K(z,w) : D x D — C be the Bergman kernel of D. For every w € D,
the normalized Bergman kernel of D, denoted by ky(z), is defined by

= K(z,w) . K(z,w)
O = R w) Kl
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For 4 a finite complex Borel measure on D, the Berezin transform fi(z) is defined
by

i(z) = /D e () [P pa(0).

Let B(z,w) be the Kobayashi distance function on D. For z € D and r € (0,1),
let

B(z,r)={we D: p(z,w) <r}
denote the Kobayashi ball with center z and radius £ In 12, We define vg(B(z,7))
by
w(Br) = [ swPdutu).
B(z,r)
The function " (z) on D is defined by

p(B(z,7))
vp(B(z,7))
For ¢ the holomorphic self-map of D and u € H(D), we define dvyg(z) =
|u(2)|20(2)Pdv(z) and pgp = va g o =L, respectively. In this paper, we will use
the Berezin transform fip g and the function /i3 5 to characterize the Schatten

pr(z) =

p-class of weighted composition operators on A%(D, j3).
In this paper, the positive constants are denoted by C' which may differ from
one occurrence to the next.

2. Preliminary results

In this section, we present some results from [1] on the Kobayashi geometry of
bounded strongly pseudoconvex domain.

Lemma 2.1. Let D C C" be a bounded strongly pseudoconvex domain. Then,
for zo € D and r € (0,1), there exists a positive constant C' independent of
z € B(zg,r) such that

1—7r C
< <
275 () < () < T

) (Zo) .

Lemma 2.2. Let D C C" be a bounded strongly pseudoconvex domain. Then,
for B €R and r € (0,1), there exist two positive constants Cy and Co such that

CL8(-)" 7 < vg(B(-,1)) < Cod()" 7.
By using Lemma 2.1 and Lemma 2.2, we have the following result.

Corollary 2.1. Forr,s,R € (0,1), there erists a positive constant C' indepen-
dent of z1,z2 with B(z1,22) < R such that

vs(B(z1,7))

-1
= (B )

<C.
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We also need the following result on the Bergman kernel obtained in [1] and
[11].

Lemma 2.3. Let D C C" be a bounded strongly pseudoconvex domain. Then,
forr € (0,1), there exist positive constants C' and § such that, if zo € D satisfies
d(z0) < 0, then

C 1
PR |K(z,20)] < Colag) T

and

< < -
6(20)n+1 — |kzo(z)’ — C(S(Zo)n+17

for all z € B(zp, 7).
From Lemmas 2.2 and 2.3, the following result follows.

Corollary 2.2. Let D C C" be a bounded strongly pseudoconver domain. Then,
forr € (0,1), there exist positive constants C' and & such that, if zg € D satisfies
d(z0) < 0, then

C 1
m < ’K(Z7ZO)’ < W

and

v e 1
ws B = P S E B )

for all z € B(zo,r).
We also need the following cover of D (see [1]).

Lemma 2.4. Let D C C" be a bounded strongly pseudoconvex domain. Then,
for r € (0,1), there exist an m € N and a sequence {z;} C D such that D =
U2, B(zi,7) and any point in D belongs to at most m balls of the form B(z;, R)
where R = (1 + 7).

3. Main results and proofs

First, we have the following result.

Lemma 3.1. If T € S;(A%(D, B)), then

tr(T):/D<TK(.,z),K(.,z)>B5(z)ﬁdv(z).
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Proof. Let {ej(z)} be an orthonormal basis for A%(D, 8). We have

w) = ej(z)ej(w)
j=1

Then, from this it follows that

tr(T) = g (Tej,ej)5 = g/DTej(z)ej(z)é(z)ﬁdv(z)
:jio;/D<Tej,K(-,z)>Bej(z)5(z)ﬂdv(z)
:jf;/D<ej,T*K(.,z)>ﬂej(z)5(z)ﬁdv(z)
—/k@W/(i}mmwwr%mQWWMMWMM@

/ / K(w,2)T*K (-, z)(w)d(w)?dv(w)dv(z)
* Bdv Wz Z 2)Bdv(z).
- [ st mK<m&m<>A@mmxumaw<>
From this, the desired result follows. This completes the proof. O

In the following result, we give an estimate for the finite positive Borel
measure on D.

Lemma 3.2. Let D C C" be a bounded strongly pseudoconver domain, i a
finite positive Borel measure on D and r € (0,1). Then, there exists a positive
constant C depending on r such that

W@;mé(ﬂMmmw%@-

Proof. For any a € D, we have

zZ. T Zﬁ'UZ: ZBUZ w
Awﬂﬂ,wmdm éwﬂ>d”/ dyu(w)

B(z,r)
= Zﬁvz w w) = W w Zﬁvz_
[ ) [ xoeninn = [ atw) [ o)

Noting that X g(w,)(2) = XB(z,r) (W), for all w and z in D, we have

Z,T Pdv(z) = w A6(2)Pdu( 2

L pe i) = [ asw) [ xoEoE) e

- / vg(B(a,r) N B(w,r))dp(w) > / vg(B(a,r) N B(w,r))dp(w),
D B(a,r)

u(Bla,r)) <
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where X () (2) is the characteristic function of the set B(w,r). Let a(t) (0 <
t < 1) be the geodesic (in the Bergman metric) from a to w and mq ) = (%)
By using Lemma 3 in [21], we obtain

/B(aﬂ“) HBE T))é(Z)BdU(Z) - /B(G,T‘) vp (B(m(a w)> 7)> dp(w).

From Corollary 2.1, it follows that there exists a positive constant C' depending
only on r such that

r

Cvﬁ (B (m(a,w)a 5)) > U,B(B(aa T))7
for all w € B(a,r). Therefore, we have
c / N o) > [ vaBlardut),
(a,r) B(a,r)

that is,

va(Bfa,r)) /B( (B r))8(z) dv(z).

This completes the proof. O

p(B(a,r)) <

Corollary 3.1. Let D C C" be a bounded strongly pseudoconvexr domain, | a
finite positive Borel measure on D and r € (0,1). Then, there exists a positive
constant C depending on r such that

C
[2,5(B(zj,7))] va(B(1) /B(W) [2,8(B(zj,7))]

Corollary 3.2. Let D C C™ be a bounded strongly pseudoconvexr domain, |t a
finite positive Borel measure on D and r € (0,1). Then, for every r, R € (0,1),
there exists a positive constant C depending on r and R such that

Has(B(25,m) ] C pop(B(z,7))] % s
[UB<B<zj,r>>] = a(B(z,7) /B(zj,)[vﬁ@(z,r))} o(z)"dv(z),

for all z;, z with B(zj,2) < R.
As an application of Corollary 3.2, we can introduce the following complex
measure. For p € [2,+00), the complex measure ps g is defined by

> Zi T 51
N2,B,C(Z) = Z ['LLZ’B(BW] XB(zj,r)(Z)M2,ﬁ(Z)a
j=1

[S14S)

p
2

< 5(2)Pdv(2).

vs(B(2),7))

where ( is a complex number with 0 < Re( < 1 and XB(zj,r)(Z) is the charac-
teristic function of the set B(z;,r).

Lemma 3.3. Let ( = %. Then, it follows that

T <T

K2, — 2<mT
Bp

H2,5"
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Proof. Obviously, it follows that

Ho 57 ZXB z],r z)pi2 ﬂ( z) > MQﬂ(Z)'

Then, we have

Ty, 0= [ F@R @2ty 0)2 [ FK 0,22 p(0) =T ).

which shows T“w,% > Ty -

Conversely, it follows from Lemma 2.4 that p, 5 2 (2) < mpusg g(z). Similarly,
I’ 7p

This completes the proof. O

we can get Tu2 5.2 <mTy, ,.

Lemma 3.4. Let 11,15 be two compact operators on Hilbert space H and
0 < T1 < TQ. Then

1T1ls, ) < I T2ls, )

Proof. By Lemma 14 in [21], we have s;(171) < s;(T%) for j € N. Since

ITls, = | D _(s;(D)P]

we have
1 1
o0 o0 p
ITulls, iy = | D (TP | < D (s5(T))P | = T2lls, -
j=1 J=1
This completes the proof. O

Now, we prove the main result of this paper. We assume that 3 satisfies the
condition

(1) /DK(z,z)(S(z)ﬁdU(z) < +o0.

Remark 3.1. We consider the condition (1) for the special case D = {z € C :
|z| < 1}, the open unit disk. For this case, we have (see, for example, [22])

1

K(z,w):m.

For the case, it is easy to see that §(z) = 1 — |z|?. Then, we have

1
zZ. 2 zﬁvz: —257 v(iz) = 27 —rﬁfrr.
/DK<,>6<>d<> /Du 12[2)°~2du2) 2/0<1 252,
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From a direct calculation, it follows that (2) is finite if and only if 8 € (1, 4+00).
This shows that Theorem 3.1 excludes the result of the Bergman space (that is,
corresponding to 8 = 0). Maybe it is caused by the different definitions of the
weights. For example, in [21] the author defined the weighted Bergman space
on bounded symmetric domains by the weight K (z, z)*.

Theorem 3.1. Let D C C™ be a bounded strongly pseudoconvex domain, p €

[2,+00), ¢ a holomorphic self-map of D and uw € H(D). Then, the following
statements are equivalent:

(1) Weu € Sp(A*(D, B));
(ii) fiog € L2(D, K(z,2)8(z) dv(z));

(idi) i 5 € L2 (D, K(z,2)5(2) dv(z));

D

(i) D272 (ﬂgﬁ(zj» * < oo, where {z;} is the sequence in Lemma 2.4.

Proof. For f,g € A*(D,3), we have

(Wou)*Wou) f,9) 5= (Woou) f; Wepu)9) 5 =/ [u(2) £ (9(2))g((2)d(2) du(2)

/f a(2(2))dvs 5z /f (W) p(w).

Considering the Toeplitz operator on A?(D, 3)

T o0 = [ F0)K (0,2 (),
we have
(oo o) = [ [ F0K 0.2 wigGI6(:) ol
- [ fw /sz )6(2)8 do(z)dta 3(w)
= [ stwigtodnsw)

which shows that
T/—LQ,B = (ch,u)*(W@,U)-

This implies that 7}, ; is a positive operator on A%(D, ).
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(i) = (ii). From Theorem 1.4.6 in [22], we know that W, , € S,(A*(D, 3))
if and only if T}, , € Sp (A%(D, 3)). Since T}, , is positive, by using Lemma 3.1,
we have

T, = (T ) = | <T52BK(»z>,K<~,z>>56<z>5dv<z>
/ K(z,z < lin gk >ﬂ 2)Pdv(z

Since £ > 1 and each k. is a unit vector in A%(D, 8), by Proposition 6.4 in [3]

we get

l\-”\'ﬁ

ol iy 2 [ KA (T k2K, 20), ] 06 o)

- /D K (2, 2) (i p(2)) §0(2) Pdu(2),

which shows that fis g € L3 (D, K(z,2)0(2)Pdv(z)).
(73) = (it7). Form Corollary 2.2, there exists a positive constant C' such that

Cliz,5(20) = C/ ko (2)Pdpa p(2) = C |z (2)Pdpia,p(2)
D B(zo0,7)
1 / .
> d z) = [} 5(20).
U/@(B(ZO,T)) Blao.r) MZﬁ( ) #2,,3( 0)

2
2

/ (35,5(2) B K (2, 2)6(2)Pdv(z) < C / (o,p(2)) K (2, 2)8(2) du(z) < +oo.
D D

(74i) = (iv). Let {z;} be the sequence in Lemma 2.4. By Corollary 3.2, we
have

po,p(B(z,7)) ]2 C p2,p(B(z,1))] % Aoy
[ vs(B(z,7)) ] = %(B(r) /B@j,ﬂ [ 0s(B(z,1) } 0(2)"dv(2).

From Corollary 2.2, letting 2z = z, there exists a positive constant C' such that

By Lemma 2.4, there exists an m € N such that

i [’W(BW] <Cm /D [‘WWFK(z,Z>5(z)ﬂdv<z),

= L vs(B(z,7)) vs(B(2,7))
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that is,

Z gg m/ % K(z,2)8(2)Pdv(z).

J=1

(iv) = (). We use the complex interpolation method in [21] to prove this
statement. We want to show that T}, , € S» (A%(D,3)) and

(VS|

o0
p
Tl 5, (a2 )y = 0_21 (7h,5(25))
/ =
For p = 2, by Corollary 2.2, there exists a positive constant C' such that
T 51 a0 / (T o K (12), K(-,2)) ,0(2) P do(2)

/K 2,2) Ty 5k >B 2)8dv(z / K(z,2)(fiz5(2))d(2)Pdv(z)

/Kzz/rk a5 ()= [ 1K w2 (w)5(2) o)

— [ [ 1K) Po o) = [ K, w)dap(w)
/KZZd,UQﬁ <Z/

ZJ,

Z],

K(z,2)|duag(2) <CZM2B
7=1

(2177"
P
for all z; € B(z,7) and j € N. For 1 < & < 400, since Z]oil (ﬂ;g(zj)) ? < 400,
we can assume that
p2.8(B(z5,7))
v3(B(z5,7))

for all j € N. By Corollary 2.2 and Lemma 2.4, we have

lu2,5.c|(D) < Z [”M(BW

<1,

LRe¢—-1
} s 5(B(z5,7))

vg(B(zj,7))

1 o
< Z [M2ﬁ (2, ))] n2,s(B(z,m) = va(B(25,7))

B(z,7)) =
COO K(z,2)8(2)Pdv(z) < Cm | K(z,2)6(z)dv(z 0.
;/B%,»( 3 dv(z) < Cm [ K(z6:) o) < +

IN

For every ¢ with 0 < Re( < 1, we consider the Toeplitz operator 7}, , . on
A%(D, 3) defined by

Tz s, f(2) /sz w)dpig, g c(w).
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By Lemma 3.3 and Lemma 3.4, we have
1Tz 5\l s, (42(D,8)) < HTum% Is,42(0,8)) < Ml Ty 4|5, (42(D,8))-

Thus, Ty, ; € S (A%(D, B)) is equivalent to Ty, o € Sg(AQ(D, B)). By complex

interpolation (see [21]), we have

1—2 2
P

1Ty, , » ”Sg(AQ(D,,B)) <M, "M,
8.2
where

My = Sup{”TM2,6,<j|| : Re¢ =0} and M; = sup {||TM2’B,CHS1 :Re¢ =1}.
Now, we show that My and M7 are bounded. For Re( = 0,

m 2,
\12,6.¢c|(B(zk, 7 <Z[ 24(B Zj ;)] / XB(z;,r)(2)dp2,6(2)
iy T B(zg,r)
)
)

:Z[MQ,B i
= Zja r)

Since B(zy,7) N B(zj,7) # 0, by Lemma 2.4, for any fixed positive integer k,
there exists IV < N such that

] po.g(B(zk, ) N B(zj,7)).

(2]
Bz, <Z[“” ] 2,5(B(zk,7) N B(z,,7))

B(zj;,r))
ny
‘[ s(Bz.1) o
<3 [ >>] el
Ng

: : 2.77,’

Since B(zj;,r) N B(zk,7) # 0, by Corollary 2.1 there exists a positive constant
C such that

vg(B(zj;,7)) < Cug(B(z,1))-
Thus, for all £ € N, we have
|12,6,¢|(B(zk; 7)) < CNgvg(B(zg, 1)) < CNug(B(2,7))-

From Theorem 3.4 in [1], we know that |ug g ¢| is a Carleson measure of A%(D, 3).
By Corollary and Theorem 7 in [21], there exists a positive constant C' such that

/ £ Pzl (2) < C / F26()Pdu(2),
D D
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for all f in A?(D, ). Therefore,

(T alsl =| [ 55l

N|=

which implies that [Ty, , .|| < C, for all ¢ with Re¢ = 0, that is, My is bounded.
For Re( = 1, by Corollary 2.2, there exists a positive constant C' such that

=\ [p2,s(Blz,m) ]2
Amwwmwwﬁ;[wméw] LwﬁmﬂMM@

<CZ|:'U'25 z]? 2

)r_l p2,8(B(z),7))
B(zj,r)

vp(B(2,7))
) P
w2 ,3 25, T
s el
Z Z]a r)
For any orthonormal bases {f;} and {g;} of A?(D, ) and Re¢ = 1, we have

A TONHE M</Zm1mnmwm>

7j=1
</ Zﬁw1{2w@1dmm®
D=1 j=1
=/memmw
C H25 Zjv )):|
< Z|: Z]? ))
Therefore, for all Re( = 1, we have

= [p2,5(B(z,7))] 2
2 b
”Tp,zBCHSl A2(D,B)) < Z |: Z]J )) :| ’

\_/\_/ \_/\_/

that is,

INA
Q
(]2
| —

=
[\
2 =
=iy
2=
=
Il
Q
NE
—
=
[\
)
QN
oot
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Hence,
2
o0 P
P
1 To 5, 42(0,09) < Mo P <o > (5(29))
7j=1
This completes the proof. O
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