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1. Introduction and preliminaries

Throughout this paper all rings with identity and all modules are unitary.
Refai and Al-Zoubi in [23] introduced the concept of graded primary ideal.
The concept of graded 2-absorbing ideal was introduced and studied by Al-
Zoubi, Abu-Dawwas and Ceken in [5]. The concept of graded prime submodule
was introduced and studied by many authors, see for example [2, 3, 12, 13,
15, 22]. The concept of graded classical prime submodules as a generalization
of graded prime submodules was introduced in [17] and studied in [11]. The
concept of graded weakly classical prime submodules, generalizations of graded
classical prime submodules, was introduced by Abu-Dawwas and Al-Zoubi in [1].
The concept of graded 2-absorbing submodule, generalizations of graded prime
submodule, was introduced by Al-Zoubi and Abu-Dawwas in [4] and studied in
[8, 9]. Then, many generalizations of graded 2-absorbing submodules were stud-
ied such as graded 2-absorbing primary (see [16]), graded weakly 2-absorbing
primary (see [7]) and graded 2-absorbing I.-prime submodules (see [14]).

*. Corresponding author
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Recently, Al-Zoubi and Al-Azaizeh, in [6] introduced the concept of graded
classical 2-absorbing submodules over a graded commutative ring as a new gen-
eralization of graded 2-absorbing submodules.

Here, we introduce the concept of graded weakly classical 2-absorbing sub-
module as a new generalization of graded classical 2-absorbing submodule on
the one hand and a generalization of a graded weakly classical prime submodule
on other hand.

First, we recall some basic properties of graded rings and modules which
will be used in the sequel. We refer to [18, 19, 20, 21] for these basic properties
and more information on graded rings and modules. Let G be a group with
identity element e. A ring R is called a graded ring (or G-graded ring) if there
exist additive subgroups Ry of R indexed by the elements h € G such that
R = ®yeqgRy and RyR;, C Ry, for all g,h € G. The non-zero elements of R,
are said to be homogeneous of degree g and all the homogeneous elements are
denoted by h(R), i.e. h(R) = UpegRp. If r € R, then r can be written uniquely
as . 9eG g5 where r, is called a homogeneous component of r in R,. Moreover,
R, is a subring of R and 1 € R, (see [21]). Let R = @4ca Ry be a G-graded ring.
An ideal I of R is said to be a graded ideal if I = ), (I N Ry) := > pcqln
(see [21]). Let R = @g4ecqRy be a G-graded ring. A left R-module M is said
to be a graded R-module (or G-graded R-module) if there exists a family of
additive subgroups {M,}seq of M such that M = @geaM, and RgM), C Mgy,
for all g, h € G. Similarly, if an element of M belongs to Ugea M}, = h(M), then
it is called a homogeneous. Note that M, is an R.-module for every g € G. Let
R = ®gecq Ry be a G-graded ring. A submodule IV of M is said to be a graded
submodule of M if N = @geq(N N My) := GgeaNy. In this case, Ny is called
the g-component of N. Moreover, M /N becomes a G-graded R-module with
g-component (M/N)g := (My+ N)/N for g € G.

2. Graded weakly classical 2-absorbing submodules

Definition 2.1. Let R be a G-graded ring, M a graded R-module, N a proper
graded submodule of M and g € G.

(i) We say that Ny is a weakly classical g-2-absorbing submodule of the R.-
module M, if N, # Mgy; and whenever re,sc,t. € R. and my € M,
with 0 # 7esctemg € Ny, then either resemy € Ny or retemy € Ny or
Setemg € Ny.

(ii) We say that N is a graded weakly classical 2-absorbing submodule of M
if rp,, 54,3 € R(R) and my € h(M) with 0 # rsq,tgmy € N, then either
rpsamy € N or rptgmy € N or sqatgmy € N.

Clearly, every graded classical 2-absorbing submodule is a graded weakly
classical 2-absorbing. However, since {0} is always a graded weakly classical
2-absorbing submodule (by defintion), a graded weakly classical 2-absorbing
submodule need not be a graded classical 2-absorbing submodule.
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Theorem 2.2. Let R be a G-graded ring, M o graded R-module and N a graded
submodule of M. If N is a graded weakly classical 2-absorbing submodule of M,
then for each g € G with Ny # Mgy, Ny is a weakly classical g-2-absorbing
submodule of the R.-module M.

Proof. Suppose that N is a graded weakly classical 2-absorbing submodule of
M and g € G with Ny # M,. Now, assume that 0 # r.s.temy € N, where
Te,Se,te € Re and my € M,. Then, 0 # resctemy € N. Since N is a graded
weakly classical 2-absorbing submodule of M, either r.s.mgy € N or retemyg € N
or s¢temg € N. But Ny = N N My, so we get that either r.s,my € Ny or
retemg € Ny or sctemy € Ny Hence, Ny is a weakly classical g-2-absorbing
submodule of the R.-module M,. ]

Let R be a G-graded ring, M a graded R-module and N a graded submodule
of M. A proper submodule N, of the R.-module M, is said to be a classical g-2-
absorbing submodule if whenever r., s¢,t. € R, and my € M, with res.temy €
Ny, then either resemg € Ny or retemg € Ny or sctemg € Ny (see [6]).

Theorem 2.3. Let R be a G-graded ring, M a graded R-module, N a graded
submodule of M and g € G. If Ny is a weakly classical g-2-absorbing submodule

of the Re-module Mg, then either Ny is a classical g-2-absorbing submodule of
the Re-module My or (Ng :p, My)3Ny = 0.

Proof. Suppose that (Ny :g, Mg)3Ng # 0. Let re, se, te € Re and mgy € M, such
that resetemy € Ny. If 7esctemy # 0, then we get the result as IV, is a weakly
classical g-2-absorbing of M,. So, we assume r.s.temy = 0. Now, if 7.5.t. Ny # 0,
then there exists n1, € Ny such that reseteni, # 0,50 0 # resete(mg+n1,) € Ny
which yields either rese(mg +n1,) € Ny or rete(mg +n1,) € Ny or scte(my +
nlg) € Ny and then either resemg € Ny or retemg € Ny or setemg € Ng. So, we
can assume that r.s.t.N; = 0. Now, if rese(Ng ‘R, Mg)mg = 0, then there exists
t1, € (Ng :r. M) such that reseti,mg # 0. Thus, 0 # rese(te +t1,)myg € Ny and
then either resemg € Ny or re(te +t1,)mg € Ny or se(te + t1,)mg € Ny which
follows either res.mgy € Ny or retemg € Ny or setemy € Ny. We can assume that
reSe(Ng :r, Mg)mg = 0, rete(Ng :r, Mg)mg = 0 and sct.(Ny :r, Mg)mg = 0.
Now, if re(Ny g, Mg)*m, # 0, then there exist so,t2, € (Ny :r, M) such
that resg, to,mg # 0. Thus, by our assumptions we get 0 # ro(se + S2.)(te +
ta,)mg € Ny which gives either r¢(se + s2,)mg € Ny or re(te + ta,)mg € Ny or
(e + s2.)(te + ta.)my € Ny, and then either resemy € Ny or retemyg € Ny or
Setemy € Ny. So, we assume that r.(N,y :g, My)?mg = 0, se(Ny g, Mg)*m, =
0 and t.(Ny :r, My)*mg = 0. Now, if rese(Ny :r, Mg)Ny # 0, then there
exist t3, € (Ny :g, My) and ny, € N, such that rescts,ng, # 0. Hence, by
our assumptions we get 0 # rese(te + t3,)(my + nz,) € N, and then either
TeSe(mg+ng,) € Ny or re(te+13,)(mg+na,) € Ny or se(te+ts,)(mg+na,) € Ny
which yields either resemy € Ny or retemg € Ny or setemg € Ng. We assume that
reSe(Ng :r, Mg)Ng = 0, rete(Ng :r, Mg)Ng = 0 and scte(Ng :r, My)Ny = 0.
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Now, if 7.(Ny :r, Mg)2N, # 0, then there exist s4,,ts, € (Ny :g. M,) and
n3, € Ny such that resy ta,n3, # 0. Thus, by assumptions, 0 # re(se + 54, ) (te +
ty,)(mg+mn3,) € Ny, then either re(se +54,)(mg+n3,) € Ng or re(te+ta,)(mg+
n3,) € Ny or (se + s4.)(te + ta.)(my +n3,) € Ny, and then either resemy € N,
or retemg € Ny or setemg € Ny. So, we can assume that re(Ng ‘R, Mg)2Ng =0,
5e(Ny :r, My)?>N, = 0 and t.(N, :r, My)?>N, = 0. Since (Ny :p, My)3N, # 0,
there exist r5,, s5,,t5, € (Ng :r. My) and ng, € Ny such that rs,ss,t5,n4, 7 0.
Hence, by our assumptions we get 0 # (re+7s5,)(5e+55, ) (te+t5,) (Mg +n4,) € Ny
which follows that either (re + 75,)(se + 85.)(mg +n4,) € Ny or (1 +75,.)(te +
ts.)(mg + na,) € Ny or (se + s5,.)(te + t5.)(mg + na,) € Ny, and then either
TeSeMg € Ng or retemyg € Ny or sctemy € Ny. Therefore, Ny is a classical
g-2-absorbing submodule of the R.-module M,. O

Let R be a G-graded ring and M a graded R-module. A proper graded
submodule N of M is said to be a graded weakly classical prime submodule if
whenever 74, s, € h(R) and my € h(M) such that 0 # rgspmy € N, then either
rgmy € N or spmy € N (see [1]).

It is easy to see that every graded weakly classical prime submodule is a
graded weakly classical 2-absorbing. The following example shows that the
converse is not true in general.

Example 2.4. Let G = Zs, then R = 7Z is a G-graded ring with Ry = Z and
Ry = {0}. Let M = Z be a graded R-module with My = Z and M; = {0}. Now,
consider the graded submodule N = 47 of M. Then, N is not a graded weakly
classical prime submodule of M since 0 # 2-2-3 € N but 2-3 € N. However, easy

computations show that IV is a graded weakly classical 2-absorbing submodule
of M.

Theorem 2.5. Let R be a G-graded ring, M a graded R-module and N and K
be two graded submodules of M with N & K. If N is a graded weakly classical

2-absorbing submodule of M, then N is a graded weakly classical 2-absorbing
submodule of K.

Proof. Let 7y, sp,tq € h(R) and my € K Nh(M) such that 0 # rgsptamy € N,
then either rys,my € N or rytomy € N or sptomy € N as N is a graded weakly
classical 2-absorbing submodule of M. So, we get the result. O

The following example shows that a graded submodule of a graded weakly
classical 2-absorbing submodule need not be a graded weakly classical 2-absorbing.

Example 2.6. Let G = Zs, then R = 7Z is a G-graded ring with Ry = Z and
Ry = {0}. Let M = Z be a graded R-module with My = Z and M; = {0}.
Now, consider the graded submodules N = 47 and K = 16Z C N of M. It is
easy to see that IV is a graded weakly classical 2-absorbing submodule of M but
K is not a graded weakly classical 2-absorbing since 0 # 2-2-2-2 € K and
2.2.2¢ K.
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Theorem 2.7. Let R be a G-graded ring, M a graded R-module and N and K
be two proper graded R-submodules of M such that K C N. Then, the following
statements hold:

(i) If N is a graded weakly classical 2-absorbing submodule of M, then N/K
is a graded weakly classical 2-absorbing submodule of M/ K.

(ii) If K is a graded weakly classical 2-absorbing submodule of M and N/K
is a graded weakly classical 2-absorbing submodule of M /K, then N is a
graded weakly classical 2-absorbing submodule of M.

Proof. (i) Let rg,sp,ta € h(R) and my + K € h(M/K) such that 0/ #
rgsptamy + K € N/K. Hence, Oy # 1¢Sptamy € N which implies that either
rgspmy € N or rgtamy € N or sptomy € N and then either rgsp,my+K € N/K
or rgtamy + K € N/K or sptomy + K € N/K. Therefore, N/K is a graded
weakly classical 2-absorbing submodule of M/K.

(i7) Let rg, sp,ta € h(R) and my € h(M) such that Opr # rgsptamy € N.
Now, if Ops # rgsptamy € K, then either ryspmy € K C N or rgtomy € K C N
or sptamy € K C N. Otherwise, we get Oy ¢ # Tgsptamy + K € N/K and
then either rgspmy + K € N/K or rgtaomy+ K € N/K or sptomy+ K € N/K.
Thus, either rysp,my € N or rgtamy € N or sptamy € N. Therefore, N is a
graded weakly classical 2-absorbing submodule of M. O

The following example shows that the intersection of two graded weakly clas-
sical 2-absorbing submodules need not be a graded weakly classical 2-absorbing
submodule.

Example 2.8. Let G = Zs. Then, R = Z is a G-graded ring with Ry = Z and
Ry = {0}. Let M = Z be a graded R-module with My = Z and M; = {0}. Now,
consider the graded submodules N = 4Z and K = 9Z of M. It is easy to see
that N and K are graded weakly classical 2-absorbing submodules of M. But
N N K = 36Z is not a graded weakly classical 2-absorbing submodule of M,
since 0 #£ 2-2-3-3 € 36Z and neither 2-2-3 € 36Z nor 2-3 -3 € 36Z.

Theorem 2.9. Let R be a G-graded ring, M a graded R-module and N and K
be two graded submodules of M. If N and K are graded weakly classical prime

submodules of M, then NN K is a graded weakly classical 2-absorbing submodule
of M.

Proof. Let ry, sp,to € h(R) and my € h(M) such that 0 # rgsptamy € NN K.
Hence, 0 # rgsptomy € N and 0 # rgsptamy € K. This yields that either
rgmy € N or symy € N or tomy € N and either rymy € K or spmy € K or
tamy € K as N and K are graded classical prime submodules of M. Assume,
without loss of generality, 7ymy € N and spmy € K. Thus, rgspmy € N N K.
Therefore, NN K is a graded weakly classical 2-absorbing submodule of M. [
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Let M and M’ be two graded R-modules. A homomorphism of graded R-
modules f : M — M’ is a homomorphism of R-modules which satisfies f(M,) C
My for every g € G (see [21]).

Theorem 2.10. Let R be a G-graded ring, M and M’ be two graded R-modules
and f: M — M’ be a graded homomorphism.

(i) If f is a graded epimorphism and N is a graded weakly classical 2-absorbing
submodule of M with ker(f) C N, then f(N) is a graded weakly classical
2-absorbing submodule of M’.

(ii) If f is a graded isomorphism and N' is a graded weakly classical 2-absorbing
submodule of M', then f~Y(N') is a graded weakly classical 2-absorbing
submodule of M.

Proof. (i) Clearly, f(NN) is a proper graded submodule of M’. Now, let rg, sp, ta
€ h(R) and m), € h(M’) such that 0 # rgsptam/, € f(N). Since f is a graded
epimorphism, there exists my € h(M) such that f(m,) = m). Hence, 0 #
rgSptam’ = f(rgsptamy) € f(N) and then there exists n € N N h(M) such
that f(rgsptamy) = f(n) which yields that rgsptamy —n € ker(f) € N, so 0 #
rgsptamy € N. Thus, as N is a graded weakly classical 2-absorbing submodule
of M we get either rgspmy € N or rgtomy € N or sptamy € N. So, either
rgspmy € f(N) or rgtom’ € f(N) or sptaem) € f(N). Therefore, f(N) is a
graded weakly classical 2-absorbing submodule of M’.

(ii) Tt is easy to see that f~!(N’) is a proper graded submodule of M. Now,
let 74, 8p,ta € h(R) and my € h(M) such that 0 # rgsptamy € f~H(N'). Thus,
0 # rgsptaf(my) € N’ and then either r¢spf(my) € N’ or rgtof(my) € N’
or sptef(my) € N’ as N’ is a graded weakly classical 2-absorbing submodule
of M'. Hence, either rgspmy € f71(N') or rgtamy € f7HN') or sptamy €
f~Y(N"). Therefore, f~1(N’) is a graded weakly classical 2-absorbing submodule
of M. O

Recall from [4] that a proper graded submodule N of a graded R-module M
is said to be a graded weakly 2-absorbing submodule of M if whenever rg, s;, €
h(R) and my € h(M) with 0 # rgspmy € N, then either rgsp, € (N :gp M) or
rgmy € N or spmy € N.

Theorem 2.11. Let R be a G-graded ring, M a graded gr-cyclic R-module and
N a proper graded submodule of M. If N is a graded weakly classical 2-absorbing
submodule of M, then N is a graded weakly 2-absorbing submodule of M.

Proof. Since M is a gr-cyclic, there exists my, € h(M) such that M = Rm,,.
Now, let g4, s, € h(R) and my, € h(M) with 0 # rgspmy, € N. Hence, there
exists t, € h(R) such that 0 # rgspmy, = r¢sptamy, € N. This yields that
either rgmy, = r4tamy, € N or spmy, = sptamy, € N or rgsp, € (N g
my,) = (N :g M) as N is a graded weakly classical 2-absorbing submodule of
M. Therefore, N is a graded weakly 2-absorbing submodule of M. O
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Recall from [5] that a proper graded ideal I of R is said to be a graded
weakly 2-absorbing ideal of R if whenever rg, sp,tq € h(R) with 0 # rgspt, € 1,
then rys, € I or 14ty € I or spt, € 1.

Theorem 2.12. Let R be a G-graded ring, M a graded R-module and N a
proper graded submodule of M .

(i) If N is a graded weakly classical 2-absorbing submodule of M and my €
h(M)\N with Anngr(my) = {0}, then (N :r my) is a graded weakly 2-
absorbing ideal of R.

(ii) If (N :g my) is a graded weakly 2-absorbing ideal of R for each my €
h(M)\N, then N is a graded weakly classical 2-absorbing submodule of M.

Proof. (i) Let my € h(M)\N, so (N :g m)) is a proper graded ideal of R. Now,
let 74, sn,ta € h(R) with 0 # rgspte € (N :g my). Since Anng(my) = {0},
0 # rgsptamy € N. Hence, we get either ryspmy € N or rgtamy € N or
sptamy € N as N is a graded weakly classical 2-absorbing submodule of M. This
yields that either rgs, € (N :gp my) or 74ty € (N :g my) or spte € (N :gp my).
Therefore, (N :g m)) is a graded weakly 2-absorbing ideal of R.

(17) Let 7y, sp,ta € h(R) and my € h(M) such that 0 # rgsptomy € N. If
my € N, the we get the result. So, we assume my ¢ N, then (N :g my) is a
graded weakly 2-absorbing ideal of R. Hence, 0 # r4spty € (N :r my) which
yields that rgsp, € (N :g my) or rgtq € (N :g my) or spta € (N :g my) and then
either rgspmy € N or rgtomy € N or sptamy € N. Therefore, N is a graded
weakly classical 2-absorbing submodule of M. O

A graded zero-divisor on a graded R-module M is an element r € h(R) for
which there exists m € h(M) such that m # 0 but rm = 0. The set of all graded
zero-divisors on M is denoted by G-Zdvr(M).

The following result studies the behavior of graded weakly classical 2-absor-
bing submodules under localization.

Theorem 2.13. Let R be a G-graded ring, M a graded R-module, S C h(R) a
multiplication closed subset of R and N a graded submodule of M. Then, the
following statements hold.

(i) If N is a graded weakly classical 2-absorbing submodule of M and (N :p
M)NS =0, then ST'N is a graded weakly classical 2-absorbing submodule
of STIM.

(ii) If ST'N is a graded weakly classical 2-absorbing submodule of S™*M such
that SN G-Zdvg(N) =0 and SNG-Zdvg(M/N) = 0, then N is a graded

weakly classical 2-absorbing submodule of M.

Proof. (i) Suppose that N is a graded weakly classical 2-absorbing submod-
ule of M. Since (N :p M)N S = 0, STIN is a proper graded submodule of
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S~IM. Now, let =2, %t o ¢ p(S=I1R) and e h(S~'M) such that Og-1,; #

s17 827 83
’f‘igsihtiam . rgshtamA —1 .
T = e € ST'N. Hence, there exists s5 te S such that s5rgsptamy
_ Tg Sp to M __ S5TgSplaMm) __
€ N. If ssrgsptamy = Opr, then igig = m = 0g-1s, a contra-

diction. So, Oar # s5rgsptamy € N. This yields that either ssryspmy € N or
ssrgtamy € N or sssptamy € N. Thus, either %%T—: = 2557";’575’;2? € S7IN or

Tg ta __ S5Tglam -1 ta _ to -1 -1
ig% - 85551835: € STN or %g% - 8558511283?4)\ € 57 N. Therefore, 57N
is a graded weakly classical 2-absorbing submodule of S~1M.

(17) Let 7y, Sp,ta € h(R) and my € h(M) such that Oy # rgsptamy € N.
Hence, “2%ta™r ¢ G-IN If Zeshla™A — (g, ), then there exists s € S with
srgsptamy = Opr, but S N G-Zdvg(N) = 0, a contradiction. So, 0g-1;; #

Toshlaa ¢ G-IN. Thus, either 2™ € S7IN or Ztha™r ¢ S7IN or
Shtar e §7IN as STIN is a graded weakly classical 2-absorbing submod-

ule of S~1M. If TT"ST’I% € STIN, then there exists s € S with srgspmy € N
and this follows that rgspmy € N since S N G-Zdvr(M/N) = (). Similarly, if
either "fa™r ¢ §7IN or Shta®r € §-IN then rytamy € N or sptamy € N.
Therefore, N is a graded weakly classical 2-absorbing submodule of M. O

Theorem 2.14. Let R be a G-graded ring, M1 and Ms be two graded R-modules
and N1 and No be two proper graded submodules of My and My, respectively.
Let M = My x Msy. Then, the following statements hold.

(i) N1 is a graded weakly classical 2-absorbing submodule of My and for each
g, Shsta € R(R) and my, € h(My) with rgsptami, = 0, rgspmi, € Ni,
rotami, & N1 and sptomi, & Ni, implies r¢spto € Anng(Ma,) if and
only if N1 X My is a graded weakly classical 2-absorbing submodule of M.

(ii) Na is a graded weakly classical 2-absorbing submodule of Ma and for each
Tg, Shsta € h(R) and mao, € h(Ms) with r¢sptama, = 0,7¢5pma, & Na,
rotama, & No and sptoma, & No, implies rgspto € Anng(My,) if and
only if My x Ny is a graded weakly classical 2-absorbing submodule of M.

Proof. (i) Suppose that Ny x M, is a graded weakly classical 2-absorbing sub-
module of M. Let rg, sp,to € h(R) and my, € h(M;) such that 0 # rgsptami, €
Ni. Hence, (0,0) # rgspta(ma,,0) € Ny x My and then either rgsp(mi,,0) €
N1 x My or rgto(ma,,0) € Ny x My or spte(mi,,0) € N1 x Ms, and so either
rgspmi, € Ny or rgtami, € Ny or sptomi, € Ni. Thus, Ny is a graded weakly
classical 2-absorbing submodule of M;. Now, let rg4, sy, tq € h(R) and mq, €
h(Mjy) such that rgsptami, = 0 and neither rgspmq, € Ny nor rgtami, € Ninor
sptami, € Ni. And assume r¢spta € Anng(Ma, ), then there exists ma, € Moy,
such that rgsptama, # 0. Thus, (0,0) # rgspta(mi,,ma,) € Ny x My, which
yields either 74s5(mi,,ma2,) € Ni x My or rgta(my,,ma,) € Ny x My or
spta(mi,,ma,) € N1 x My and then either rys,mi, € Ny or rgtami, € Ny or
sptami, € Ni, a contradiction. Therefore, rgspto € Anng(Ma, ). Conversely, let
Tg, Shyta € H(R) and (m1,,msa,) € h(M) such that (0,0) # rgspta(mi,, ma,) €
N1 x M. If 0 # rgsptami, € Ny, then either ryspmy, € Ny or rgtami, € Ny
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or sptomi, € Np as Ny is a graded weakly classical 2-absorbing submodule
of M, so either rysy,(m1,,ma,) € N1 X My or ryto(my,, ma,) € N1 x My or
spta(ma,,ma,) € N1 x My. Now, if rgsptami, =0, then rgsptama, # 0 and so
rgShta & Anng(Ma, ). Thus, either rgspmi, € Ny orrgtamy, € Nyjor sptomi, €
Ni and then either rgsp(mi,,ma,) € N1 X My or rgto(mi,,ma,) € N1 x My
or spta(mi,, ma,) € N1 x Ms. Therefore, N1 x M, is a graded weakly classical
2-absorbing submodule of M.

(#7) The proof is similar to that in part (7). O

Theorem 2.15. Let R be a G-graded ring, M a graded R-module and N a
proper graded submodule of M. If N is a graded weakly classical 2-absorbing
submodule of M, then for each rg, Sp,toa € h(R) and my € h(M), then (N :g
'rgshtam)\) = (0 ‘R rgshtam,\)U(N ‘R rgshm,\)U(N ‘R Tgtam)\)UUV ‘R Shtam)\).

Proof. Let 7y, sp,ta € h(R) and my € h(M). It is easy to see that (0 :p
TgShtamA)U(N g rgspma)U(N g rgtama)U(N g sptamy) C (N g rgsptamy).
Now, let lg € (N :g r¢Sptamy) Nh(R), then lgrysptamy € N. If lgrgsptamy = 0,
then lg € (0 :g rgsntamy). If 0 # lgrgsptamy € N, then either lgryspmy € N or
lgrgtamy € N or lgsptamy € N. Thus, either Ig € (N :g rgshmA) orlg € (N :p
rgtamy) or lg € (N :g sptamy). Hence, we get the result. O

Theorem 2.16. Let R; be a G-graded ring and M; a graded R;-module, for
1=1,2. Let R= Ry X Ry, M = My x My and g € G with M, # 0. Suppose
that N = N1 X M is a proper graded submodule of M. Then, the following
statements are equivalent:

(i) N1, is a classical g-2-absorbing submodule of an Ry, -module My,.
(ii) Ny is a classical g-2-absorbing submodule of an R.-module M.
(iii) Ny is a weakly classical g-2-absorbing submodule of an R.-module M.

Proof. (i) = (i) Let (r1.,72.), (51,5 82.), (t1.,t2.) € Re and (my,,ma,) € M,
such that (rq,,72,)(51., 52, ) (t1., t2.)(m1,, ma,) € Ng. Then, 1, 51, t1,m1, € Ny,
so we get either r1.81,m1, € ng or ri ti,mi, € ngor s1.t1,m1, € ng as ng
is a classical g-2-absorbing submodule of M, .

Hence, either (r1,,72,)(s1., s2.)(m1,,m2,)ENg or (r1,,72,)(t1,, t2,) (M1, M2,)
€ Ny or (s1,,52,)(t1,,t2.)(m1,,m2,) € Ny. Therefore, Ny is a classical g-2-
absorbing submodule of M.

(79) = (i41) It is easy to see that every classical g-2-absorbing submodule is
a weakly classical g-2-absorbing.

(ii1) = (i) Let r1,,s1,,t1, € R1, and my, € My, such that ry, s1,t1,m1, €
ng. Hence, for any 0§£m296M29, we get 075(7“15, 126)(816, 126)(t167 126)(77119, mgg)
€ Ny. So, either (r1,, 12,)(s1,, 12, ) (m1,, ma, )ENy or (r1,, 12, )(t1,, 12, ) (m1,, m2,)
S Ng or (316,126)(t16,126)(m19,m29) S Ng. Then, either r1,81,m1, € ng or
ri.ti,mi, € ng or s1,t1,m1, € ng. Therefore, ng is a classical g-2-absorbing
submodule of an R; -module Mj,. O]
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Theorem 2.17. Let R; be a G-graded ring, M; a graded R;-module and N; a
proper graded submodule of M;, for i =1,2. Let R = Ry X Ry, M = M; x My,
N = N1 x Ny and g € G. If Ny is a weakly classical g-2-absorbing submodule
of an Re-module My and Na, # My, then N, is a weakly classical g-prime
submodule of an Ry, -module M, .

Proof. Let ri,,s1, € Ry, and my, € My, such that 0 #* r1.81.m1, € Ni,. Since
Ny, # Ms,, there exists ma, € M, \Na,. Hence,

(01g702g) # (rle’ 12E)<sle7 12e)(1le7 026)(m1g? m2g) = (rleslem1g702g) S Ng

This implies that either (r1,, 12,)(11,,02,)(m1,,m2,) € Ny or
(Sle’ 126)(1167 026)(m1g7m2g) € Ng

as Ny is a weakly classical g-2-absorbing submodule of M, and mgy, & Na,.
Thus, either r1,mi, € ng or s1,my, € ng. Therefore, ng is a weakly classical
g-prime submodule of an R;_-module Mj,. O
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