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Abstract. In this paper, we present a new modification of the discontinuous Galerkin
Finite element method (DGFEM). The proposed modification is considered when the
symmetric interior penalty Galerkin scheme involves only space variables by using the
Petrov discontinuous Galerkin Finite element method (PDGFEM), while the time in
the linear diffusion-convection problem remains continuous. We prove the properties
of the bi-linear form (V-elliptic, continuity and stability), and we show that the error
estimate is of second order with respect to the space. We also present some numerical
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experiments to validate the proposed method, and we simulate these peppermints to
illustrate the theoretical results.

Keywords: linear diffusion-convection, Petrov-discontinuous, Galerkin finite element
method, error estimate.

1. Introduction

We consider the problem mentioned in [1, 2, 3] of the diffusion-convection, U €
Qr — R, suth that Q7 = Q x (0,7):

) U —MU+b-VU=f in Qr,
) U=UP on 00F x(0,7),

) /\Z—Z:UN on 9N x (0,7),
)

U(x,0)=U%zx), Ve,

where 0 C R? denotes a polygonal domain and T > 0.
Assume that 09 = 9QF U 9N

b-n
(1.5) b-n

on 0P,

0
0 on 0OV, ; Vtel0,T].

IV IA

Here n is the unit outer normal to the boundary 0f2 of ), the inflow boundary
is 0P, and the outflow boundary is QY.

Assumptions:

) U, € LQ(QT) U, Ul e Lz(Q),

b)f € C([0,T]: LA()),

c) UP is the trace of some U € C([0,T]; H'(Q)) N L>®(Qr) on QP x (0,T),

d) UN € ¢([0, T); L2(0QY)),

e) |K| = 1s the area of K € Ty,

f) o= E\ﬂo’ Bo>(d—1)"1 0% >0.

This problem consists mainly of two components: the terms of diffusion
with the coefficient of diffusion and the terms of convection with the field of
convection velocity. When using the Galerkin Finite Element Method (GFEM)
to solve one-sided turbulent convection problems, the approximate solutions
show pseudo-oscillation, i.e. Vh > 0, ﬁ << 1, this condition can occur as any
combination of weak diffusion (small), strong convection (large), alternatively,
as a result of a large domain, the last case accurate frequently in geophysical
applications. Several approaches have been intensively researched to eliminate
such a downside adding stabilization terms to the problem’s formulation is a
common concept. This is done predominantly by stabilized processes such as
upwinding methods [4, 5], Petrov-Galerkin approach [6, 7], nonlinear diffusivity
method [8, 9, 10], Weak Galerkin method [11, 12] and oscillation theory [13, 14,
15].



46 MOHAMMED WALEED ABDULRIDHA, HASHIM A. KASHKOOL anp ALT HASAN ALI

Researchers devised a new approach to address these problems in the 1970s
called the Discontinues Galerkin finite element method (DGFEM). Without hav-
ing any consistency criteria, the DGFEM approach approximates the approxi-
mate limits of the ideal grid solution on finite elements. The DGFEM utilizes
the same function space as the finite volume method (FVM) and continuous
finite element method (FEM), but also with relaxed continuity at inter-element
borders, and may be thought of as a hybrid of the two. The convection compo-
nent dominates over diffusion when A < h, where h is mesh size, and the usual
Galerkin finite element technique generates an oscillating solution that is not
near to the exact solution ([16]). The PDGFEM is an improvement and prov-
ident of DGFEM.In DGFEM, the shape function and trail function are in the
same field, but in PDGFEM, the test function space differs from the trial func-
tion space. In this paper, we shall show and analyze the PDGFEM in the case
of the SIPG for the linear diffusion-convection problem.V —elliptic,continuity,
stability, and convergence were demonstrated in thesemi-discrete PDGFEM.
We found the L?—error and H'—error of PDGFEM and DGFEM for solving
a linear diffusion-convection problem to discuss the approximation between the
L?—error and the order of error. The following is how this paper is structured.
In the section 2, we have shown the discretization. The variation formulation
of PDGFEM and the semi-discrete PDGFEM are presented in the section 3.
In the section 4, we proved the properties of the bilinear form and stability.
The error estimate is presented in the section 5. In the section 6, we showed
numerical results to confirm the theoretical results. Finally, the conclusions are
shown in the section 6.

2. The discretization

Let Ty (h > 0) represent a limited number of closed triangles with mutually
disjoint interiors divided by € (the domain closure §2).A triangulation of (2 is
what we’ll call T;, . The conforming qualities of T} that are employed in the
FEM are denoted by Tj. That suggests that we recall what are known as
“hanging nodes”. Neighbors are two elements K%, K/ € T} that share a non-
empty open portion of their sides. If we provide OK' N dK? to has (d — 1) a
positive dimensional measure, suppose that £ € K is the edge of K if it is a
maximum connected open subset either of K N K2, where K! is a neighbor of
K?or a subset of K N 9Q.The term 9T}, refers to the system of all sides of all
elements K € Tj. In addition, all inner and border edges are specified in [17]

by

oTh = {ECQ,EcaT},

oTh {E C 0Q,E € 9T},},
rb {Ec ol Ecorh},
v = {EcoaV EcoTPy.
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Obviously 9T, = 0T U OTE for ¢ € HY(Q,Ty), T2 = TP UTY for each
E € 0Ty,

Fach edge E € K has elements on both sides, and they are called outside
and inside elements, respectively, with arbitrary constants. The assessment of
a function v in the inside of F is defined as Vx € E;v™ () = v(Z)|inside Where
v~ (z) = lime_o(z — €);¢ > 0, and the external or the outside elements are
defined as Vo € E;vT () = v(2)|outside Where v (x) = lim.__o(x + €);€ > 0.

On the side F, the function v is discontinuous. The discontinuity size must be
quantified. Let us define [v](x) = — (v~ (x) — v (z)) as the function v jumping
on the side F for each x € E. On the discontinuity side F, a function v is
undefined, and the average v is used to close this gap in the definition. For each

x € E, let it be v(z) = Wif(w)), defined as the average of function v on
side E.

2.1 Broken Sobolev spaces

Discontinuous approximations are used in the DGFEM. This is why, for each
reN, the so-called broken Sobolev space is defined over triangulation T}:

H™(Q,Ty) = {VK € Tp;v € L*(Q);v|x € H(K)}.
The norm of v € H"(Q2, T},) is defined

Uz (,1,) = ( Z HUH%{T(Q))UQa
KeTy

and semi-norm |U|gro1,) = ke, ]U\%T(Q))l/? Assume that (>0 is a posi-
tive integer. Piecewise polynomial functions with discontinuous coefficients have
a space represented by

Sn = {VK € Tn;v € L*(Q); 0|k € P(K)},
where P, (K) represents the space occupied by all degree < polynomials on K.
The number! represents the degree of polynomial approximation ([18]). Obvi-
ously, S,CH" (Q,Th) .
Let 9 be trial space and () be a test space
9 = H"(2,Th),
0 = {w:w=v+db-Vuv;v € I},
and dim ¢ = dim 0.
We defined PDGFE space
U = Sh,
0, = {w:w=v+3b-Vu;v € I},

where ¢ denotes a constant stability parameter in Q. It can be selected as [19],

s Jnh i A<h
1o, if A>h 4’
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3. The variation formulation of PDGFEM

By multiplying equation (1.1) by the test function w, we can get U € 9 in the
SIPG form of the PDGFEM approximation:

Uow)+ 3 AU V) — 3 /({)\VU-n}[w]—E[U]{)\Vw~n})d5

KeTy, E€dTy,
s /({|b-n\U}[w])ds—|—a 3 /[U][w]ds— S (b VU w)k
EedTy, EedT, KETy,
= (f,w)+ Z /UNwds+ Z /)\Vw-nUDdS—Z /|b‘n]UDwds
Eer¥N EerD EerD
UZ/UDwds; Yw € ().
Eerb

Since ¢ = —1(SIPG) ([1]) and w = v + db - Vv then
(U0 +6b- Vo) + > MVU,V(v+6b- Vo))

KeTy,
-y /({WU -n}v + &b - Vo)
EeoTy,
(3.1) + > [{lb-n|Uv +6b- Vo])ds + [U{AV (v + 6b - Vo) - n})ds
EedTy,
— > (VU v+6b-Vo)x+0 > /[U][v+6b-Vv]ds
KeTy, EedTy,
= (f,u+6b-Vo)+ > /UN(U—i—éb-Vv)ds
EerN

+ ) /)\V(v+6b~Vv)-nUDds— > /\b-n|UD(v+5b-vu)ds

EerP EerP
—UZ/UD(v—i—(Sb-Vv)ds, Yu € 9.
Eerp

The variation formulation of PDGFEM is find U € ¥ >
(Ug,v) 4+ (U, 0b - V) + app(U,v) = (f,db- Vv) + (f,v)

- Z /|b-n|UD(v+5b-Vv)ds

Eerb
(3.2) + Z /UN(U+5b~VU)ds—a Z /UD(U+5b-VU)ds
EerN Eerp

+ Z /AV(U—}—(Sb-Vv)-nUD, Yv € 9,
Eerb
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where

arp(U0) = 3 AV Vo) - 3 / (U1 - 0} + VT - n}[o])ds

KeTy, EcoTy,
— Y b VU Vo) + Y /({|b~nU}[v])ds
KeTy, EcoTy,
(3.3) +o Y [ [Uwds.
EcoTy,

3.1 The semi-discrete PDGFEM

The semi-discrete solution: find Uy, € ¥y, Vv € 9y, such that:
(Unt,v) +app (Un,v) + (Upyg, 0b - Vv) = (f,v) + (f,0b- Vv)
+ > /UN(U+5b~Vv)ds+ > /)\V(v+5b-Vv)-nUD

EerN Eerb

(3.4) - ) /\b.n|UD(v +06b-Vo)ds —o /UD(U +6b - Vv)ds,
EGFD Eel"D

where

app(Unv) = S AVUL Vo) — 3 / (AVUp - n}[o] + [Un] AV - n})ds

KeTy Ee€oTy,
+ 3 [ niviehds = Y (b VU v+3b- Vo)
EedT, KeTy,
(3.5) +o Z /[Uh][v]ds.
E€oT,,

4. The properties of app(U,v)aPD and stability

In this section, we prove some impotent lemmas for the bilinear form (V —elliptic,
continuous) and stability.

Lemma 4.1 (V—elliptic). Assume the penalty o is large enough, and there is
a positive constant o independent of h, By > (d — 1)71 such that

(4.1) app(U,U) > « HUH?{l(Th)’

where

2

=

2

A%VU‘

;(K) + ( Z /01({)\VU-n})2ds)

Wlmey=| > |
KeTy, EeoTy,
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+ Z U2 + 10N 1, + Z 16~ VU[72(
EeoTy, KeTy,

(g foera)

Proof. In the equation (3.3), put v = U

1
2\ 2

app(U,U) = > ANVUVU)g— > /{WU n}[U

KeTy, EeoTy,

4 Z/ (b - n|UMU))ds + [U){AVU - n})ds

Ee€0Ty,
(4.2) + 0% / Ulds— 3 (b VU,U +6b-VU)x +
EeoTy, KeTy,
From [1]
1\ 2
2
Itiv 2 B o1
app(UU) = 3 ‘ AV ‘LW S ({IAVU - n))2d
KeTy, EeoTy,
2
+B +QHUH12L11(T;L) + 0 Gel|U 3 o,
EeaT
6 2
+3 > alluli & T 55 HU||H1 1+ D OB VU2
Ee€aT, KEeTy,
1\ 2
9 2
apD(U, U) > g Z ’)\%VU‘ 12K + Z / -1 {)\VU n})
KeT), (K) E€Ty,
+ Y ollUNZe e + UG,y + Y 16 VU2
E€oT, KeTy,
1\ 2
2
X [otwras T ol Uy + O CellU s,
Ee€0Ty,

where g = mln(g “5—2, 1, %,5) ,

app(U,U) > 9||U||§{1‘(Th) + Q||U|@{1‘(Th)
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then
2
app(U,U) > a HUHHl(Th)a
where g < (Q + azGt) , and a < (g+q). O

Lemma 4.2 (countinuity). If U is the solution of equation (3.2), and v € ¥ is
the test function, then app(U,v) is continuous if k is nonnegative,such that:

lapp(U,v)| < /‘CHUHHl(Th) |UHH1(Th) ) VUwve 9.

Proof. From the equation(3.3) we have

arpU0) =0 3 /[U][v]ds— 3 /({AVU%}[U]+[U]{/\Vv-n})ds

EeoTy, EeoTy,
— Y b VU b Vo) + Y /({]b~n|U}[v])ds
KeTy, EecdTy,
+ ) AU, Vo)k |,
KeTy

appUv)] <o 3 /|[U}[v]|ds— 3 /|[U}{)\Vv-n}—i—{)\VU-n}[deS

EeoTy, EeoTy,

+ 3 [l nlUYeDids = 3 [(b- VU0 +8b: Vo)

Ee€oTy, KeTy,
6
(4.3) + ) IMVU, V)| =D B
KeTy, =1

From [1], we get

(U, )| < s/l crp 101l () + 200G 2 (o 0] 1 ()
(4.4) + oGHU gm0l (ry) + o GU g2 er 1ol 22Ty -

To estimate Bg

Bs= > (b-VU6b-Vo)k < > [6].[b- VU120 |b - Vol 12(x)

KeTy, KeTy,
< 10l 07| 1 VUL L2y V0 220y = A D U ey 0l
KeTy, KeTy

(4.5) =AUl gr oy loll ey

where A=[d|, [b?|,.. -
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Substituting (4.4) and (4.5) in(4.3) we get,

lapp (U, v)|| < MU grerp vl zrer,) + 1aU,0)] = <[[Ullgrer) vl ey,
+ 2 MG U (o 102 () + o GENU 12 oy 0] 1y
+ > GHU 2 10l z2(ryy + AU g erp) 10 ey
= (¢ +2[MoG} + oG} + 0°GF + MU g or ) ol )

(4.6) < AUl llollmr ),

where £ > (¢ + 2|\ 0G2+0G? + 02G + A). O

Lemma 4.3 (stability). There are a set of variables £, A, w > 0 that are
independent of h  and are as follows:

1010 + T 101220 7:s3(0) + € W00y < @ (1 1320.22220m0)

+ || IBs@y) += X (108202 + 10BN 22022 00y)
EeoTy,

Proof. Let v = U} in equation (3.4), we obtain

(Unt; Up) + (Upt,0b - VUL) + app (Un, Up) = (f,Up) + (f,0b- VUy)

+ Z /UN(Uh—F(Sb‘VUh)dS-i- Z /)\V(Uh+(5bVUh)nUD
EelN EerD

@n =Y /|b-n\UD(Uh+5b'VUh)ds—a > /UD(Uh+5b-VUh)ds.
Eerb EerD

From Lemma (4.1), we have

|

HUhHi%Q) +a ”UhH?{l(Th)'

N | =
QU

(4.8) (Unt,Up) + app (Up, Up) > ;

By Young’s-inequality and Cauchy [18], we get

(Unt,0b-VU) < ||Upy
B
2

‘LQ(Q) 166 - vUhHLQ( Th)

1
< HUh,tH%ﬁ(Q) + %5 16 VUhH%%Th)

(4.9) <7 <HUhH%{1(Th) + HUh,tHiQ(Q)> :
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By the Young’s-inequality and using Cauchy inequality of equation (4.7), we
have

U0y + T (10 ey + 10 B ) + s,

<c (||f||L2<Th> 10l 2y ) + T (1122 cm,y + 101z, )

+20 3 (W0l i) + 107 ooy ) +2C 0 (1030 y + 107 [ Gagem )
EerD EerN

+20 3 (W0 a0y + 10 Gaemy ) +2C 32 (1000 gy + 10P ooy ) -
Ecrb Ecrpb

thHUhHm o) F L N0kl 720) H@=9O)UnllFaer,y < (CHD) I f 1720,

(4.10)  +2C Y BIUP 2oy + 1TV [720my)-
EecoTy,

By integrating the equation (4.10) both sides from 0 to t, we get,

2
(Tw)

(/ I ey + 3 / 17 o) -

where £ < (o« —9C) and A = (C' + T), we obtain

||Uh(7f)||%2 @]~ HUh(O)H%%Q +7

<A/ 11220, +2C S

EeoTy,

10RO Z2(y + TNt {30,120 + ]| U8
(4.11) < A fH%Q(O,T;LQ(Th)) + ”Uh(O)H%?(Q)

2 2
+2C0 Z (HUNHLQ(O,T;B(FN))+3HUDHL2(0,T;L2(FD))>’
EeoTy,

%2(07T§H1(Th))

102200 + T 1Unal B o.z2200) + € 101220 22y

(1.12) <w (||f|rL2(o,T;Lz<Th» + 1UA(0) 220
2 2
+w Z (HUNHL2(0,T;L2(FN)) + HUDHLZ(O,T;LQ(FD))> ,
EeoTy,
where w > 6C. ]

5. The error estimate

This section shows the semi-discrete PDGFEM error estimates in the SIPG case.
The L?-error will be used to estimate the U — Uy, error.
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Theorem 5.1. Let U represent the solution of equation (3.2), Up€ ¥, re-
present the approzimate solution of equation (8.4) and U € L*(H'(Q)),U; €
L? (0, T; H' (Q)) and o is large enough, then C is a constant such that:

s
U = Unll g2y < P2 |U |2 gy + \/gCh2 (HUt”L2(0,T;H1) + HUHL2(O,T;H1)) :

Proof. Let ITU be the interpolate of U, and e = U — U, = (U — 11U ) + (IIU —
Un) =06 —Z,So

(5.1) 1U = Unllr2) < 19l 20y + 1€l L2 (-
From [3]

(5.2) 181l z20) < ch®|Ull 2.

Now,

(U, w) + app (U,w) = (f,w) + Z /UNwd5+ Z /)\Vw-nUDds

EerN Eerp
(5.3) — Z /|b-n]UDwds—a Z /UDwds, Yw € 0,
Eerb Eerp

(Untyw) +app (Up,w) = (frw) + Y /UNwds+ > //\Vw-nUDds

EerN Eerp
(5.4) -y /\b.nyUDwds—a > /UDwds, Vw € 0.
Eerpb Eerb

Subtracting (5.3) from (5.4), we obtain,

(U = Un)y sw) + app(U = Up,w) = ((© = E),; ,w)

(5.5) +app(® —Z, w) =0, Yw € Op,.
Then
(5.6) (O, w) +app (©,w) = (B, w) +app (Z,w) .

Let w = =, we have,
(5.7) (@t, E) +app (@, E) = (Et, E) +app (E, E) .
From Lemma 4.1, we have,

1
2

|

- - = —i2 —2
(5.8) (Et, E) +app (5, E) 2 5= || Ellzz(q) + @ IEll72(r,)-

QU
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By Young inequality and Schwartz [18], we have,

- B
(5.9) (©, B) < 502h4 Us oy + H HL2 (Th)"

From Lemma 4.2, we obtain,

app(0,E) < kO] 21, I=llL2(T,)

,‘62

ﬁ -
§||@||L2 (Th) %HEHB( Ty)

L\J\Q

2
R =
(5.10) RO 2y + +5511= 2.

Substituting (5.8),(5.9) and (5.10) in (5.7), we have,

1d ﬁ 1
2dtH~HL2 +a|EZ2 (T) = 3 R U 22y + ﬁH:H%Q(Th)

LB K=
(5.11) 5 CPHIU N 2y + 555l

Then

1d —12 1 52 =112
S dt I :HL?(Q) +la— 28 23 ||:||L2(Th)
B
(5.12) < S (0 e+ 1 U e ) -

Then

1d B

(513) 5 | Sl + CulE e, < 5

where C; < (o — % - %)

5t (10 oy + 1 Ul )

95

We can get the following result by integrating two sides of the equation (5.13)

from 0 to t:

_ —0 |2 ﬁ
(5.14) [ E(¢) H%m) — | =° z20) < 2h4/0 (H Ut ||%2(H1)+ I U||%2(H1)) :

Since 20 = 0, then

— 5
(5.15) IO @ < SR (1002 mam + 101 o)) -

Then

- B
(5.16) I Ell L2 < \/;Ch2 (”Ut||L2(O,T;H1) + HUHL?(O,T;HI)) -



56 MOHAMMED WALEED ABDULRIDHA, HASHIM A. KASHKOOL aNDp ALI HASAN ALI
Substituting equations (5.2) and (5.16) in (5.1), we have,

B
(517) 0=Vl b0 oy Sk (10 o+ 10 )
Then

1U = Un N2y < Ch2 (10112 + (0l 2o, 7, 1 + 10|z mianncae)))
whereCzc—i-c\/g. O

6. Numerical results

In this section, we find the error U — U}, of L?—error and H'—error of the semi-
discrete PDGFEM and DGFEM in the SIPG case by using Matlab software.
The problem of diffusion-convection is as follows:

(6.1) Uy~ MU +b-VU = f, inQxJ.

A homogeneous Dirichlet border condition and a homogeneous beginning con-
dition were used.The analytical solution to this problem is:

U (z,y,t) = e 'sin (1) sin (7y) .

Suppose that Q= [0,1]x[0, 1], b=[0, 1], as the time interval J= (0,1), o= 2782,
and f it is calculated by inserting the real solution into the left side of the
equation (6.1). The square domain is evenly partitioned into N x N sub-squares
by Q= (0,1)x(0,1). For triangular meshes, set h = 1/N(N = 4,8,16,32,64)
as the mesh size. The numerical error outcomes and degree of convergence for
DGFEM when § = 0 in Table 1 and convergence rate in Figure 1, the results
of the numerical error and degree of convergence for PDGFEM when § = h/6
in Table 2 and convergence rate in Figure 2. In DGFEM, we can note that the
numerical solution is not compatible with the precise solution (see Figure 3),
but in PDGFEM, we note that the numerical solution is compatible with the
precise solution (see Figure 4).

Table 1: Numerical results for A = 0.001 in DGFEM.

h Hl-error H'-order L2-error L2-order

1/4  0.4075 0 0.1473 0

1/8  0.3227 0.3367 0.0557 1.4042
1/16 0.2373 0.4434 0.0191 1.5416
1/32 0.1734 0.4528 0.0066 1.5261
1/64 0.1283 0.4349 0.0024 1.4978
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Table 2: Numerical results for A = 0.001 in PDGFEM.

h Hl-error H'-order L2-error L2-order

1/4  0.1992 0 0.0736 0

1/8  0.1021 0.9644 0.0196 1.9074
1/16 0.0533 0.9382 0.0048 2.0310
1/32 0.0293 0.8631 0.0012 2.0272
1/64 0.0158 0.8906 0.0003 2.0017

—a— vy ), []
=RE-OY)

Figure 1:

P
" —g-opy |

Figure 2: Convergence rate in PDGFEM for A = 0.001 in L?—norm.
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Exact solution Discontinuous Galerkin

) 0 ) 0
y-axis 0 x-axis x-axis 0 x-axis

Figure 3: (a) The exact solution with A = 0.001 and h = 1/64 . (b) The numerical
solution of DGFEM with A = 0.001 and h = 1/64.

Exact solution Petrov-Discontinuous Galerkin

y-axis x—axis x-axis x—axis

Figure 4: (a) The exact solution with A = 0.001 and h = 1/64 . (b) The numerical
solution of PDGFEM with A = 0.001 and h = 1/64.

Conclusion

Throughout this current work, we have proved the continuity and V —elliptic
properties of app (U,v) and the stability in PDGFEM. In addition, we demon-
strated a theoretical analysis that shows how the PDGFEM is convergent of
order O(h?). Moreover, depending on the comparison of Table 1 and Figure 1
for the DGFEM with Table 2 and Figure 2 for the PDGFEM, we stated that
the numerical results of the PDGFEM showed improvement and regularity when
compared to the numerical results of the DGFEM. Finally, when we smoothed
the network with n = 64, we found that the numerical results in DGFEM are
oscillated as shown in the Figure 3, but the numerical results in PDGFEM were
appropriately approximated as well as free from oscillation as in the Figure 4.
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