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Abstract. In the present paper, the authors introduce an arithmetic based on finite
groups with respect to arbitrary bijections. This algebraic background is used to con-
struct the function system Wg, ., of the Walsh functions over the set Gy, of groups
with respect to the set ¢y, of bijections. The developed algebraic base is also used to
introduce a wide class of two-dimensional nets ¢, ,,Z; " of type of Halton-Zaremba.
Four concrete nets of this class are constructed and gfaphically illustrated. The so-
called (Wa,,; a)—diaphony is applied as a appropriate tool for studying the nets of
the introduced class. An exact formula for the (Wg, ; o) —diaphony of the nets of class
Gb,%Z:, " is presented. This formula allows us to show the influence of the vector o on
the exact order of the (Wg,, ,; a)—diaphony of these nets.
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1. Introduction

Let s > 1 be a fixed integer, which will denote the dimension of the objects
considered in the paper. We will remind the notion of uniformly distributed
sequence. So, following Kuipers and Niederreiter [16] let £ = (x5,)n>0 be an
arbitrary sequence of points in [0,1)°. For an arbitrary integer N > 1 and a
subinterval J of [0,1)% with a Lebesgue measure \s(J) let us denote Ay (§;J) =
#{n:0<n < N-1,x, € J}. The sequence ¢ is called uniformly distributed in
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[0,1)% if the limit equality limy 0 22E2) — )\ (J) holds for each subinterval J

of [0,1)".

The functions of some orthonormal function systems are used to solve many
problems of the theory of the uniformly distributed sequences with very big
success. We will remind the definitions of the functions of some of these classes.

For an arbitrary integer k and a real x the function ef : R — C is defined as
ex(x) = €2™k% For an arbitrary vector k = (ky, ..., ks) € Z° the k—th multivari-
ate trigonometric function ey : [0,1)° — C is defined as ex(x) = [[;_; ek, (7;),
x = (z1,...,25) € [0,1)°. The set T° = {ex(x) : k € Z°, x € [0,1)*} is called
trigonometric function system.

Following Chrestenson [4] we will recall the constructive principle of the
Walsh functions. Let b > 2 be a fixed integer. For an arbitrary integer k > 0
and a real z € [0,1) with the b—adic representation k = > 7 k;b" and = =
S xib™ "1 where ki, x; € {0,1,...,b— 1}, k, # 0 and for infinitely many
values of i we have x; # b — 1, the k—th Walsh function ,waly : [0,1) — C is
defined as

bwalk( )_ e b (kOxO“F "Fkuxu)

Let us denote Ng = NU {0}. For an arbitrary vector k = (k1,...,ks) € N§
the k—th multivariate Walsh function jwaly : [0,1)° — C is defined as

pwaly (x waalk z;), x=(x1,...,25) €[0,1)°.

The set W(b) = {pwalk(x) : k € N§, x € [0,1)°} is called Walsh function system
in base b. In the case when b = 2 the system W(2) is the original system of Walsh
[22] functions.

The different kinds of the diaphony are numerical measures, which show
the quality of the distribution of the points of sequences and nets. So, let
v = {x0,X1,...,XNy—1} be an arbitrary net composed by N points in [0, 1)°.

Firstly Zinterhof [25] introduced the notion of the so-called classical di-
aphony. So, the classical diaphony of the net £y is defined as

1
2\ 2

F(T*¢év)=| >, R

keZs\{0}

1]V
) | 2 extxn)

where for each vector k = (k1,...,k;s) € Z* the coefficient R(k) = [[;_; R(k;)
and for an arbitrary integer k

1 if k=0
R(k)z{ ] !

k|, if k0.

Hellekalek and Leeb [15] introduced the notion of the dyadic diaphony, which
is based on using the original system WW(2) of the Walsh function. Grozdanov
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and Stoilova [10] generalized the notion of the dyadic diaphony to the so-called
b—adic diaphony. So, the b—adic diaphony of the net &y is defined as

1 | V-l 2\ 3
FOV(b); En) = G+ —1 Z p(k) N Z pwalk (xy,) ,
keNg\{0} n=0

where for each vector k = (ki,...,ks) € Nj the coefficient p(k) = [[7_; p(k;)
and for an arbitrary non-negative integer k

1, if k=0,
p(k) = {

b29, if b <k <L, ¢g>0, g€z

In 1986 Proinov [18] established a general lower bound of the classical di-
aphony. So, for any net £y composed of N points in [0,1)® the lower bound

s—1
2

(log N)
N
holds, where «(s) is a positive constant depending only on the dimension s.

For a dimension s = 1 from the inequality (1) the result of Stegbuchner [20] is
obtained

(1) F(T?:&n) > a(s)

s, T 1

To show the exactness of the lower bound (1) for a dimension s = 2 we need
to present the techniques of the construction of two classical two-dimensional
nets. For this purpose, let v > 0 be a fixed integer. For 0 < i < b — 1 we denote
M (i) = #. Following Van der Corput [21] and Halton [12] for an arbitrary
integer 7, 0 <4 < b” — 1, with the b—adic representation ¢ = Z;’;& ijbj, where
for 0 < j<wv—1i;€{0,1,...,b—1}, we put py, (i) = 37— i;6~7~1. Roth [19]
considered the two-dimensional net Ry, = {(75.,(2),pp (7)) : 0 < i < b — 1},
which now is called a net of Roth. The net R;, is also known as two-dimensional
Hammersley [14] point set.

In 1969, Halton and Zaremba [13] used the original net of Van der Corput
{p2.,(i) = 0.igi1 ... 41 : 0 <3 <2”—114; € {0,1}} and change the digits i; that
stay in the even positions with the digit 1 — ;. Let us for 0 <1 < 2¥ — 1 signify
227,/(Z') = O.(l—io)il(l—ig) .... The net ZQJJ = {(nz,y(i), 2271/(@.)) :0<1 < 2”—1},
which is called net of Halton-Zaremba is constructed.

In 1998 Xiao [24] proved that the classical diaphony of the net of Roth R;,,

and the net of Halton-Zaremba Z3, have an exact order O ( VI‘J)\%N ) , where

respectively N = b” and N = 2.
Cristea and Pillichshammer [5] proved a general lower bound of the b—adic
diaphony. So, for any net £y composed of N points in [0, 1] the lower bound

(log N) %"

2) FOV):év) > Cb,s) 2
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holds, where C(b,s) is a positive constant depending on the base b and the
dimension s.

Grozdanov and Stoilova [11] proved the exactness of the lower bound (2)
for dimension s = 2. They proved that the b—adic diaphony of the net of Roth
Ry, and the net of Halton-Zaremba Z, have an exact order O (@) , where
respectively N = b and N = 2.

The b—adic diaphony is closely related with the worst-case error of the quasi-
Monte Carlo integration in appropriate Hilbert spaces. Aronszajn [1] introduced
the notion of a reproducing kernel for Hilbert space. So, following this approach
let Hs(K) be a Hilbert space with a reproducing kernel K : [0,1)% — C, an inner
product < -, >p (k) and a norm || - ||, (k). We are interested to approximate
the multivariate integral

Is(f) = f(x)dx, fe€ Hs(K).

Let N > 1 be an arbitrary and fixed integer. We will approximate the in-
tegral I,(f) through quasi-Monte Carlo algorithm Q(f; Pn) = + 27127:—01 (xn),
where Py = {xq,...,Xy_1} is a deterministic sample point set in [0,1)%. The
worst-case error of the integration in the space Hs(K') by using the net Py is
defined as

e(Hy(K); Pn) = sup [Ls(f) — Qs(f; Pn)l.
JeHs(K), || fllsrx)<1

Dick and Pillichshammer [6] used the Walsh functions as a tool for investi-
gation of the worst-case error of the multivariate integration in Hilbert spaces.
This error is presented in the terms of the reproducing kernel, which generates
this space.

Likewise, Dick and Pillichshammer [7] introduced a special reproducing ker-
nel Hilbert space and the worst-case error of the integration in this space and
the b—adic diaphony of the net of the nodes of the integration are connected. In
this sense, we see that the so-called low diaphony nets with very big success can
be used in the practice of the quasi-Monte Carlo integration. This determines
the interest to this class of nets.

The rest of the paper is organized in the following manner: In Section 2
the concept of the function system Wg, o, is reminded. In Section 3 we intro-
duce a class of nets ¢, o, Z,';” ' of type of Halton-Zaremba constructed over finite
groups. By graphical illus‘érations, we show the distribution of four nets from
this class. In Section 4 the concept of the (Wg,, »; @) —diaphony is presented. In
Section 5 an explicit formula for the (Wg,, ; &) —diaphony of the nets ¢, 4, Z;
is presented. This formula allows us to show the influence of the vector « of
exponential parameters to the exact orders of the considered diaphony of these
nets. In Section 6 some preliminary results are presented. In Section 7 the main
results of the paper are proved.
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2. The function system Wg, .,

In 1996 Larcher, Niederreiter and W. Ch. Schmid [17] introduced the concept
of the so-called Walsh function system over finite groups. So, the details are as
follows: Let m > 1 be a given integer and let {b1,b2,..., by, : by > 2,1 <1 <m}
be a set of fixed integers. For 1 <1 < m let Z, = {0,1,...,b; — 1} and the
operation @3, be the addition modulus b; of the elements of the set Z,. Then,
(Zy,, ®p,) is a discrete cyclic group of order b;.

Let G = Zy, X...xZy,, be the Cartesian product of the sets Z, , . .., Zy,,. For
each pair g = (g1,...,9m), ¥ = (Y1,-..,Ym) € G by using the group operations
Sbys - - - D, let the operation ¢ be defined as g Bay = (91 By Y1, - - - 5 Gm Db,
Ym). Then, (G,®q) is a finite group of order b = biby...by,,. For the given
elements g,y € G the character function on the group G is defined as

m s 9191

2 LIl
Xe(y)=Je™ ™.

=1

Let us denote Zp = {0,1,...,b — 1} and let ¢ : Zy, — G be an arbitrary
bijection, which satisfies the condition ¢(0) = 0.

Definition 1. For an arbitrary integer k > 0 and a real x € [0,1) with the
b—adic representations k = Y 1_kib" and x = > ;0 x;b7""L, where for i > 0
ki,x; €{0,1,...,b—1} ky, # 0 and for infinitely many values of i x; # b—1, the
function g waly : [0,1) — C is defined as g ,walp(r) = [Ti_g X)) ((2i)) -

The set Wa,, = {g,o,wali(z) : k € Ng, € [0,1)} is called Walsh function
system over the group G with respect to the bijection ¢.

Now, we will introduce the concept of the multidimensional function system
of Walsh functions over finite groups. For this purpose, let b = (by,...,bs) be a
vector of not necessarily distinct integers b; > 2. For 1 < j < s let (Gy,, EBij)
be an arbitrary group of order b; constructed as above. Let us denote Zp, =
{0,1,...,bj—1} and let yp, : Zy, — G, be an arbitrary bijection, which satisfies
the condition ¢, (0) = 0. Let Way, on, = {ij o walg(z) : k € Ng, z € [0,1)}
be the corresponding Walsh function system over the group Gy; with respect to
the bijection ¢y, .

By using the groups Gy, ,...,G,, the sets Zy,,...,Zp, and the bijections
©bys- -+ @b, let us introduce the next significations Gp = (Gp,, ..., Gs,), Zp =
(Zb17 . ,st) and ®b = (gobl, sy gobs).

Let Way, o, = Way, o0, @ - QWG g, be the tensor product of the function
systems WGb1 ROSERRE s Wa,, b, - This means that for an arbitrary vector k =
(k1,...,ks) € Nj the k—th Walsh function g, ,, walk(x) is defined as

S
Gy opWalk(x) = Hij,%jwalkj (), x=(21,...,25) €[0,1)%
j=1
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We will call the set Wg, o, = {anewalk(x) : k € N§, x € [0,1)°} a
multidimensional system of the Walsh functions over the set Gy of groups with
respect to the set ¢y of bijections.

We will introduce some elements of the b—adic arithmetic. By using the
operation B¢ over the group G and the bijection ¢ we will define the operation
Dz Z? — 7y, by the following manner: for arbitrary elements u,v € Z;, we
put u @z, , v = ¢ (p(u) g ¢(v)). For an arbitrary element u € Zp, let the
element u € Z; be such that u ®z, , u = 0. We will prove that for arbitrary
digits p, q,r € Zp the character function satisfies the equalities

(3) Xo(p) (P(@) B @(1)) = Xpr) (0(0) X () ((7))
and
(4) ti(p)@cso(fI)(@(r)) = X@(p)(‘p(r))Xgo(q)((p(T))'
Let us signify ¢(p) = (p(l),...,p(m))7 elg) = (q(1)7-~-7q(m)) and ¢(r) =
(rM, ..., 7(™). Hence, we obtain that
¢ 7D (mod b)) m (l)(q<l)+r(l))
27l 27
Xe(p) (9(0) E6 (r He " -1l
Ll 1,0 m p0 (D
omil—4— 2mi2
= H € K H € K = ti(p)(()o(Q))ti(p)((P(T))
=1 =1
and

(l>+q<z><mod blr® MOMNOING!

m
Xop)®ae(q) = H = H ¢ K

=1
m 0,0 m @
ik~ orid T’
= He ™ He T = Xo(p) (@(T))X@(q) ((p(?"))
=1 =1

For arbitrary reals x,y € [0, 1) with the b—adic representations z = Y 20 x;b="!
andy =7, y;b~""1, where for i > 0 x;,y; € Z and for infinitely many values
of i x;,y; # b — 1, let us define the next operation

r @[Zobls; y= (Z(azz Dz yi)bi1> (mod 1).
i=0

We will prove that for an arbitrary integer k € Ny and arbitrary reals z,y € [0, 1)
the equality holds

(5) G pwalg(z EB[ZO;}; Y) = gewaly(z)apwalk(y).
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Let k£ have the b—adic representation k = Z;jzo k;b', where for 0 < i < v
ki € {0,1,...,b— 1}, z and y be as above. Then, by using the equality (3) we
obtain that

0,1
G,gowalk (l‘ @[Zh; y)

= [T xetn (el (o) Da 0wi)))) = [ [ Xeww (@) Ba o (i)
=0 1=0

= [T xeten (@) T Xeotm) () = cpwal(z)a,pwaly(y).
=0 =0

For arbitrary vectors x = (z1,...,z5) € [0,1)* and y = (y1,...,ys) € [0,1)®

: 0,1)* 0,1 0,1
to define the operation x @[Zb;b y = (11 @[Zbl?%l Y1, ..., Lg ®[st 7)%3 ys). Then,
the following equality holds
(6) G o Wali (X EB&ZOSLI) Y) = Gy op Wolk(X) o walk(y), V k € Nj.

Let k = (k1,...,ks) € N be an arbitrary vector. Then, by using the equality
(5) the following holds

S
0.1)* 0,1
G o Wali (X @[Zb,c)pb y) = H Gy opn; wal, (z; @[ij ,)sobj )

j=1
S
= H G0, walkj (Cvj)ij "Pb; walkj (yj)
j=1

S S
= H Go;on; waly, (z;) H G p; waly, (Yj) = G0 Walk(X) Gy o walk(y).
j=1 J=1

3. Nets of type of Halton - Zaremba constructed over finite groups

To present the definition of the nets of type of Halton-Zaremba constructed over
finite groups, we will apply the same algebraic basis, which we used to present
the functions of the system Wg, o, . In this way, a process of a synchronization
between the construction of the nets and the tool for their investigation will be
realized.

For this purpose, let by > 2 and by > 2 be arbitrary and fixed bases and
denote b = (b1, b2). Let (Zy,, By, ) and (Zs,, ®sp,) be the corresponding discrete
cyclic groups of orders by and by. Let b = b1b and as yet to define Gy, = Zy, X Zy,
and bag, = (@bl, 69122)' Let Zy = {0, 1,.. .,b—l}, w1 Zy — Gy and @2 : Zy — Gy
be two arbitrary bijections, which satisfy the conditions ¢1(0) = 0, p2(0) =0
and denote ¢, = (¢1,¢2). Let @%21 and 69%22 be the operations over [0, 1),
which correspond respectively to the bijections ¢; and o.

Let v > 1 be an arbitrary and fixed integer. Let x = 0.kgk1...kK,—1 and
@ = 0.pope1 - .. y—1 be arbitrary and fixed b—adic rational numbers. For 0 <
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i < b” — 1 let us denote (i) = ;& and py,, (i) be the general term of the Van
der Corput sequence. Let us define the b—adic rational numbers

. . 0,1 . 0,1
Gb#’lgl,){,l/(z) = nb,y(l) @[Zb1;1 Kk and Gb7‘102cll)fy(l) = pb’l/( ) @[Zb 3)2

Dimitrievska Ristovska and Grozdanov [8] introduced the next class of two-
dimensional nets:

Definition 2. For an arbitrary integer v > 1 and for arbitrary fired b—adic
rational numbers k and u we define the net

i Zit = { (e &), il (D) 10 < i <0 =1,

which we will call a net of type of Halton-Zaremba constructed over the group
Gy with respect to the set yy, which corresponds to the parameters k and p in
base b.

We will concrete the choice of the parameters x and p from Definition 2:
Let us choose k = 0. We will construct the digits of the parameters p in the
following manner: Let p,q € Zy be arbitrary and fixed digits. For 0 < j <v—1
we define the digits p; € Z; as the solutions of the linear recurrence equation
pi = p-j—+q (mod b) and to put g = O.pop1 ... pty—1. For 0 <4 < v —1

. N [0
let us denote G, .Gy (1) = pou(i) @[Zb,;Q

Gb7¢225’5 = {(nb7y(i),gb7m§£’§(i)) 0<5<b — 1} , which was introduced by
Grozdanov [9].

In the case when G = Z; and 3 = id is the identity of the set Zj in itself,
from the net g, ,, 2, ’5 we obtain the net 7, leg' , which was introduced by
Grozdanov and Stoilova [11]. In the case when p = 1 and ¢ = 0 from the net
Z, lep Y we obtain the net 7, Zde which was introduced by Warnock [23]. In

. In this case, we obtain the net

the case when b =2, p =1 and ¢ = 1 from the net Zb,z‘dZ(‘?,’Vq we obtain the net
ZQ,idelj, which is the original net of Halton-Zaremba. In the case when b = 2,
p =0 and ¢ = 0 from the net Zb,ide’f we obtain the net 22724ng”2, which is the
original net of Roth [19].

We will construct and show the distributions of the points of four concrete
nets Gb,cpr;LH of type of Halton-Zaremba.

Example 1. The algebraic background of the first example is as follows: Let
m = 2 and choose the bases b = 2 and by = 3. The discrete cyclic groups of or-
ders by and b are Zy, = {0,1} and Z, = {0, 1,2}. We have that b = 6, the group
Gy is Gy = {(0,0),(0,1),(0,2),(1,0),(1,1),(1,2)} and Z, = {0,1,2,3,4,5}. Let
us select the bijections ¢; and 2 as ¢1(0) = (0,0),¢1(1) = (1,0),¢1(2) =
(07 2)7 (3) = (1,2>, ( ) = (071)7 (5) (17 ) and ()02(()) = (070)7902(1) =
(1,2),92(2) = (1,0),¢2(3) = (1,1), p2(4) = (0,2),p2(5) = (0,1). In addition,
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we choose the parameters v = 2, kK = 0.42 and g = 0.15. The points of the
obtained net are:

K,
G679062672

L [(2611) (27 35) (28 20\ (20 5 (24 28\ (% 17
N 36736/ 7\36"36/)\36"36) \36"36) \36°36/) \36"36)/’

32 8 33 32\ (34 26\ (35 2 30 20\ (31 14
(36’36) <36’36> <36 36) (36 36) (36 36) (36 36>
2 9 3 33 7 0 21 115
(36’36) (36’36> <36 36> (36 36) (36 36> <36 36>
8 7 9 31\ (10 25 11 19 7 13
(3636) <36’36> <36 36) <36’36> (36 36> (36 36>
14 6 15 30 17 0 12 18\ (13 12
(36’36) (36’36) (36 36) (36 36) (36 36) (36 36)
20 10\ (21 34\ /22 28\ [23 4 18 22\ (19 16
) Gow) i) Gow) 55) Gos))

The distribution of the points of the net g, o523 is shown in Figure la).

0.8~ . 0.8

061 ° 06

oal-* . 04

1 1 1 \- 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 .\ 1 1 1 1 1 1 1 1 1 1 1 1 1 1
02 04 06 08 02 04 06 08

a) b)

Figure 1: Nets of Example 1 and 2 (v = 2,b1 = 2,02 = 3, different bijections
©1,$2)

Example 2. To construct the second net, we will use the same group G} and
parameters v = 2, K = 0.42 and p = 0.15. Let us choose the bijections ¢;(0) =
(O’ O)a @1(1) = (17 1)7 Qpl(2) = (17 2)a @1(3) = (07 2)a 301(4) = (07 1)a 301(5) = (17 O)



10 VESNA DIMITRIEVSKA RISTOVSKA anD VASSIL GROZDANOV

and 802(0) = (070)7 902(1) = (07 2)7 902(2) = (17 1)a (/72(3) = (17 0)7 902(4) =
(1,2),p2(5) = (0,1). The distribution of the points of the obtained net is shown
in Figure 1b).

Example 3. To construct the third net, we use the same group Gj and bijections
1 and o as in Example 1. We choose the parameters v = 4, k = 0.2112 and
1 = 0.1302. The distribution of the points of the obtained net is shown in Figure
2.

1.0 —

0.8

0.6

0.470..’ :o..'.:n..’ .o..‘

0.27‘0... '.... .'o.... ® e '.

Figure 2: Net of Example 3: v = 4,01 = 2,02 = 3.

Example 4. The algebraic background of the fourth net is as follows: Let m = 2
and choose the bases by = 3 and bs = 4. The discrete cyclic groups of orders by
and by are Zp, = {0, 1,2} and Z, = {0,1,2,3}. We have that b = 12, the group
Gy is Gy = {(0,0),(0,1),(0,2),(0,3),(1,0), (1,1),(1,2),(1,3),(2,0),(2,1), (2,2),
(2,3)} and Z = {0,1,...,11}. Let us select the bijections ¢1(0) = (0,0)
e1(1) = (1,0), ¢1(2) = (0 3), p1(3) = (L,2), ¢1(4) = (0,1), ¢1(5) = (2,3),
©1(6) = (0,2), ¢1(7) = (2,2), ¢1(8) = (1,3), ¥1(9) = (1, 1), 901(10) (2,0),
p1(11) = (21)and902()=(00) 2(1) = (1, ) 2(2) = (1,0), v2(3) = (2,1)

)

9 )
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()02(4) - (073)7 902(5) = (2a3)7 (/72(6) = (270)7 902(7) = (172)7 902(8) = (171)7
©2(9) = (0,2), ¢2(10) = (0,1), ¢2(11) = (2,2). We choose the parameters
v =2,k =0.42 and p = 0.15. The distribution of the points of the obtained net
is shown in Figure 3.

1.0

0.8

0.6~

0.4 —

021 o

0.2 0.4 0.6 0.8 10

Figure 3: Net of Example 4: m = 2,01 = 3,02 = 4.

We will present the program code in the mathematical package Mathematica,
which can compute the coordinates and visualize the points of an arbitrary net
of type of Halton-Zaremba.

(*Program code for comstructing nets *)
e = Inputle]l;m = Input[m]; (*vectors Eta and Mu*)
points = {};
bl = Input[bl];b2 = Input[b2];
ni = Input[ni];b = blx*b2;
phil = Input[phill;
phi2 = Input[phi2];
Do[i = IntegerDigits[il, b]; k = ni - 1;
While[k > O,
If[i1 < b"k, PrependTo[i, 0]]; k = k - 1];
apc = ord = 0;
Do[ cifil = phil[[i[[j1] + 111;
cif2 = phil[[e[[j]] + 11];
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cif = {Mod[cif1[[1]] + cif2[[1]], bi1l],
Mod[cif1[[2]] + cif2[[2]], b2]};
cifra = Position[phil, cif][[111[[1]1] - 1;
apc = apc + cifra/b7j;
cifl = phi2[[i[[ni - j + 111 + 11];
cif2 = phi2[[m[[j]] + 111;
cif = {Mod[cif1[[1]] + cif2[[1]], b1],
Mod[cif1[[2]] + cif2[[2]], b2]};
cifra = Position[phi2, cif] [[1]11[[1]] - 1;
ord = ord + cifra/b7j,
{j, 1, ni}l;
AppendTo [points, {apc, ord}],
{i1, 0, b'ni - 1}1;
ListPlot [points,AspectRatio->Automatic]

4. The (Wg,,,; o)—diaphony

In the previous section, we presented one wide class of two-dimensional nets
constructed over finite groups with respect to arbitrary bijections. We need
of appropriate analytical tool for studying the quality of the distribution of
the points of these nets. In our case, it is important to realize a process of a
synchronisation between the technique for construction of the nets and the tool
for their investigation.

The different kinds of the diaphony are numerical measures for studying
the irregularity of the distribution of sequences and nets. The construction
of the diaphony is always connected with some complete orthonormal func-
tion system. Concrete for studying sequences and nets constructed over finite
groups with respect to arbitrary bijections, the suitable version of the diaphony
is the one, which is based on the system of Walsh functions constructed also
over the same finite groups. For us, this is the motivation to use the so-called

(Way,0; ) —diaphony as a tool for studying of the nets of the class Gb%Z{;f.

To define the concept of the (Wg,, ,; a)—diaphony we need to present some
preliminary notations. Let the considered sets of bases and bijections be b =
(b,...,b) and ¢ = (p,...,¢). Let Wa, » = {ay,,walk(x) : k € N§, x € [0,1)%}
be the defined in previous section system of Walsh functions over the group Gy
with respect to the bijection .

For arbitrary integers b > 2, £ > 0 and a real & > 1 we introduce the
coefficient

1, if k=0,
b9, i b9 < k< bt g>0, g€ L.

pla; b k) = {
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Let a = (aq,...,as), where for 1 < j <'s a; > 1, be a given vector of real
numbers. For an arbitrary vector k = (ky,. .., ks) € N we define the coefficient
(7) R(a; b; k) Hpa],bk:

Let us signify C(a;b) = ZkeNg\{O} R(a;b; k). So, the equality holds

(8) C(a;b) = —1+H [1+(b—1)bal;ai b].
j=1

The notion of (Wg, ,;a)—diaphony is a partial case of more general kind
of the diaphony, called hybrid weighted diaphony, which was introduced by
Baycheva and Grozdanov [2]. So, following this concept we will present the
next definition:

Definition 3. Let £ = (xp)n>0 be an arbitrary sequence of points in [0,1)%.
For each integer N > 1 the Wa, o o) —diaphony of the first N elements of the
sequence & is defined as

1 1= \ *
FyWen, 3 5 €) = m Z R(a; b; k) N Z G pWalk(Xn) )
keng\ {0} n=0

where the coefficients R(c; b; k) and the constant C(a; b) are defined respectively
by the equalities (7) and (8).

Following Baycheva and Grozdanov [2], see also [3], it is a well known fact
that the sequence ¢ is uniformly distributed in [0, 1)® if and only if the next limit
equality impy oo FN(Way,,0; ;&) = 0 holds for each vector «, as above.

To the authors is unknown a lower bound of the (Wg,, ,; a)—diaphony of an
arbitrary net as the one presented in the equality (2) and which is related with
the b—adic diaphony.

5. On the Wg, ;@) —diaphony of the nets of type of Halton-Zaremba
In the next theorem we will give an explicit formula for the (Wg,, »; &) —diaphony

of an arbitrary net ¢, %Z of type of Halton-Zaremba.

Theorem 1. Let g, o, 2, ’“ be an arbitrary net of type of Halton-Zaremba. For
each integer v > 1 the (Wbev a)—diaphony of the net GM%ZK”V satisfies the
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equality

2 o s
F (WGb,cpaa>Gb#Pbe,u)

_ 1 (b—1)b2 (b2 —1) 1 (az—a1)g
C(a;b) b2 — b bazv Z b
g=0
b b2 1 b2 1
-1 1 -1 -1 .
+Ho )bo‘l —-b +( )ba2 - b] borv +( )ba2 —-b bO‘QV} ’

b po b—1)b™ a1 +a
where C(o;b) = (ba}) — + (bai),; +(b— 1?(1;(11%%'

Corollary 1. Let the conditions of Theorem 1 be realized. Let us assume that
a1 = ag = a > 1. Then, the following statements follow:

(i) For each integer v > 0 the (Way, ;@) —diaphony of the net G, 4,2,
satisfies the equality

oo v 1
(b= +2 b b

2 9.
F (WGb:S@’ 7va‘PbeVu)

(13) Let us signify N =b”. Then, the limit equality holds

i Nz . F(WGb,ga; Q; GbAObZl:f) b —1
1m =
Jn Viog N (b= 1) + 2| ogb.

(iii) Let 1 < o < 2. Then, there exists a number € such that 0 < e < %, for
which the inclusion F(Way,03 @ Gy 0,2y ) € O ( V]\lﬁgijgv) holds;
(tv) Let o« = 2. Then, the inclusion F(ngm;a;gb,%Z;f) €O ( voeN )

holds;
(v) Let o = 2. Then, the limit equality holds

i N - FWa,.: 0 Gb,%Zl’:,f) b2 —1
1m = — .
}jV_:)ong Vieg N (b + 2) logb

(vi) Let o > 2. Then, there exists a positive number e such that the inclusion

holds
" Viog N
F(WGb,wO‘;Gbm)Zb,f) €0 < Nlte |-

Corollary 2. Let the conditions of Theorem 1 be realized. Let us assume that
a1 > ag > 1. Then, the following statements follow:
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(i) For each integer v > 0 the (Way, ;) —diaphony of the net G, 4,2,
satisfies the equality

(D% 2 .o Ry
b 2 F (WGb7QO7 a’ va‘prb, )

v

S L

C(a;b) bz b — o
(b Dpertenb by b —ertes gy ) b 1
(b1 = b) (b2 — b) (bt — b°2) b1 — b pler—ezpv [

where the constant C(a;b) was defined in the condition of Theorem 1;
(ii) Let us signify N =b”. Then, the limit equality holds

1 2 . . Ry
Jim N2 - F(Wey, 0505 Gypy 2y )
N=b"

B bo2 (b1 — b)[ber — b2 + boa (he2 — 1)]
V(0 = b02) [ (b2 — b + b2 (b1 — b) + (b — 1)bertez]’

(iii) Let 1 < ap < 2. Then, there exists a number € such that 0 < e < %, for
which the inclusion F(Way,03 @ Gy 0,250 ) € O (51==) holds;

(iv) Let ag = 2. Then, the inclusion F(Wa,, o3 Gb,%Z;f) € O (%) holds;

(v) Let ag > 2. Then, there exists a number ¢ > 0 such that the inclusion

holds
1

F(WGb#p; a;Gby%Zlf,f) €0 <N1+5> :

The results of Theorem 1 and Corollaries 1 and 2 were announced by authors
in [8]. Here we will develop the complete proofs of these statements.

6. Preliminary results

In this section, we will present some preliminary statements, which will be es-
sentially used to prove the main results of the paper. The following lemmas
hold:

Lemma 1. Let b > 2 be a fized integer, Gy be a finite group of order b and
@ : Zy — Gy be an arbitrary bijection. For arbitrary integers v > 0 and k > 1
we define the function

1, if k=0 (modb”),
(k) = { 10 TR=0 (mod b

0, if k0 (mod b").
Then, the equalities hold

b -1 bv—-1

> Gupwalr(mu (i) = > gy pwaly(pyy (i) = - Gy (k).

i=0 =0
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Proof. For the integer k and an arbitrary integer ¢, 0 < z' < b —1, we will use
the b—adic representations k = > 222 k;b’ and i = 377 Vbl Then we have

that 75, (1) = 0.iy—19y—2.. .90 and g, pwaly(m,, (1)) = ngo Xw(kj)( (ty—1—4))-
Hence, we obtain that

b —1
) > aypwal(m(i Z Xeo(ho) (#(iv—1) Z X (hy—1) (#(i0))-
i=0 1,—1=0 10=0

Let us assume that k& = 0(mod b”). Then, we have that kg = k1 = ... =
ky—1 = 0 and from the equality (9) we obtain that Z;’;El Gowaly(ny, (1)) = 0.
Let us assume that k& #Z 0(mod b”). Then, there exists at least one in-
dex 9, 0 < 0 < v — 1 such that ks # 0. In this case, the corresponding
sum Z 1 s=0 Xo(ks) (@(iv—1-5)) = 0 and from the equality (9) we obtain that

b¥—
> i=0 G’cpwalk(nbu( )) =0.
The second equality of the statement of the Lemma can be proved by similar

manner. O

Lemma 2. Let the conditions (C1) and (C2) be fulfilled. Then, the following
holds:
(i) For arbitrary integers 0 < g < g1 < v — 1 we define the set

Alg1;9)

g1
=k k=Y KW g<j<g kY €{0,1,...,0—1} and kY KD £ 0

s gy
J=9
For each integer k1 € A(g1;9) we define the integer ki = = 9E§ )b” =3, Then,
for all integers 0 < go < v —1 and b9? < ky < b92H1 — 1 the equalities hold
b¥—1 .
) ‘ b, if ko = kT,
GyroWaliey (M, (1)) Gy owalky (P, (7)) = ‘ .
" 1 o )l At

In the case when kg = ki, we have that go =v — 1 — g;

(ii) Let the integers g1 and go such that 0 < g1 < v —1 < go be arbitrary.
An arbitrary integer ki such that b9* < k1 < b1+l — 1 we present in the form
k= >0C ! k( )bj. An arbitrary integer ko such that b92 < ko < p92tl — 1 we

J=0"J
present in the form ko = ?2 Ok‘j(Q)b]. For each integer ki, as above, we define
the set
Akr) = Zk: Vo kP =k 6D =8,k = E Y

and the digits kl(,2), k£ le, cees kg) are arbitrary} .
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Then, the equalities hold

BY—1 b, if ko € A(k‘l),
; Gb7<Pwa’l/€1 (77b I/( ))Gbﬁﬂwa’l’@(pb'/( ))‘ N {0, if ko & A(kl);

(1it) Let the integers g2 and g1 such that 0 < go < v —1 < g1 be arbitrary.
An arbitrary integer ky such that b92 < ko < b92T1 — 1 we present in the form

ke = >0 ! k:( )bj. An arbitrary integer ki such that b9 < ky < b9t — 1 we

J=0"j
present in the form ki = ?1:0 kj(-l)bj. For each integer ko, as above, we define
the set
& 2 —(2 —(2
B(k =3 KO k) =72 D = ED, kD, = E

7=0

and the digits k( ), ki_&l, . ,kél) are arbitrary} .

Then, the equalities hold

by 1 b”, if k1 € B(ka),
; GopWaliy (M, (1)) Gy pwaliey (P, () | = {07 if k1 & B(ks);

(tv) Let the integers g1 and g such that g1 > v and g > v be arbitrary.
Arbitrary integers ki and ko such that bg1 <k < bt 1 and b92 < ky <

b2+l — 1 we present in the form ki = ] 1o kj( )bj and ko = ?2 0k§2)b7 For
each integer ki, as above, we define the set
~ ; —(1 =1 1
Clk) = ko =Y kP00 1P = FD 4P =R, k2, =R
§=0
and the digits k(Q) k:l(,le, ceey kg) are arbitrary} .
Then, the equalities hold
= b, if ky € Cky)
wal v wal v = ’ ’
2 Gugtoali () sl (pro ))‘ {07 b & Clin),

Proof. For an arbitrary integer ¢, 0 < ¢ < ¥ —1, with the b—adic representation
1= Z;’ éz]b] we have that 7, (1) = 0.i,—14,—2 .. .90 and py , (i) = 0.ig1 ... Ip—1.
(i) For each integer k1 € A(g1;¢g) we have that

g1 v—1l—g

(10) @, pwalg, (1o, (%) wa(ku)) pliva) = ] X (9(5))-

v—1—j
Jj=g Jj=r—1-g1
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Let an arbitrary integer k2 such that 592 < ky < p92+1 — 1 have the b—adic

representation kg = Z;’ é k:]( )b/ with the assumption that for go+1 < j <v—1

the equalities kj(?) = 0 hold. Hence, we have that

Gb,<pwalk2 pbu H X (k(Q) )
—2— v—l—g
(11) H (k) (p(is))- H X (k@) H Xgo(k(Q)) p(ij))-
j=v—1-g1 j=v—g

Then, from the equalities (4), (10) and (11) we obtain that

-1
D Gupwaley (M, (8)) Gy pwalk, (o (i)
1=0
v—2—g1 b—1
(12) H ZX@ k<2> ij))
= iJ—O
v—1—g — v—1 b—
S esoin(@) 1 zx o (9(07).
Jj=v—1-—g11;=0 Jj=v—g1i;=0

Let us assume that ko = k]. This means the following: For 0 < j <v—-2—g
we have that kj(?) =0.Forv—1—¢g; <j <v—1-g we have that k:](.2) :El(,) =
<< h .
and hence, for each i;, 0 < i; < b—1, the equality X@(k,(,l_)l_j)@cb@(k§2))<SO(ZJ> =1
holds. For v — g < j < v — 1 we have that k:](?) = 0. Then, from the equality
(12) we obtain that

b¥—1

Z GopWalky (M, (1)) Gy oWal gy (Pp, (7)) = 07
=0

The condition ks 75 k:* means that there exists at least one index §, 0 < § <
v — 2 — g1, such that k 75 0, or there exists at least one index k, v — 1 — g1 <
Kk < v —1-—g, such that ky @ ;é k:,, 1—x, Or there exists at least one mdex T,
v— g <7 < v —1, such that k: 7& 0. In the first case, the corresponding sum
b— —
Zz’5=0 X<p(k§2))(90( 5)) = 0, in the second case ZM:O Xéo(kflf)kn)@Gw(’fg))((p( i) =
0 and in the third case Z?T__lo X (k(z))( ©(i7)) = 0. According to the equality (12),
we obtain that Zz 0 Gb7¢walk1 (1,0, (1)) Gy oWl iy Py, (7)) = 0.
The another statements of Lemma 2 can be proved by using similar tech-
niques. ]
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7. Proofs of the main results

Proof of Theorem 1. According to Definition 3, and by using the equality (5)
for the (We,, ; @) —diaphony of the net ¢, o, Z; +', we have that

by’

. 1
F*Way 0 O G, Zo ) = : > R(asbs(ky, ko))
C(a;b)
(k1,k2)ENG\{0}

X |Gy pwalk, (5) |G, pwalk, (1)

1 b’ —1

X |35 D Goewali, (,0(D) Gy owalk, (P (1))
=0

1
:C(ab Zpal,bk

b —1

1

+Zp az; by k) W Z GypWaly (py, (7))
k=1 1=0

v—1 b91tl—1 p—1 p92+1—-1  p—1 p91tl_1 oo b92tl_1

IO DD IEDNDIDNDS

91=0 k1=b91 go=0 ko=b92  g1=0 k;=b91 ga=v ko=b92

2

b1 2

2o O gl (0)

=0

2

oo b91tl_1 p—1 p92t+l_1 oo b91tl_1 oo p92tl_1

DD MDD VDD DD

g1=V k1=b91 go=0 ko=b92 g1=V k1=b91 g2=V ko=b92

2
b—1
1

w Z GypWalk, (1,0 (1)) Gy o walky (P, (7))
1=0

x R(a;b; (k1,k2))

1
(13) = C(ab) (21 + X9 +23+Z4+E5+26).

We will calculate the sums in the equality (13). For the sum X, we have
the following: In Lemma 1 for each integer k > 1 was shown the exact value of
the trigonometric sum ZZ 0 Gbywwalk (b, (7)). By using this result, we obtain
that

b —1 o)
Y= Zp ar; b k) W Z GypWaly (np, (i ZP a1; by k).0p (k)
k=1 =0 k=1
00 00 oo b1tl_g
= > plonshik) =D plonsbikd”) = > > plon; by kab”)

k=1 ki=1 91=0 k1—b91
k=0(mod b")

co b91tl_g p91tl_1

— Z Z b a1(g1+v) _ pv Z pa191 Z 1

g91=0 k1=b91 g1=0 k1=b91
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bt 1
14 b—l —a1v bl at)g -1 . ]
(14) glzo Frre v

By using the same technique, we can prove that

2

—(b—1)

bv—1

bly > Gy pwaly(pyu (i)

=0

b2 1

(15) ¥y = Zp az; b k) ro 5 oar

k=1

To calculate the sum X3, we will use the introduced in Lemma 2 (i) sets
A(g1; g) and obtain that

p92t1 1

v—1 g1 v—1
=Xl ¥y 3

91=0 9=0k1€A(g1;9) 92=0 ko=b92
bY—1 2
1 . .
%o D Gurpwali (.G pwaliy (o (1))
i=0

By using Lemma 2 (i), we have that only in the case when go = v — 1 — g and
ko = k7 the trigonometric sum EZ oL e owalk, (6.,(1) Gy pwaly, (py, (7)) has a
value b and in the another cases - a value 0. In this way, we obtain that

v—1 g1
R S S S < D ILALD WU Y
g1=0 9=0 k1€A(g1;9) 91=0 9=0 k1€A(g1;9)
For arbitrary integers 0 < g < g1 < v — 1 the set A(g1;g) has a cardinality
Algisg)l = b—1, if g=g1.

According to the above two statements, for the sum X3, we will use the
following presentation

v—1 v—1 g1—1
b2
1D SUCTIND SIEES ST WD i
g1=0 keA(g1;91) g1=1 g=0 ki1€A(g1:9)
pa2 v—1 2 v—1 g1—1
— (b—1) Z plaz—ai)gr 4 Z p1—a1)g1 Z ploz—1)g
e 91=0 a=1 g=0
pe2 v—1 2 v—1
— _ (az—a1)gr | (1—a1)g az—L)g1 _
= o (b 1)Zb 2—a1)g1 ba2_bzb 1 1[5 2 1 1}
91=0 g1=1

:blfy (b-1) Zb<a2 o) bbai)b Vzlb‘“ a1)g Zbl a1)g

91=0 g1=1 g1=1
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o v—1 - 2 v—1
o B b2 [

g91=0 g1=0
b —a1)g1
o
b bg1 |
fba? b—l Zbaz a1g1+ 2V21ba2 —a1)g
_bagu ba2_b
g1=0 g1=0

v—1
(b—1)2  (b—1)? (1—a1)g
_baz_b bz — p Zb '

v—1
b*2 ) (b—1)(b*2 —1 as—ai)g (b—1)2 (1—a1)
= poav b2 — p Zb o 1_ba2 bzb V
91=0 91=0

(o a v—1 a
_ hx2 (b—l)(b 2—1) Z b(012—041)!]1_|_( (b_1>2b 1 ) |:b(1—a1)V_1:|
b

bo2 b b1 —b) (b2 —

— (b — 1)ba2(ba2 — 1) 1 < (az—a1)
= Tr— 'bazuz_:b 2—a1)g

(b— 1)2portee 1 (b—1)2prtee 1
(bcu _ b)(baz _ b) b(a1+a271)u (bal _ b)(bag _ b) poav

(16) +

We will calculate the sum ¥4. For this purpose, let the integers 0 < g1 < v—1,
b9t < ky < b9t 1, and g9 > v be fixed. We will use the introduced in Lemma
2 (ii) sets A(k1). Hence for each integer 092 < ko < 927! — 1 the modulus of

the trigonometric sum ’Z?;El GyoWalk, (M1 (1)) Gy pwaly, (pbyl,(i))’ will accept a
value b” exactly (b — 1)b927 times. This is based on the fact that the digits

k,(,Q), k:l(, +)1, e ,ké(,z) can be arbitrary. In this way, we obtain that

b91tl—1 oo

24_Zb g NN (b — )b

g1=0 k1=b91 g2=v
—1 e )
b — 1 Z 1 Oé1)gl Z b<1_a2)g2
1=0 g2=v
b2 1
_ 2 (1—a
_(b—l) ba2_b'bil/. a21yZb 1)
91=0
bOlQ 1 ba1 ba1 1
— _1)\2 . . ]
= (b ]-) bag — b bOlQll |:ba1 _ b bal _ b b(alfl)V
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1)2 ba1+a2 ‘ 1
(b1 —b)(b92 — b) b2V
ba1+a2 1
(b7 = b)(b2 —b) " plerFaz—Dr”

= (-

(17) —(b—1)?

To calculate the sum X5, we can use the same techniques as above and obtain
that

S5 = (b— 1)2 portaz ' 1
(bm — b)(bO‘? — b) barv
ba1+a2 1
18 —(b—1)? : .
( ) ( ) (boq _ b)(bag _ b) b(aﬁ—ag—l)u

It is evident the symmetry between the results obtained in the equalities (17)
and (18).

We will calculate the sum 3. For this purpose, let the integers g1 > v,
b9t < ky < b9t 1, and go > v be fixed. We will use the introduced in Lemma
2 (iv) sets C(ky). Hence, for each integer 92 < ko < 09271 — 1 the modulus of
the trigonometric sum ’Z?;Bl Gy oWalk, (M1 (1)) Gy pwalk, (pby,,(z'))‘ will accept a
value b” exactly (b — 1)b927" times. This is based on the fact that the digits

k:,(,2), kﬁ)p . ,kég) can be arbitrary. In this way, we obtain that

b91tl_1 oo

Yg = i p—¥191 Z Z b*a292.(b _ 1)bg27u

g1=v k1=0b91 go=v
=(b— 1)2l D plimenon " p(1-az)e
b g1=v g2=v
o™ 1 b2 1
_(h_1)2 T . ' ) .
= (b 1) v b1 —p plaa=lv paz _p  plaz—1)v
(19) _(p1p 1
B (b —b) (b2 — b) plartaz—Dv’

From the equalities (13), (14), (15), (16), (17), (18) and (19) we obtain that the
(Way,,0; a)— diaphony of the net ¢, , Z; %' satisfies the equality

1 e -1 1 )
2 e Koy . (c2—a1)
F (WGb,<p7 a; vaWbe,V ) - C(Oé, b) baz o b baQV QZO b 2 9
e e ] 1 e 1
1 T+(b-1)— 1 :
oD 1 O U e O Ve bw}

with the introduced in the condition of the theorem constant C(c;b). Theorem
1 is finally proved.
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Proof of Corollary 1. (i) According to Theorem 1, in the case when o =
a9 = « we obtain that

F2OWG, 03 0 Gy oy Z07H) i r L
Go,01 & Goop by ) = o " Tav .
v (b— 1)1)@71) +92 b pov

(ii) From the above expression we obtain that

b - F2(WGb7<P; Q; Gb:‘PbZ;;fL) b* —1 1

v +
v b-1)5+2 v

and hence, the limit equality holds

. b2 - F(WGb#P; a; Gby%ZgZL) b> —1
lim = oo .
v—00 ﬁ (b — 1)7170‘71) + 2

We put N =¥ and find that v = lﬁ)gg ];[ . From the above limit equality we obtain
that

. NZ. FWey, e o GbaWbZle,Lu) be —1
(20 Jlim, Tog N = - -
K25 0g [(b S 2} log b

(iii) Let us assume that 1 < o < 2. Then, there exists a number 0 < ¢ < 3
such that § =1 — ¢. The equality (20) gives us that

Viog N
N1l-—-e ’

F(WGb»‘P;a;Gb#’bZ;f) €0 (

(iv) When a = 2 the equality (20) shows that

o Viog N
F(WGb,SO;O‘;GbeZb,f) €0 < ]\{f ) :

(v) Let us in the equality (20) put o = 2 and obtain the limit equality

. N-F(WGmeé;Gb,%Zl’:,f) _ -1
ot Vg N VG4 2)logd’

(vi) Let us assume that o > 2. Then, there exists a number ¢ > 0 that
§ = 1+ €. The equality (20) shows that the inclusion

o Vviog N
F(WGme‘?GWbe,f) €0 (NHE

holds.
Corollary 1 is finally proved.
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Proof of Corollary 2. (i) The condition a; > a3 allows us to calculate the
value of the sum Zg;é bl@2=a1)9 Qo the equality holds

v-1 a a

E plae—ai)g b _ b . 1 .
‘ hor — po2 bor — poz plar—az)v

g:

According to Theorem 1, in the case when a; > as the presentation holds
b2y FQ(WGb,eov ﬂGbAPbZ “u)
1 b2 b1 (b*2 — 1)
=—<(b—1 1
C’(a'b){( )ba2—b { bar — po2 + ]
-1 ba1+a2 h.p ha2 _ pataz po1 1
* ) b—1) .
(bt — b)(b>2 — b)(b*r — b2) bor — b | b

(ii) From the above equality we obtain the limit equality

a1—ag)v

. a2 . . Ry
Jim, NE - F WG, 41056, )
N=b"

(21) = \/( be (bal — b)[(bal — bo‘?) + b1 (baz _ 1)]

bt — ba2)[be1 (592 — b) + b2 (b1 — b) + (b — 1)b1ta2]’

(iii) Let us assume that 1 < ap < 2. Then, there exists a number 0 < ¢ < 3
such that %2 =1 — . The equality (21) gives us that

1
(WGbsDﬂO‘ Gp,ep bu) 60(]\]’1 e)'

(iv) Let a = 2. From the equality (21) we find that

1
F(WGb#P;Oé;GbﬁObZI’;,f) €0 (N) .

(v) Let us assume that ay > 2. Then, there exists a number ¢ > 0 such that
F=1+e.
The equality (21) shows us that the inclusion

1
F(WGba‘P;a;Gb#PbZl’:f) €0 <N1+a>

holds.
Corollary 2 is finally proved.
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