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Abstract. In this paper, we present some sufficient conditions for which a Banach
spaceX has normal structure in term of the modulus of weak uniform rotundity δX(ϵ, f),
the Domı́nguez-Benavides coefficient R(1, X) and the coefficient of weak orthogonality
ω(X). Some known results are improved and strengthened.
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1. Introduction

Let X be a Banach space, and SX = {x ∈ X : ∥x∥ = 1}, BX = {x ∈ X : ∥x∥ ≤
1} denote the unit sphere and the unit ball of the Banach space X, respectively.
For x ∈ SX , let ∇x ⊂ SX∗ be the set of norm 1 supporting functionals of SX at
x, that is f ∈ ∇x ⇔ ⟨f, x⟩ = 1, where X∗ stands for the dual space of X.

Definition 1.1. The bounded convex subset C of a Banach space X is said to
have normal structure, if for every convex subset H of C that contains more
than one point, there exists a point x0 ∈ H such that

sup{∥x0 − y∥ : y ∈ H} < sup{∥x− y∥ : x, y ∈ H}.

The Banach space X is said to have weak normal structure, if every weakly
compact convex subset of X that contains more than one point has normal
structure. In reflexive spaces, both weak normal structure and normal structure
coincide. A Banach space X is said to have uniform normal structure, if there
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exists 0 < c < 1 such that for any closed bounded convex subset H of X that
contains more than one point, there exists x0 ∈ H such that

sup{∥x0 − y∥ : y ∈ H} < c sup{∥x− y∥ : x, y ∈ H}.

Let C be a nonempty bounded closed convex subset of a Banach space X, a
mapping T : C → C is said to be nonexpansive provided the inequality

∥Tx− Ty∥ ≤ ∥x− y∥

holds for every x, y ∈ C. A Banach space X is said to have the fixed point
property if every nonexpansive mapping T : C → C has a fixed point.

Weak normal structure, normal structure and uniform normal structure are
important in the metric fixed point theory for nonexpansive mapping. It was
proved by Kirk [7] that if X has normal structure, then Banach space X has
fixed point property. Since then, many mathematicians have investigated many
various geometrical properties of Banach spaces implying weak normal structure,
normal structure or uniform normal structure. A possible approach to look for
some geometric properties in term of some geometric constants which imply
weak normal structure, normal structure or uniform normal structure. Among
the geometric constants, the modulus of weak uniform rotundity δX(ϵ, f) plays
an important role in the description of various geometric structures.

Definition 1.2. The modulus of weak uniform rotundity is the function δX(ϵ, f) :
[0, 2]× SX∗ → [0, 1] defined in the following way ([10]):

δX(ϵ, f) = inf

{
{1} ∪ {1− ∥x+ y∥

2
: x, y ∈ SX , |⟨f, x− y⟩| ≥ ϵ}

}
,

where 0 ≤ ϵ ≤ 2 and f ∈ SX∗. The space X is weakly uniformly rotund if
δX(ϵ, f) > 0, whenever 0 < ϵ ≤ 2 and f ∈ SX∗. For any f ∈ SX∗, δX(ϵ, f) is a

continuous function in 0 ≤ ϵ < 2 and δX(ϵ,f)
ϵ is increasing in (0, 2].

Rencently, Gao [3] studies the modulus of weak uniform rotundity exten-
sively, and get some various geometrical properties and some sufficient condi-
tions for normal structure as follows:

(i) If δX(ϵ, f) > 1
2−

ϵ
4 , 0 ≤ ϵ < 2 for all f ∈ SX∗ , then X is uniform nonsquare.

(ii) If δX(1, f) > 0 for all f ∈ SX∗ , then X has uniform normal structure.

(iii) If δX(ϵ, f) > 1
2 −

ϵ
4 , 0 ≤ ϵ < 2 for all f ∈ SX∗ , then X has uniform normal

structure.

The purpose of this paper is to obtain some classes of Banach spaces with nor-
mal structure, which involves the modulus of weak uniform rotundity δX(ϵ, f),
the Domı́nguez-Benavides coefficient R(1, X) and the coefficient of weak orthog-
onality ω(X). Moreover, these results are strictly wider than the previous Gao’s
results.
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2. Preliminaries

Firstly, let us recall some basic facts about ultrapowers. A filter F on the set N
of natural numbers is called to be an ultrafilter if it is maximal with respect to
set inclusion. The ultrafilter is called trivial if it is of the form A : A ⊂ N, i0 ∈ A
for some fixed i0 ∈ N, otherwise, it is called nontrivial. The sequence {xn}
in X converges to x with respect to F , denoted by limF xi = x if for each
neighborhood U of x, {i ∈ N : xi ∈ U} ∈ F . Let l∞(X) denote the subspace of
the product space ⨿n∈NX equipped with the norm

∥(xn)∥ := sup
n∈N

∥xn∥ < ∞.

Let U be an ultrafilter on N and

NU = {(xn) ∈ l∞(X) : lim
U

∥xn∥ = 0}.

The ultrapower of X, denoted by X̃ is the quotient space l∞(X)/NU equipped
with the quotient norm. (xn)U to denote the elements of the ultrapower. It
follows from the definition of the quotient norm that

∥(xn)U∥ = lim
U

∥xn∥.

If U is nontrivial, then X can be embedded into X̃ isometrically ([6]).
In what follows, some coefficients are introduced, which will be used in the

following sections.

Definition 2.1. The following Domı́nguez-Benavides coefficient was introduced
in [2]:

R(1, X) = sup
{
lim inf
n→∞

{∥xn + x∥}
}
,

where the supremum is taken over all x ∈ X with ∥x∥ ≤ 1 and all weakly null
sequences {xn} in BX such that

D[(xn)] := lim sup
n→∞

lim sup
m→∞

∥xn − xm∥ ≤ 1.

It is clear that 1 ≤ R(1, X) ≤ 2. Some geometric conditions sufficient for
normal structure in term of Domı́nguez-Benavides coefficient have been studied
in [11], [12], [13].

Definition 2.2. The coefficient of weak orthogonality of X was introduced by
Sims in [9]:

ω(X) = sup{λ > 0 : λ · lim inf
n→∞

∥xn + x∥ ≤ lim inf
n→∞

∥xn − x∥},

where the supremum is taken over all the weakly null sequence (xn) in X and
all elements x of X. It is known that 1

3 ≤ ω(X) ≤ 1 and ω(X) = ω(X∗) in the
reflexive Banach spaces (see [5], [8]).
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3. Main results

Lemma 3.1 ([4]). Let X be a Banach space without weak normal structure,
then there exists a weakly null sequence {xn}∞n=1 ⊆ SX such that

lim
n

∥xn − x∥ = 1 for all x ∈ co{xn}∞n=1.

Theorem 3.2. Let X be a Banach space with δX(1+ϵ, f) > g(ϵ) for all f ∈ SX∗

and 0 ≤ ϵ ≤ 1, then X has weak normal structure, where the function g(ϵ) is
defined as

g(ϵ) :=


(R(1,X)−1)ϵ

2 , 0 ≤ ϵ ≤ 1
R(1,X) ,

1
2

(
1− 1−ϵ

R(1,X)−1

)
, 1

R(1,X) < ϵ ≤ 1.

Proof. Suppose that X does not have weak normal structure, by the Lemma
3.1, there exists a weakly null sequence {xn}∞n=1 in SX such that

lim
n

∥xn − x∥ = 1 for all x ∈ co{xn}∞n=1.

Take {fn} ⊂ SX∗ such that fn ∈ ∇xn for all n ∈ N. By the reflexivity of X∗,

without loss of generality, we can assume that fn
w∗
−−→ f for some f ∈ BX∗ . If

necessary by passing to a subsequence, we can choose a subsequence of {xn}∞n=1,
denoted again by {xn}∞n=1, such that

lim
n

∥xn+1 − xn∥ = 1, |(fn+1 − f)(xn)| <
1

n
, fn(xn+1) <

1

n
,(1)

for all n ∈ N and it follows that

lim
n

fn+1(xn) = lim
n
(fn+1 − f)(xn) + f(xn) = 0.

Note that the sequence {xn} is weakly null and verifies D[{xn}] = 1. It follows
from the definition of R(1, X), then

lim inf
n

∥xn+1 + xn∥ ≤ R(1, X).

Therefore, we can choose a subsequence {xn} such that

∥xn+1 + xn∥ ≤ R(1, X).(2)

Denote that R := R(1, X) and consider two cases for ϵ ∈ [0, 1].
Firstly, if ϵ ∈ [0, 1

R ], take

x̃ = (xn+1 − xn)U , ỹ = {[1− (R− 1)ϵ]xn+1 + ϵxn}U and f̃ = (−fn)U .

By the 1 and 2, then
∥f̃∥ = f̃(x̃) = ∥x̃∥ = 1.
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and

∥ỹ∥ =

∥∥∥∥[1− (R− 1)ϵ]xn+1 + ϵxn

∥∥∥∥
=

∥∥∥∥ϵ(xn + xn+1) + (1−Rϵ)xn+1

∥∥∥∥
≤ Rϵ+ (1−Rϵ) = 1.

Therefore, we have

f̃(x̃− ỹ) = lim
U
(−fn)

(
(R− 1)ϵxn+1 − (1 + ϵ)xn

)
= 1 + ϵ,

∥x̃+ ỹ∥ = lim
U

∥∥∥∥[2− (R− 1)ϵ]xn+1 − (1− ϵ)xn

∥∥∥∥
≥ lim

U
(fn+1)

(
[2− (R− 1)ϵ]xn+1 − (1− ϵ)xn

)
= 2− (R− 1)ϵ.

From the definition of δX(ϵ, f), then

δX(1 + ϵ, f) = δ
X̃
(1 + ϵ, f) ≤ (R− 1)ϵ

2
,

which is a contradiction.

Secondly, if ϵ ∈ ( 1
R , 1], in this case R > 1, other ϵ > 1. Let

x̃ = (xn+1 − xn)U , ỹ = {[1− (R− 1)ϵ′]xn + ϵ′xn+1}U , and f̃ = (−fn)U ,

where ϵ′ = 1−ϵ
R−1 ∈ [0, 1

R). It follows from the first case, then

∥f̃∥ = ∥x̃∥ = 1 and ∥ỹ∥ ≤ 1,

f̃(x̃− ỹ) = lim
U
(−fn)

(
(1− ϵ′)xn+1 − [2− (R− 1)ϵ′]xn

)
= 2− (R− 1)ϵ′,

∥x̃+ ỹ∥ = lim
U

∥(1 + ϵ′)xn+1 − (R− 1)ϵ′xn∥

≥ lim
U
(fn+1)

(
(1 + ϵ′)xn+1 − (R− 1)ϵ′xn

)
= 1 + ϵ′.
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From the definition of δX(ϵ, f), then

δX(2− (R− 1)ϵ′, f) = δ
X̃
(2− (R− 1)ϵ′, f) ≤ 1− ϵ′

2
,

which is equivalent to

δX(1 + ϵ, f) = δ
X̃
(1 + ϵ, f) ≤ 1

2

(
1− 1− ϵ

R− 1

)
.

This is a contradiction.

In fact, take ϵ = 0 in Theorem 3.2, we can easily get the following result in
[3].

Corollary 3.3. Let X be a Banach space with

δX(1, f) > 0 for all f ∈ SX∗ ,

then X has weak normal structure.

Remark 3.4. (i) Theorem 3.2 strengthens the result of Gao: δX(1, f) > 0 for
all f ∈ SX∗ =⇒ X has normal structure, which gives the precise sufficient
condition for the normal structure, whenever 1 ≤ 1 + ϵ ≤ 2.

(ii) It is note that Corollary 3.3 is sharp in the sense that there is a Banach
space X such that δX(1, f) = 0, X fails to have normal structure. Indeed,
we consider the Bynum space ℓp,∞, which is the space ℓp (1 < p < +∞)
with the norm

∥x∥p,∞ = max{∥x+∥, ∥x−∥},

where x+ is the positive part of x, defined as x+(i) = max{x(i), 0} and
x− = x+ − x. It is known that ℓp,∞ is a super-reflexive space that fails
normal structure(see [1]), therefore δX(1, f) = 0. This example shows that
the condition in Corollary 3.3 is the best possible.

In the proof of following Theorem 3.5, we will get a property P that implying
the uniform normal structure of a Banach space and also implying uniform
normal structure of its dual. The proof is in the following fashion, suppose X∗

fails to have uniform normal structure, then X̃∗ fails to have normal structure

[7]. If X is super-reflexive, applying Lemma 3.1 yields vectors in (
˜̃
X∗)∗ = ˜̃X

that are used to show ˜̃X /∈ P, which in turn implies X /∈ P (The notation X /∈ P
will mean that a Banach space X does not satisfy the property P.) Thus, in
order to prove the property P implying X∗ has uniform normal structure, we
only need to show that if X = X∗∗ fails to have uniform normal structure, then

(X̃)∗ = ( ˜̃X)∗ fails to satisfy the property P by Lemma 3.1.
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Theorem 3.5. Let X be a Banach space such that

δX(1 + ω(X), f) >
1− ω(X)

2

for all f ∈ SX∗, then X and X∗ have uniform normal structure.

Proof. Since 1
3 ≤ ω(X) ≤ 1, it is easy to check that

δX(1 + ω(X), f) >
1− ω(X)

2
≥ 1

2
− 1 + ω(X)

4
=

1− ω(X)

4
,

then X is uniformly nonsquare by the result (i) of Gao, it suffices to prove that
X has weak normal structure whenever

δX(1 + ω(X), f) >
1− ω(X)

2
.

Firstly, repeating the arguments in the proof of Theorem 3.2, take x̃ = (xn+1 −
xn)U , ỹ = [ω(X)(xn+1 + xn)]U , and f̃ = (−fn)U . By the definition of ω(X) and
Lemma 3.1, then

∥f̃∥ = f̃(x̃) = ∥x̃∥ = 1,

∥ỹ∥ = ∥[ω(X)(xn+1 + xn)]U∥ ≤ ∥(xn+1 − xn)U∥ = 1,

f̃(x̃− ỹ) = lim
U
(−fn)

(
(1− ω(X))xn+1 − (1 + ω(X))xn

)
= 1 + ω(X),

∥x̃+ ỹ∥ = lim
U

∥(1 + ω(X))xn+1 − (1− ω(X))xn∥

≥ lim
U
(fn+1)

(
(1 + ω(X))xn+1 − (1− ω(X))xn

)
= 1 + ω(X).

The definition of δX(ϵ, f) implies that

δX(1 + ω(X), f) = δ
X̃
(1 + ω(X), f) ≤ 1− ω(X)

2
.

This is a contradiction. Consequently, if δX(1+ω(X), f) > 1−ω(X)
2 , then X has

weak normal structure.
On the other hand, suppose that X∗∗ does not have weak normal structure,

x̃∗ = (fn)U , ỹ∗ = [ω(X∗)(fn+1 − fn+2)]U and x̃∗∗ = (xn − xn+1)U .

By the definition of ω(X∗) and Lemma 3.1, then

∥x̃∗∥ = ∥(fn)U∥ = 1 and ⟨x̃∗, x̃∗∗⟩ = ⟨fn, xn − xn+1⟩ = 1,
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and

∥ỹ∗∥ = ω(X∗)∥(fn+1 − fn+2)U∥ ≤ 1.

Moreover, we have

⟨x̃∗ − ỹ∗, x̃∗∗⟩ = lim
U
⟨fn − ω(X∗)fn+1 + ω(X∗)fn+2, xn − xn+1⟩

= 1 + ω(X∗),

∥x̃∗ + ỹ∗∥ = lim
U

∥fn + ω(X∗)fn+1 − ω(X∗)fn+2∥

≥ lim
U
⟨fn + ω(X∗)fn+1 − ω(X∗)fn+2, xn − xn+2⟩

= 1 + ω(X∗).

From the definition of δX∗(ϵ, f) and ω(X) = ω(X∗), then

δX∗(1 + ω(X∗), f) = δ(X∗)U (1 + ω(X), f) = δ(XU )∗(1 + ω(X), f) >
1− ω(X)

2
.

Remark 3.6.

(i) It is well known that 1
3 ≤ ω(X) ≤ 1, then 4

3 ≤ 1+ω(X) ≤ 2, therefore the
condition in Theorem 3.5 implies the uniform normal structure of Banach
spaces are shown to imply uniform normal structure of their dual spaces as
well, which are complementary to the Gao’s results, whenever 4

3 ≤ ϵ ≤ 2.

(ii) Consider the Hilbert space H, it is well known that δH(ϵ, f) = 1−
√

2(2−ϵ)

2
for all f ∈ SX∗ and 0 ≤ ϵ ≤ 2, R(1, X) = 1 and ω(X) = 1, it is easy to

check that δH(ϵ, f) > 0 = (R(1,X)−1)ϵ
2 = 1−ω(X)

2 , then X has weak normal
structure from Theorem 3.2 or Theorem 3.5.

Acknowledgement

The work was sponsored by the Natural Science Foundation of Chongqing
(CSTB2022NSCQ-MSX0290), the Scientific and Technological Research Pro-
gram of Chongqing Municipal Education Commission
(Grant No. KJZD-M202001201), China.

References

[1] W. Bynum, A class of spaces lacking normal structure, Compositio Math.,
25 (1972), 233-236.



884 Z. ZUO and Y. HUANG

[2] T. Domı́nguez Benavides, A geometrical coefficient implying the fixed point
property and stability results, Houston Journal of Mathematics, 22 (1996),
835-849.

[3] J. Gao, WUR modulus and normal structure in Banach spaces, Advances
in Operator Theory, 3 (2018), 639-646.

[4] K. Goebel, W. Kirk, Topics in metric fixed point theory, Cambridge Stud.
Adv. Math., Cambridge Univ. Press, Cambridge, 1990.
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