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Abstract. In this paper, we present some sufficient conditions for which a Banach
space X has normal structure in term of the modulus of weak uniform rotundity dx (e, f),
the Dominguez-Benavides coefficient R(1, X) and the coefficient of weak orthogonality
w(X). Some known results are improved and strengthened.
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1. Introduction

Let X be a Banach space, and Sx = {z € X : ||z =1}, Bx ={z € X : [jz|| <
1} denote the unit sphere and the unit ball of the Banach space X, respectively.
For x € Sx, let V, C Sx= be the set of norm 1 supporting functionals of Sx at
x, that is f € V, < (f,z) = 1, where X* stands for the dual space of X.

Definition 1.1. The bounded convez subset C' of a Banach space X is said to
have mormal structure, if for every convex subset H of C that contains more
than one point, there exists a point xo € H such that

sup{[|zo —y|l 1y € H} <sup{|lz -yl : z,y € H}.

The Banach space X is said to have weak normal structure, if every weakly
compact convex subset of X that contains more than one point has normal
structure. In reflexive spaces, both weak normal structure and normal structure
coincide. A Banach space X is said to have uniform normal structure, if there
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exists 0 < ¢ < 1 such that for any closed bounded convex subset H of X that
contains more than one point, there exists zo € H such that

sup{|lzo —y|l : y € H} < esup{||z — y|| : x,y € H}.

Let C' be a nonempty bounded closed convex subset of a Banach space X, a
mapping T : C' — C' is said to be nonexpansive provided the inequality

T2 — Tyl < ||z —yl|

holds for every x,y € C. A Banach space X is said to have the fixed point
property if every nonexpansive mapping T : C' — C' has a fixed point.

Weak normal structure, normal structure and uniform normal structure are
important in the metric fixed point theory for nonexpansive mapping. It was
proved by Kirk [7] that if X has normal structure, then Banach space X has
fixed point property. Since then, many mathematicians have investigated many
various geometrical properties of Banach spaces implying weak normal structure,
normal structure or uniform normal structure. A possible approach to look for
some geometric properties in term of some geometric constants which imply
weak normal structure, normal structure or uniform normal structure. Among
the geometric constants, the modulus of weak uniform rotundity dx (e, f) plays
an important role in the description of various geometric structures.

Definition 1.2. The modulus of weak uniform rotundity is the function dx (e, f) :
[0,2] x Sx+ — [0,1] defined in the following way ([10]):

dx (e, f) :inf{{l}u{l— H:C;yH:x,yE Sx, [{fyx—y)| > 6}},

where 0 < € < 2 and f € Sx«. The space X is weakly uniformly rotund if
dx (e, f) > 0, whenever 0 < e <2 and f € Sx«. For any f € Sx«, dx(¢, f) is a
6X(67f)

continuous function in 0 < e < 2 and = is increasing in (0, 2].

Rencently, Gao [3] studies the modulus of weak uniform rotundity exten-
sively, and get some various geometrical properties and some sufficient condi-
tions for normal structure as follows:

(i) Ifox(e, f) > 3—%,0<e < 2forall f € Sx«, then X is uniform nonsquare.
(ii) If 6x(1, f) > 0 for all f € Sx~, then X has uniform normal structure.

(iif) If 6x (e, f) > 3 — 5,0 < e< 2 for all f € Sx«, then X has uniform normal
structure.

The purpose of this paper is to obtain some classes of Banach spaces with nor-
mal structure, which involves the modulus of weak uniform rotundity dx (e, f),
the Dominguez-Benavides coefficient R(1, X) and the coefficient of weak orthog-
onality w(X). Moreover, these results are strictly wider than the previous Gao’s
results.
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2. Preliminaries

Firstly, let us recall some basic facts about ultrapowers. A filter F on the set N
of natural numbers is called to be an ultrafilter if it is maximal with respect to
set inclusion. The ultrafilter is called trivial if it is of the form A : A C N,ig € A
for some fixed iy € N, otherwise, it is called nontrivial. The sequence {z,}
in X converges to x with respect to F, denoted by limrz; = z if for each
neighborhood U of z, {i e N: z; € U} € F. Let loo(X) denote the subspace of
the product space II,,cnyX equipped with the norm

[(@n)| == sup [lzn|| < oco.
neN

Let U be an ultrafilter on N and

Nyt = {(n) € loo(X) : Timn ]| = 0}.

The ultrapower of X, denoted by X is the quotient space I (X)/Ny equipped
with the quotient norm. (z,)y to denote the elements of the ultrapower. It
follows from the definition of the quotient norm that

el = T

If U is nontrivial, then X can be embedded into X isometrically ([6]).
In what follows, some coefficients are introduced, which will be used in the
following sections.

Definition 2.1. The following Dominguez-Benavides coefficient was introduced
R(1, X) = sup { minf{ |l + 2]},

where the supremum is taken over all x € X with ||z|| < 1 and all weakly null
sequences {xn} in Bx such that

Di(zy)] := limsup limsup ||z, — || < 1.
n—oo m—r0o0

It is clear that 1 < R(1,X) < 2. Some geometric conditions sufficient for
normal structure in term of Dominguez-Benavides coefficient have been studied
n[11],[12],[19).

Definition 2.2. The coefficient of weak orthogonality of X was introduced by
Sims in [9):
w(X) =sup{\ > 0: \-liminf ||z, + z|| <liminf ||z, — z||},
n—oo n—oo
where the supremum is taken over all the weakly null sequence (xy) in X and

all elements x of X. It is known that £ < w(X) <1 and w(X) = w(X*) in the
reflexive Banach spaces (see [5],[8]).



NORMAL STRUCTURE AND THE MODULUS OF WEAK UNIFORM ROTUNDITY ... 879

3. Main results

Lemma 3.1 ([4]). Let X be a Banach space without weak normal structure,
then there exists a weakly null sequence {x,}5°; C Sx such that

lim ||z, —z|| =1 for all = € co{zp}ye;.
n

Theorem 3.2. Let X be a Banach space with dx(1+¢, f) > g(e) for all f € Sx+
and 0 < e <1, then X has weak normal structure, where the function g(e) is

defined as

—_

(R(l,);)—l)e 0 S € S

)

—

g(e) =

R(1,X)°
1 1- 1
2 <1 - R(l,XE)A) o mox) <€s L

Proof. Suppose that X does not have weak normal structure, by the Lemma
3.1, there exists a weakly null sequence {x,}° in Sx such that

lim ||z, —z|| =1 for all z € co{zy}y=.
n

Take {f,} C Sx~ such that f,, € V,,, for all n € N. By the reflexivity of X*,

without loss of generality, we can assume that f, v, f for some f € Bx~. If
necessary by passing to a subsequence, we can choose a subsequence of {x,,}°° ;,
denoted again by {z,}7° , such that

. 1 1
(1) i flzep = zall =1, [(farr = (@) < - fo(Tnt1) < -
for all n € N and it follows that
liT{n frt1 (Ccn) = hran(fn-‘rl - f)(xn) + f(xn) =0.

Note that the sequence {z,} is weakly null and verifies D[{z,}] = 1. It follows
from the definition of R(1, X), then

liminf ||zp41 + 2| < R(1, X).
n
Therefore, we can choose a subsequence {x,} such that
(2) [Zn1 + 2l < R(1, X).

Denote that R := R(1, X) and consider two cases for € € [0, 1].
Firstly, if € € [0, %], take

= (21— 2y, § = {[1 = (R = Dewni1 + exn}y and f = (—fu)u-

By the 1 and 2, then 3 )
11 =f(@) = |z = 1.
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and

il = |- (= Ddenia + o

€(zn + Tpt1) + (1 — Re)zpiq

< Re+(1—Re)=1.

Therefore, we have

f@=9) = tm(=fa)((R = Dezner — (14 z,)
= 1l+e¢

il =t (R Do~ (1 9,
> lim(for1) (12 = (R = Delansi — (1 - )an)
= 2—(R-1e

From the definition of dx (¢, f), then

(R—1)e

5X(1+67f):5)z(1+67f)§ 2 ’

which is a contradiction.
Secondly, if € € (%, 1], in this case R > 1, other € > 1. Let

&= (Tnt1 — 2o)u, ¥ = {1 — (R — 1)e]zy + €2pi1}u, and f = (= fu)u,

where ¢ = }12:61 € [o, }%) It follows from the first case, then

IfIF=1lz]l = 1 and [lg]| <1,

f@=5) = tm(=£2) (1= anr — 2 - (R 1)elan)
= 2—(R-1)¢,

I1Z+gll = Hmll(1+€)ansr = (R = 1)ean]

> lim(for1) (14 )anta — (R = 1)ea,)
= 1+¢€.
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From the definition of dx (e, f), then

1—¢
2 M

Sx(2—(R-1)é,f) = 5)}(2 —(R-1),f) <

which is equivalent to

1 1-—
5X(1—|—e,f):5)~((1—|—e,f)<2(1—R_€1>.

This is a contradiction. O

In fact, take ¢ = 0 in Theorem 3.2, we can easily get the following result in

3].

Corollary 3.3. Let X be a Banach space with
Ox(1,f) >0 for all fe€ Sx~,
then X has weak normal structure.

Remark 3.4. (i) Theorem 3.2 strengthens the result of Gao: 0x (1, f) > 0 for
all f € Sx» = X has normal structure, which gives the precise sufficient
condition for the normal structure, whenever 1 <1+ ¢ < 2.

(i) It is note that Corollary 3.3 is sharp in the sense that there is a Banach
space X such that 6x(1, f) =0, X fails to have normal structure. Indeed,
we consider the Bynum space €, ~, which is the space ¢, (1 < p < +00)
with the norm

o0 = max{ 2], =},

where xT

is the positive part of z, defined as x* (i) = max{z(i),0} and
= =at —x. It is known that £y~ is a super-reflexive space that fails
normal structure(see [1]), therefore §x (1, f) = 0. This example shows that

the condition in Corollary 3.3 is the best possible.

In the proof of following Theorem 3.5, we will get a property P that implying
the uniform normal structure of a Banach space and also implying uniform
normal structure of its dual. The proof is in the following fashion, suppose X*
fails to have uniform normal structure, then X* fails to have normal structure

[7]. If X is super-reflexive, applying Lemma 3.1 yields vectors in (X*)* = X
that are used to show X ¢ P, which in turn implies X ¢ P (The notation X ¢ P
will mean that a Banach space X does not satisfy the property P.) Thus, in
order to prove the property P implying X* has uniform normal structure, we
only need to show that if X = X™* fails to have uniform normal structure, then

(X)* = (X)* fails to satisfy the property P by Lemma 3.1.
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Theorem 3.5. Let X be a Banach space such that

Sx(1+w(X), f) > 1_‘*2’()0

for all f € Sx~, then X and X* have uniform normal structure.
Proof. Since 1 < w(X) <1, it is easy to check that

1—w(X)>1 I+wX) 1-wX)

6X(1+w(X)vf)> D) —5_ 4 - 4 ’

then X is uniformly nonsquare by the result (i) of Gao, it suffices to prove that
X has weak normal structure whenever
1 —w(X)

Ix(1+w(X),f) > 5

Firstly, repeating the arguments in the proof of Theorem 3.2, take z = (Tpt1 —
Tty § = [w(X)(Znt1 + n)|u, and f = (= fn)u- By the definition of w(X) and
Lemma 3.1, then

Ifll = f(@) = |zl = 1,
191l = [llw(X)(@nt1 + za)lull < [(@nr = zn)ull =1,

F@=5) = Tim(=fa) (1= w(X))zns1 = (1+w(X))an)

u
= 14+ w(X),
13 +31 = lim (1 + w(X))@ns1 = (1= w(X))an
> (o) (14 @)@ — (1= w(X))an)
= 14+w(X).

The definition of dx (e, f) implies that

1 —w(X)

Sx(1+w(X), ) = b1+ w(X), f) <~

This is a contradiction. Consequently, if dx (1 +w(X), f) > PWT(X), then X has
weak normal structure.
On the other hand, suppose that X** does not have weak normal structure,

o = (fu,y* = [W(X)(far1 = far2)lu and 27 = (2n — Tnt1 )u-
By the definition of w(X™*) and Lemma 3.1, then

lz* [l = I(fn)ull =1 and (a*,2%) = (fn, 20 — Tns1) =1,
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and
gl = WX (frt1r — frr2)ull < 1.

Moreover, we have

<$~* - y~*7x:k*> = 112/r{n<fn = w(XF) far1 +w(X7) froy2, Tn — Tpg1)
= 1+ w(X™),
% +y*|| = lim [| fro + @ (X7) fr1 = w(X7) fasall
> liz/rln<fn+w(X*)fn+l _W(X*)fn+2a$n _55n+2>
= 14+ w(X7).

From the definition of dx~ (e, f) and w(X) = w(X™), then

1 —w(X)

Ox+(1+w(X7), f) = 0(xe), (1 + w(X), f) = 0(x)- (L + w(X), f) > ——

Remark 3.6.

(i) It is well known that § < w(X) <1, then 4 < 1+w(X) < 2, therefore the
condition in Theorem 3.5 implies the uniform normal structure of Banach
spaces are shown to imply uniform normal structure of their dual spaces as
well, which are complementary to the Gao’s results, whenever % <e<2

(ii) Consider the Hilbert space H, it is well known that dg (e, f) = 1— 7V2(22_5)
forall f € Sx~and 0 <e <2, R(1,X) =1 and w(X) = 1, it is easy to
check that oy (e, f) > 0= (R(l’)g)_l)e = 1—3()()7 then X has weak normal
structure from Theorem 3.2 or Theorem 3.5.
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