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1. Introduction

Fuzzy set theory was introduced by Zadeh [18] as an object whose elements have
memberships degrees in the [0, 1] interval. In following years, many researchers
studied on the generalization of the fuzzy set concept. Atanassov introduced
the concept of Intuitionistic Fuzzy Sets, form an extension of fuzzy sets by
expanding the truth value set to the lattice [0, 1] x [0, 1] is defined as following:

Definition 1.1. Let L = [0,1] then L* = {(w1,29) € [0,1]? : 21 + 29 < 1}
is a lattice with (x1,22) < (y1,y2) <= “@1 < y1 and xz2 > yo”. For

(x1,vy1), (z2,y2) € L*,the operators A and V on (L*,<) are defined as following;

(z1,91) A (22,92) = (min(z1, 22), max(y1, y2)),
(x1,y1) V (22,y2) = (max(x1, x2), min(yy, y2)).

For each J C L* supJ = (sup{z : (z,y € [0,1]),((z,y) € J)},inf{y : (z,y €
[0,1))((z,y) € J)}) and infJ = (inf{z : (z,y € [0,1))((z,y) € J)},sup{y :
(z,y € [0,1]))((z,y) € J)}).

Topology concept is widely used by mathematicians and other scientists in
modeling real-world structures and problems. This approach is based on identi-
fying and using the common points of different shapes. The Intuitionistic Fuzzy
Topology was defined by Coker in 1997 ([6]). Expanding the topology theory on
intuitionistic fuzzy sets has attracted the attention of many researchers.Various
studies were done based on the application and theoretical fields [8, 9, 10, 13].
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The application of intuitionistic fuzzy topology on spatial objects was examined
firstly by M.R. Malek [11].

Operator theory has an important role in modeling real-world problems. The
concept of intuitionistic fuzzy modal operators was defined by K. Atanassov in
1999 and then modal operators were studied extensively in various fields (see
[2, 4, 7, 15]). The first intuitionistic fuzzy topological operators were defined
by K. Atanassov and in subsequent studies new intuitionistic fuzzy topological
operators were introduced (see [4, 8, 15]). Fuzzy and intuitionistic fuzzy pre-
topological /topological operators are applied in computing the values of fuzzy
relations of spatial objects with uncertainty in determining the boundaries such
as forest area, lake, sea, etc. ([5, 13, 14, 16, 17]). Therefore, the defining of new
topological operators is important for approaching spatial problems.

In this paper, new intuitionistic fuzzy topological operators are introduced
and some properties are examined.

2. Preliminaries

Definition 2.1 ([2]). An intuitionistic fuzzy set (shortly IFS) on a set X is an
object of the form
A= {(l‘,IUA(ZL'),Z/A(l‘» RS X}a

where pa(z), (pa : X — [0,1]) is called the “degree of membership of x in A”,
va(x),(va : X — [0,1]) is called the “degree of non- membership of x in A”,
and where pa and va satisfy the following condition:

pa(z) +va(z) <1, forall x € X.

The class of intuitionistic fuzzy sets on X is denoted by [FS(X). The
hesitation degree of z is defined by m4(x) = 1 — pa(z) — va(z).

Definition 2.2 ([2]). An IFS A is said to be contained in an IFS B (notation
A C B) if and only if, for allx € X : pa(z) < pp(x) and va(x) > vp(zx).

It is clear that A = B if and only if AC B and B C A.

Definition 2.3 ([2]). Let A € IFS and let A = {{(z,pa(x),va(z)) : x € X}
then the above set is callede the complement of A

A= {(z,va(2), pa(v)) 1z € X}.
The intersection and the union of two IFSs A and B on X is defined by
ANB={{(z,pa(x) ANup(z),va(x) Vvpg(z)) :z € X},

AUB = {(z,pa(x)Vup(z),valx) Nvg(z)) :x € X}.

Some special Intuitionistic Fuzzy Sets on X are defined as following;

O ={(x,0,1) : x € X},
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X*={<z,1,0>ze X}

Atanassov introduced topological operators, and the extensions of these op-
erators was defined by same author in 2001 as:

Definition 2.4 ([2]). Let X be a set and A € IFS(X)
C(A)={(z,K,L):x € X},
where K = supyecx pa(y), L = infyex va(y) and
I(A) = {{z,k,l) : x € X},
where k = infyex pa(y),l = supyex va(y).

Definition 2.5 ([3, 4]). Let X be a set and A € IFS(X). Let K,L,k and [ be
as above forms:

1. Cu(A) = {(z, K, min(1 — K,va(z))) : x € X}
2. Cy(A) = {(w, pa(e), L) s 2 € X}

3. Lu(A) = {{a,k,va(2)) s @ € X5

4. L(A) = {{a, min(1 — |, pa(x)), 1) : 7 € X}.

The characteristic of these operators were investigated in the same study.
We will now define some topological concepts that we refer to in this study.

Definition 2.6 ([1]). An pre—closure operator ¢ : X — X is a map which
associates to each set A € X a set c(A) such that:

2. ACc(4);
3. c(AUB)=c(A)Uc(B), forall A,B C X.

If in addition to above axioms the operator c is idempotent, that is ¢ (A) =
c(c(A)) then c is called closure operator in X. X can be p(X),FS(X) or
IFS (X).

Definition 2.7 ([1]). For the pre—-closure operator ¢ defined on X we say that
a set A € X is closed iff c (A) = A. Also,

={A:AeX & c(A) = A}

is the topology generated by the pre—closure operator c. If X is p (X),FS (X)
or IFS (X) then 7 is called crisp topology, fuzzy topology or intuitionistic fuzzy
topology, respectively.
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Definition 2.8 ([1]). An pre—interior operator i: X — X is a map which
associates to each set A € X a set i(A) such that:

2. 1(A) C A;
3. i(AnB)=i(A)Ni(B), forall A,B C X.

If in addition to above axioms the operator i is idempotent, that is i (A) =
i(i(A)) then i is called interior operator in X. X can be p(X),FS(X) or
IFS (X).

Definition 2.9 ([1]). For the pre—interior operator i defined on X we say that
a set A € X is open iff i(A) = A. Also,

nn={A:AcX &i(A)=A}

is the topology generated by the pre—interior operator i. If X is o (X),FS (X)
or IFS (X) then 7 is called crisp topology, fuzzy topology or intuitionistic fuzzy
topology, respectively.

Remark 2.1. If i is (pre)interior operator then c (A) = —i(—A4) is its corre-
sponding pre—closure. That is (c (4),—i(—A)) is a pair of conjugate preclosure-
preinterior operators.

Proposition 2.1 ([1]). Ifi and c is a conjugate pair of preinterior and preclo-
sure operators in X, then

Tc:{—\A:AETi} andTi:{_!BZBGTC}-

In [14], Marinov and Atanassov generalized the pre—interior and pre—closure
operators to intuitionistic fuzzy sets and introduced new intuitionistic fuzzy
topological operators. In the same paper, they examined topological properties
of these operators in detail.

Definition 2.10 ([14]). Let us denote @ = (ag, 1) and B = (Bo, B1), where
a;i, B € [0,1] fori € {0,1} and oy < 1,80 < 1. For every Y&, Vg € [0,1] and
based on an arbitrary A € IFS(X). The topological operators

178 07 TFS(X) — IFS(X)

wa,B’ " via,p
are defined as follow;
pa(z), 0 < pa(x) < ag
" ()= 4 OO ag < pa(z) < ap + va (a1 — ag)
Yo Vg — 5
Liwg @A) = (pa(2) —a1) + a1, ag+va(ar —ag) < palz) < a

Ya
pa(zx), a; < paz) <1
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I/A(JT OSVA(ZL')<[30
( ) (1; + 51’}’37
VIE’YBE(A) (‘T) = ’YE’YE (IL‘) ’ 50 < vy (I‘) < 61
: ey
va(z), Br<va(z) <1
and
pa(z), 0 < pa(z) < Bo
. (1 VE)MA z) + By,
MCZE’%E(A) (ZE) = § min 1— I/C’Yav"fﬁ (Jf) 3 /BO S HA (.’L‘) < 61 P
’ viw,B (A)
pa (), Br<pa(r) <1
va(z), 0<wva(zr) <ap
v s ()= 4 O ag < va(r) < oo+ 7a (a1 — ao)
Comd A = (va(@) — 1) + a1, ag+a (a1 — ao) <va(r) <
va(z), a1 <wvu(x) <

3. Main results

In this study, new intuitionistic fuzzy topological operators are defined by con-
sidering the operators defined by Marinov and Atanassov in [14]. The variation
of pre—closure operator, pre—interior operator and boundary value according
to varying «, 8,7 and w values is examined with an example.

Definition 3.1. Let X be a set and A € IFS(X). For o, f3,v,w € [0,1], the
topological operator I;Z’g 1s defined as follow;

1% IFS(X) — IFS(X)

such that
inf pu4 (z), 0 < pa(z) <ay(l-p)
e o (@)= (1—8) pa (z), ay (1= 8) < pa(z) < ay
Ip(4) 1; (pa(z) —a)+a, ay<pa(zr) <a
1a(z), a < pa(r) <1
and



868 SINEM TARSUSLU (YILMAZ)

Proposition 3.1. Let X be a set and A € IFS(X). For o, 3,7v,w € [0,1], the
topological operator Ig"g (A) is an intuitionistic fuzzy set.

Proof. Suppose that 0 < vy (z) < fw or B < va(x) < 1 then Vv (a) (x) =
va (z) and it is clear that K4 4) () < pa(x), we obtain that u[;/:;(A)(:r) +
v a)(@) < palz) +vale) <1.

On the other hand, if fw < vy () < B then

prrsay (2) Fmin{(1 —w)va (2) + fw, 1= prre ) (2)}
S B (a) (z) +1— KIsA) (x) =1
= sy (@) T v ) (@) < 1.

Proposition 3.2. Let X be a set and A € IFS(X). For o, 3,7v,w € [0,1], the
operator 1.5 (A) is a pre—interior operator in IFS(X).

Proof. (i) Let A = X* then 1175 (A) (7) = px=(a) (r) and Vs (a) (z) = vx=(a) (7)
for all z € X*. I7% (X*) = X*
(ii) Let’s examine the Iy (4) under the given conditions.

First, inf pa (z) < pa(x) and (1 — B) pa (z) < pa(x), 8 €[0,1] for all z € X.
Now, let pa(z) < a, € X then for v € [0, 1],

ypa(z) < yoa= pa(z) —ya < pa(r) —ypa(z)
= palz) > W +a
> ala) > T (ale) ~ ) +a

also, let v4 () < B, * € X then for w € [0,1]wra (z) < wWB = va(z) <
(I -w)vg(z)+wphfand vy (z) <1-— K74 (a) (x) for all z € X. Igw( ) C A.

(iii) Let A, B € IFS(X).

K ;(AHB)( )

inf (pa (z) Apgp (7)), 0<pa(z)App(z) <ay(l-pH)
(1—5)( () Aug (), ay (1= B) < pa(z) App (r) < ay
1= ((na (@) A () —a) +a,  ay < pa (@) App () < @
(1 ()/\MB())a a<pa(x)App(r) <1
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inf g (z) ANMnf pp (x), 0 < pa(x)Apg(r) <ay(l-p5)
(I=Ppa@)AN1 =) pp(x), ay(l—=PF)<pa(z)Aps(x) <ay
= (ﬁ (na (z) —a) + a) A

ay < x) N\ T «
ﬁ(uB(x)—a)Jra), v < pa (@) App () <

(1a (z) Aug (2)) o< pa(z)Apg(z) <1
mfﬂA (@), 0< palz) <ay(l-p)
_ ( B) na(z) ay (1= B) < palx) < oy
1= (4 (x) =) +a, ay < py(z) <a
uA() a<pylz) <1
inf up (), 0< py(x) <ay(l-p)
A =B s (), ay (1= p)< pa(z) <ay
1
17— (1B (2) —a) +a, ay < py(z) <o
ACHR a<pyr) <1

= prrsay (2) A g (@)
and

VIW ANB) (v)

0 <wva(z)Vvg(z) < fw

} , Pw <wvg(x)Vuvp(x)<p

x)\/I/B<
D . ( - ) A(x)Vrp(z)) + Bw,
I=(upye ) (@)A1rs ) (2))
(

va(x)Vvp B <va(z)Vvp(r) <1
va(x)Vrp 0<vy(x)Vvp(x)<pw
(1 = w)va(z)+pw)V
= { (1-w VB( )+Bw), } , Pw<wva(z)Vrp(z)<p
(1 *MIW(A V(1 *Mfg:g(B)(fU))
Alx)Vvp(z B <valx)Vrvg(z) <1
va(z), 0<va(z)< fw
= L minf(1 — wpale) 8w, e @), Aw < vaa)< 4
va(), B<vy(x)<1
B(z), 0 <wva(z)< Bw
v {mm{u (@) +, 1 = s (@)}, B < v4(@)< B
(x) Bsval)<1

= VI;’:‘;(A)( )\/VIZ:;(B)($)

This completes the proof. O
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Definition 3.2. Let X be a set and A € IFS(X). For o, f3,v,w € [0,1], the
topological operator CZ,’Z/B 1s defined as follow;

O IFS(X) — IFS(X)

such that
pa (z), 0< pg(z) < Pw
pors(a) () = § min {(1 —w) pa () + Bw, 1= vene ) (ﬁ?)} ; Bw<py(z)< B
pa (z), B<palr)<1
and
infry (x), 0<vg(z) <ay(l-p)
e dU=BmE) (1= <) <
Cas) i (va(@) — ) +a, ay<vu(e) <a
va(x), a<vg(r)<1

Proposition 3.3. Let X be a set and A € IFS(X). For o, 3,7v,w € [0,1], the
topological operator ng (A) is an intuitionistic fuzzy set.

Proof. It can be proved similarly to Proposition 3.1. O

Proposition 3.4. Let X be a set and A € IFS(X). For o, 3,7v,w € [0,1], the
operator C7'5 (A) is a pre—closure operator in IFS(X).

Proof. (i) Let A = O* then Ko (a) () = po+(a)(z) and Ve (a) (x) =
Vo+(a) (z) for all z € O*. CZ; (0*) =0

(ii) It is clear that infry (z) < va(z) and (1 — B)va (x) < va(z),B € [0,1]
for all x € X.

Now, let v4(z) < o, € X then for v € [0, 1],

ya(z) < ya=va(r) —vya <va(x) —yva(z)
va(z) —

= >
va(x) T

+

= va(z) > T

1
valz) —a) + «
V( () — )
and also, let pa () < 8, € X then for w € [0, 1],
wpa (2) <wpf = pa(z) < (1 —w)pa(z)+wp

and pa (x) <1-— Ve (4) (v) for all z € X. So, AT CJ75 (A).
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(iii) Let A, B € IFS(X).

Vo4 (AuB) (z)
inf (v4 (z) Avp ()
(1-58)(va
(v (@) A vs (@) -

(va () Avp (2),

(
(1=B)va(z),
A

117(V () a)+a7
va(z),
infrp (z),
(I-B)vp(z),

" e @) - ) +a,
vp (),

(z) Avp (),

(inf v (x) Ainf vp (z),

871

0<va(x)Avp(x) <ay(l-p)
ay(l=pB)<va(z)Avp(z) <ay
a)+a, ay<va(r)Avp(x)<a

a<vg(z)Avp(z

(1(—5)%4() (1—5))1/3(56)7 ay(1=p)<wa(x)Avp(z) <ay
= 117(VA() a)+alA
) -msa).  TEAOAS

(va(x) Avp(z)), a<vy(z)Avp(x)<l1

(inf vy x) 0 <vg(x) < ay(l-7)

ay(l—pB)<va(z) < ay
ay <va(z) < «
a<vg(x) <1

0 <vp(z) <ay(l-p)
ay (1= 8)<vp(z) < ay
ay <vp(zr) < «
a<vp(r)<1

= veysa) (8) Avers p) (2)

and

peys aup)(2)

pa(@)Vus(z),

_ .{(1—

va(x)Vvp(z),

(pa(z)Vus(z),

w)(pa(z) vV pp(z)) + Bw,
1= (veysa) (@) Avers ) (@)

} , Bw < pa(x)Vopp(r) <p

(1 —w)pa

pa(z)Vpp (),

(z) + fw)V

= { min { (1 —w)pp(z) + pw),
(1 =vepea) (@) V (1= v ) (2)
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pa(z), 0 <pa(z)< Bw
= qmin{(l —w)pa(@) + fw, 1 = vere)(2)},  Bw <pa(r)<
pa(z), B <pa(r)<1
1B (), 0 <pa(z)< Bw
v qmin{(1 —w)up(r) + fw, 1 = verep) (@)}, fw <pa(r)<
pB(z), B <pa(z)<1

= Bo(a) (x)VMcg:;(B) (2)
Hence, proof completed. O

Proposition 3.5. The operator Igg is generalization of the operator I, and
the operator sz is generalization of the operator C,,.

Proof. Let X be aset and A € IFS(X). It is clear that to takey =a =1,w =
0and 8 =1 —infpa(x), ie. I, = Illﬁfk) is provides the definition. On the

other hand, if y=a=1,w=0 and 8=1 — inf v4(x) then CV:Cll’?l—L)' .

Theorem 1. Let X be a set and A € IFS(X) then CJ5 (A) = - 175 (=A),
i.e I(Z:g and Cg:‘g s a conjugate pair of pre—interior and pre— closure operators.

They define the same topology Ty = {-B: B¢ TCZ:Z}.

Proof. Let X be a set and A € IF'S(X).

inf vy (z), 0 <wvy(x) <ay(l-p)
N (R I R I R Ot R
BIi5e ﬁ (va(z) —a)+a, ay<va(zr)<a Carp(4)
va(x), a<wvy(x) <1
and
pa(z) 0 < pa(z) < Pw
VI (-a) ()= < min {(1 —w) pa(x) + pw, 1 — VCZZE(A)} , Pw<pa(z)<p
pa(z), B<pa(z)<1

= [y a) ()
So, O (A) = = I)75 (=A) . From Proposition 2.1, we obtain that 77« =
7 a,B
{(-B: B e %5},

Definition 3.3. The boundary of set A in the intuitionistic fuzzy topology
defined by these pre—interior and pre—closure operators is 0A = CgZ(A) N
(= Ig"g(A)) according to the IF boundary definition given by Malek [11].

O
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In the following example, Ig’z, C

’y?w
aMB

fuzzy set A are examined, for different «, 8,y and w.

873

and boundary value of an intuitionistic

Example 3.1. Let the universal X and A € IFS(X) be given in the table

below.

X | = I3 ¥ o (B Va) 17504) craia) 8(4)

a | 04 | 02 | 07 | 08 (1,0 (1.0) (1,0} (0,1

a, |04 | 0z | 07 | 0s (0.65,0.15) (065, 0.18) {065, 0.01) {0.18, 0.65)
a, |04 |02 | 07 | 08 (0.3.0.4) (0.066667. 0.4) (0.3, 04) (0.3, 0.4)
a; | 04 | 02 | 07 | 0& {0.25, 0.45) (0.2, 0.45) [0.25, 045) {0.25, 0.45)
a, |04 |02 | 07 | 08 (0.8, 0.07) (0.8, 0.0T} (0.8,0.01) (0.07, 0.8)
a; | 04 | 02 | 07 | 0& {0.1,0.2) (0.08,0.2) {0.1,0.01) (0.1, 0.08)
a, | 04 | 02 | 07 | 08 (0.2,0.7) (0.08,0.7) (0.2, 0.7) (02,0.7)
a; | 04 | 02 | 07 | 0s (0.72,024) (0.72, 0.24) (0.72,0.192) {0.24,0.72)
ag | 04 | 02 | 07 | 0s {02,0.7) [0.08,0.7) {0.2,0.7) {02,0.7)
a, | 04 | 02 | 07 | 08 (0.35,053) (0.233333, 0.53) (0.35.053) (0.35,0.53)
ay | 04 | 02 | 07 | 06 {0.82,0.1) [0.82, 0.1} [0.82,0.00) (0.1, 0.82)
a, | 04 | 02 | 07 | 06 {0.97,0.01) {057, 0.01) (0.57, 0.01) {0.01,0.97)
ap | 04 | 02 | 07 | 06 (0.4, 0.32) (048, 0.32) (046, 0. 133333) {0.32,0.48)
a; | 02 | 02 | o7 | 06 {0.15,06) (0.08, 0.6) (0.18 0.6) (0.18, 0.6)
ay | 04 | 02 | 07 | 06 10.55,0.24) {055, 0.24) [0.55,0.192) {0.24,0.55)
a. | 04 | 02 | 07 | 06 {0.74,02) (0.73,0.2) (0.74,0.01) (0.2,0.74)
a, |03 |08 |02 |05 1.0 L0y (L0 [0.1)

a, |03 |08 |04 [05 (0,65, 0.15) {0.65, 0.15) [0.725, 0.05) {0.15,0.65)
a; |03 |08 |04 |05 (0.3, 0.4) (0.3, 0.6] (0.3, 04) (0.3,0.4)
a; (03 |08 |04 [05 {0.25, 0.45) [0.216667, 0.625) [0.25, 045) {0.25, 0.45)
a, (03 |08 |04 |05 (0.8, 0.07) (0.8, 0.07) (0.8,0.014) {0.07,0.8)
a; (03 |08 |02 [05 (0.1,0.2) (0.0, 0.2} {0.1,0.13333) (0.1, 0.1333)
ag |03 |08 |02 |05 (0.2, 0.7) (0.133333, 0.75) (0.2, 0.7) (0.2,0,7)
a; |03 |08 |04 |05 (0.72, 0.24) (0.72,0.24) (0.76,0.2) {0.24,0.72)
a |03 |08 |04 |05 (0.2, 0.7} (0.133333, 0.75) {0.2,0.7) {0.2,0.7)
a; (03 |08 |04 |05 (0.35,0.53) (035, 0.65) (0.35,0.53) (0,35, 0.53)
a, |03 |08 |04 |05 (082, 01) (0.82,0.1) (082, 0.02) (0.1, 0.82)
a, |03 |08 |04 |05 (0.97, 0.01) {0.97, 0.01) (0.37,0.01) {0.01,0.57)
ap |03 |08 |04 |05 [0.48, 0.32) (048, 0.32) (0.6%,0.32) {0.32,0.48)
a3 |03 |08 |04 |05 {0.15, 06) (0.05, 0.7) (0.15, 0.6) (0.15,0.6)
ay |03 |08 [04 |05 {0.55, 0.24) (055, 0.24) [D.675, 0.2) {0.24, 0.55)
a: |03 |08 |04 |05 (0.74,02) (0.74, 0.2) (0.77,0.13333) (0.2, 0.74)
ay [06 |07 |08 [065 (1,0 L0) (1,0 [0,1)

a, (06 |07 |08 |085 (0.65,0.15) {065, 0.15) (0.6825, 0.045) {0.15,0.65)
a; (06 |07 |08 [065 {03, 0.4) [0.09, 0.4) (0.3,0.12) (03, 0.12)
a; |06 |07 |0E | 085 (0.25,045) {0.075, 0.45) [0.25,0.135) [0.25,0.135)
ay, (06 |07 |08 [065 {0.8,0.07) (0.8, 0.07) {0.8,0.01) (0.07, 0.8)
a: |06 |07 |08 [065 (0.1,0.2) (0.1 0.2) (0.1, 0.06) {0.1,0.1)
a;, |06 |07 |08 |065 (0.2,0.7) (0.06,0.7) (0.2, 0.7) {0.2,0.7)
a; (06 |07 |08 [065 (0.72,0.24) {0.72, 0.24) [0.72, 0.072) {0.24,0.72)
ag |06 |07 |08 |085 (0.2, 0.7) (0.06,0.7) (0.2,0.7) {0.2,0.7)
ay |06 |07 |08 [065 10.35,053) {0.105, 0.6405) [0.35, 0.25) {0.35,0.25)
a, |06 |07 |08 065 {0.82,01) [0.82, 0.1} (0.82,0.01) (0.1, 0.82)
ay |06 |07 [08 065 10.97,0.01) {057, 0.01) (057, 0.01) {0.01,0.97)
ap; |06 |07 |08 065 {0.48,032) {0,032} (0.623, 0.096) (032, 0.096)
a;; |06 |07 |08 | 065 {015, 0.6) (0.045, 0.665) (0.15, 0.6) {0.15, 0.6)
ay |06 |07 |08 |065 (0.55,0.24) {035, 0.24) [0.6475, 0.072) {0.24,0.35)
a: |06 |07 |08 |065 {0.74.02) (0.74,0.2) (0.74, 0.06) (0.2,0.74)

Figure 1: Table




874 SINEM TARSUSLU (YILMAZ)

As can be seen from the tables, since there are no conditions limiting «, 3,y
and w values, this diversity provides wide application for problems studied using
topological operators.

4. Conclusion

In this study, new topological operators are defined on intuitionistic fuzzy sets
and their theoretical properties are examined. It is obvious that these defined
operators will contribute to the modeling of real-world problems with uncer-
tainty in determining the boundaries.
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