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Abstract. The calendula graph Cl,,, is a graph constructed from a cycle on m
vertices C,,, and m copies of C,, which are C,,,C,,,...,C,,, and pasting the i—th
edge of C,, to an edge of C),, for each i € {1,2,...,m}. For a simple graph G(V, E)
a labeling of vertices and edges by a mapping ® : V(G)UE(G) — {1, 2, ... ,k}
providing that the weights of any two pair of edges are distinct is called an edge irregular
total k—labeling, where the weight of an edge is the sum of the label of the edge itself
and the labels of its two end vertices. If £ is minimum and G admits an edge
irregular total k—labeling, then k is called the total edge irregularity strength, tes(G) .
The total k— labeling is called the reflezive edge strength of G if the edge labeling
o, : E(G) —{1,2,... ,k. } and a vertex labeling @, : V(G) — {0,2,4,... ,2k, },
where k = max{ke,, 2k, }. In the current paper, we investigate the existence of edge
irregular total k— labeling for the calendula graphs Cl,,, and precise the exact value
of total edge irregularity strength of calendula graphs Cl,, ., . Besides, we explore the
presence of edge reflexive irregular r— labeling for calendula graphs and determine the
perfect value of reflexive edge strength.

Keywords: irregular labeling, total edge irregularity strength, edge irregular reflexive
labeling, reflexive edge strength, calendula graph.

1. Introduction

Graph labeling is one of the fundamental mathematical disciplines in graph
theory. There are numerous applications of graph labeling in multiple areas
such as coding hypothesis, computer science, physics, and astronomy. For more
interesting applications of graph labeling see [I, 2]. A labeling of a graph G =
(V, E) is a mapping that carries graph elements ( edges or vertices, or both ) to
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positive integers subject to certain restrictions. If the domain is the vertex-set or
the edge-set, the labeling is called vertex labeling or edge labeling respectively.
Similarly if the domain is V(G)UE(G) , then the labeling is called total labeling.
There are many different kinds of graph labeling ( see [3 [4, B [6], [7] ) all that
kinds of labeling problem will have the following three common characteristics.
A set of numbers from which vertex or edge labels are chosen, a rule that assigns
a value to each edge or vertex, and a condition that these values must satisfy.
A comprehensive survey of graph labeling is given in [§].

Definition 1.1 ([9]). Let C,, be a cycle of length m with vertices uy, ua, - -+ , Up,.
Let Cy,;, 1 <@ < m bem copies of a cycle of length n, and v;;, 1 <1 <
m, 1 < j <n be the vertices of m copies of Cy,. Let a; = u;u;y1 denote to the
edge of the cycle Cy, for 1<i<m—1 and ay = unui. Let e = VijVi(j+1)

denote to the edges of m copies of C,, for 1 <i<m, 1<j<n-1

and e = vipvi1t for 1 < i < m. The calendula graphs, denoted by Cl,,

obtained by pasting each edge a; of Cy, to an edge ey, of Cy,, for each
1<i<m, te, a;=¢€pn, 1<i<m andu; = v; = V-, 2<1<m—1
It is obvious that the order of Cly,, is m(n —1) and the size of Clp,p s
mn , seel(frg. 1|
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Figure 1: The Calendula graph Cl,, 6

2. Total edge irregularity strength for calendula graphs

An irregular assignment of G was defined by Chartrand et al. in [I0] as a d—
labeling of the edges © : E — {1,2,--- ,d} such that the vertex weights
wte(z) = Y O(xy), where the sum is over all vertices y adjacent to x are
distinctive for all vertices, i.e., wtg(x) # wte(y) for all vertices z,y € V(G)
with © # y. The smallest d for which there is an irregular assignment is the
irregularity strength, S(G), this graph parameter S(G) is an invariant for each
graph
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Baca et al. [I1] defined the notion of an edge irregular total k— labeling of
a graph G = (V, E) as a labeling of the vertices and edges of G, ® : VUE —
{1,2,--- ,k} such that the edge weights wts(zy) = ®(z) + ¢(y) + ¢(xy) are
different for all edges, i.e., wtg(zy) # wtq)(a:'y/) for all edges zy,z'y € E with
Ty # 2’y . They also defined the total edge irreqularity strength of G, tes(G), to
be the minimum & for which the graph G has an edge irregular total k—labeling.
Moreover, in [I1], for any graph G a lower bound on the total edge irregularity
strength is given by

W i { : A(G3)+2 ERCCIER } < tes(G)

where A(G) is the maximum degree of G .

Since then, many researchers try to find exact values for the total edge
irregularity strength of graphs. In [12] Ivanco et al. proved that for any tree
T tes(T) is equal to its lower bound. Results on the total edge irregularity
strength can be found in [13| [14) [15] 16, 17, 18, 19].

before we progress to our main result we discuss the total edge irregularity
strength for a small case.

Theorem 2.1. Let n >4 be even positive integer and Cly,, be the calendula
graph. Then
4n+2
5 |
Proof. The calendula graph Cly, has |[V(Cly,)| =4(n—1), |E(Cly,) | =4n
and the maximum degree A(Cly,,) = 4. Thus, the inequality (1) becomes
4n+2

[ 3
To prove the equality, we need to show that there exist an edge irregularity total
k— labeling, k= [ +%t2 ]  there are three cases
Case (1). When n = 2 mod 3, n > 4. Suppose that k = [ 22 7, we con-
struct the total k— labeling function ® : V(Cly,) U E(Cly,,) — {1,2,--- ,k}
as follows:

tes(Clyp) = |

1 < tes(Clay).

2

1 it = 1
Do) =) 971 if2<j<n-—2;

2n —k—2 if j=mn-1;

k if j= n.

m—k+2 if j= 2

I for 3<j <5, if niseven;
O (v95) = or 3§j§"7_1, if nisodd;

f for 5 +1<j<mn, if niseven;

or "T‘nggn, if nisodd;
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i for 1 <j <3, if niseven;
or 1§j§”T+1, if nisodd;
Blvg)) = 4 n—2 for 3 +1<j<n—-2, if niseven;
! or ”Tﬁgjgn—l if mnisodd;
2n—k+3 if j= n-—1;
k if j=mn
m—k—1 if j= 2
P(vgj) = n—3j if 3<j<n-—1;
Ll it j= n.
(1 it j=1;
2 if 2<j<n-3;
k—n+2 if j=mn-2
@(elj): J
if j= n—1;
k
- —2 if j= n.
| 5 if j n
1 it =1
k—n+5 if j= 2
oy for3§j§.%—1; zf nis.even;
or 3<j <752, if nisodd;
Pegj) =< 2k —2n—1 if j= §,and n even;
2k —2n — 2 if j= ”T_l,cmd n odd;
k—2n+2j—3 fOT%-:JlrlSj.Sn—l, zf nz's.even;
or "= <j<n-—1, if nisodd;
| k-3 if j= n.
( . .
22—k — j +1) fOYlSJS.%—l,l lf nzs.even;
or 1<j5<"5=, if nisodd;
2n —k+4 if j= 5 and n even;
2n —k+3 if j= ”TH and n odd;
P(es;) = 2n—j+3) for 5 +1<j<n—-3, if niseven ;
or M3 <j<n—3, if nisodd;
k—n+5 if j=n-—2;
1 if j=n-1
k—2 it j= n.
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1 if j=1;
k—n+2 if j= 2

P(eg;) =4 3 if 3<j<n—2;
2 if j= n—1,;
2n —k+1 if j= n.

Case (2). When n = 0 mod 3. The labeling function ® : V(Cly,) U

E(Clyy,) — {1,2,--- ,k} characterized as in case (1) in all vertices but with
some modifications in edges given by
k—3 . ,
P(e1;) = —5 iof J=n
2k — 2n it j=4g,and n even;
2k —2n —1 if j:"T_l,and n odd;
O (eg5) = ke on 422 for & 11_j§n—1, zf nz’sveven;
or 5= <j<n-—1, if nisodd;
k—2 if j= n.
(I)(egj): k—1 Zf j: n

Case (3). When n= 1 mod 3,

o If n =4, the labeling ® : V(Cly4) U E(Clya) — {1,2,--- ,k = 6}
characterized as in

1e——¢1
|1 1
1 ¢ 3 5
2 |1 5] 1
4 3[4 4 [0 3
1 4
1 5 5
1 5
5 T 5

Figure 2: The calendula graph Cly 4 with an edge irregularity total k = 6 labeling

o If n >4 the labeling function ® : V(Cly,,) U E(Clyy,) — {1,2,--- ,k}
defined as in case (1) in all vertices but with some modifications in edges given
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( 2k —2n+1 if j= F,and n even;
2k — 2n if j= %,and n odd;
D (eg;) = keon i1 for%—:llgj-gn—l, ifnis.even;
or 5= <j<n-—1, if nisodd;
| k-1 if j= n.
@(63j) = k‘ Zf j = n
In all cases, all the vertex and edge labels are at most k = | % |, also
under the labeling ® the weights of the edges are given by
Vi=1,2 wte(ej) =2n(i—1)+25+1, 1<j<n

(b —i)+2-2j if 1<j<n-—1;

V i= 3,4 wte(e;;) =
+(€4) {2n(5—i)—|—2 if j=n.

We can see that the weights of edges in the first half cycles C,,,C,, form
an increasing sequence of consecutive odd integers from 3 up to 4n+1. For the
second half cycles C),, C,,, the weights of edges form a decreasing sequence of
consecutive even integers from 4n +2 up to 4. The labeling ® is the required
edge irregular total k=] 4%7*2 | labeling. This concludes the proof. O

Theorem 2.2. Let n >4 be even positive integer and Cls,, be the calendula
graph. Then
on—+2 1

3 .

Proof. The calendula graph Cls ,, has |[V(Cls,)| = 5(n—1), |E(Cls,) | = 5n
and the maximum degree A(Cl,, ) = 4. Thus, the inequality (1) becomes

tes(Clsn) = |

[5n+2
3

1 < tes(Cls ).

To prove the inverse inequality, we define the function ® : V(Cls,) U
E(Cls,) — {1,2,--+ ,k} to be a total k= [ 222 ] labeling as follows:

1 it j=1;
(I)(Ulj):{. . =
j—1 if 2<j5<n.

( ] for 1 <j <3, if n iseven;
" or 1§j§"7+1, if n is odd;
P (vgj) = [4n+21 5 for 5 +1<j<n—1, if n is even ;
3 ; or ”7+3§j§n—1, if n is odd ;
W if 7= n.

P(vzj) = k if 1<j<n.
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{4n+21 5 for2<j <3, if n even;
D(vy) 3 or 2<j <21 if n odd;
n—1 for§+11§j§n, if n even ;
or "=<j<n, if n odd
<I>(v5j)— n—7j if 1<j<n-1 and P(vs,) = 1
1 i =1
D(e1;) = { 2 i 2<j<n—1;
3425 forlﬁjﬁ.%*},l Zf n even ;
or 1<j<%=, if n odd;
4 2
n+4-| n3+ ] if j= %,and n even;
4dn+2
2n 45 — it j= " and n odd;
Bleg) =4 T [—5— 1 1f j= "Hand n o
i 4n+2 or g +1<j<n—2 if n even;
2n +25+5—2f ] 2 n+3_3‘_ f
or == <j<n—2, if n odd;
4 2
dn+1—k—]| ”3+ 1 i j= n—1;
n+2—-k it j= n.
forl<j<2 4 .
dn+1+2j—2k or _.j_ 2 if n even;
D(es;) or 1<j<L if n odd;
3j) = N ' .
6n+4—2j—2k f0r§+1+3§1§”, Zf.n even ;
or "= <j<n, if n odd
4 2
dn+2— n3+ 1-k if j=1;
4n+6—2j—2[4n+2'| for?SjS.gf}é Zf n even ;
or 2<j <752, if n oodd;
4dn+2
D(ey;) = 45— 3 ] if j= 5 and n even;
i) =
4 2
n+6-T n3+ ] if j= 231 and n odd;
44— 2j for%+}r1§j§n—l, if n even
or 2= <j<n—1, if n odd;
3n+3—k if j= n.
3 if 1<j<n-—2;
O(es;) = | 2 if j=n-1

n+ 2 if j= n.
Notice that all the vertex and edge labels are at most k = [ 222 7 moreover
under the labeling ® the weights of the edges are given by

Vi=1,2 wtele;) =2n(i—1)+2j+1, 1<j<n
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for 1<j <35, and n is even;

dn+25+1 -
Lo (es) J orlgjg%“, and n is odd ;
wtg(es;) =
P8I . for 3+1<j5<n, and n is even;
6n —25+4

or "T"'?’Sjgn, and n is odd ;

M6 —i)+2-2j if 1<j<n-—1.

! wia(ei) {2m6—n+2 if j=n.

The weights of edges in the cycles C,,,C,, form an increasing sequence of consec-
utive odd integers from 3 up to 4n + 1. In the cycle C,, the first 5 edges form an
increasing sequence of consecutive odd integers from 4n + 3 up to 5n + 1, while the
last 5 edges form a decreasing sequence of consecutive even integers from 5n +2 up
to 4n+4 . For the cycles C,,,C,, , the weights of edges form a decreasing sequence
of consecutive even integers from 4n + 2 up to 4 . This complete the proof. O

INlustration: The graph Cl5 10 with an edge irregularity total £ = 18 labeling
is shown in

4 4
5 2
3 2
3 3 , P
5
3 2
3 2 2 L
6
3 2
3 11 AT
7
2 1
3 8
sw o121 N\ 2
9
g 9 9 9 9
=9 5 9 9
9 —® 10 8 9 O3
15 14
11 10
o 10 2121410y B B g 43 g
. o—eo—o = —eo—0—o
12 12 12 12 | - 12 12 12 12
8 @ 9 18
12 9
8 @ ® 18
14 11
8 @ ® 18
16 13
18 18

Figure 3: The calendula graph Cls 19 with an edge irregularity total k = 18 labeling

Theorem 2.3. Let m > 6 , n > 4 be positive integers and Cl,,, be the
calendula graph. Then

mmn+ 2

tes(Clpmpn) = | 3 )
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Proof. The calendula graph Cl,,, has |V (Cly,,)| = m(n—1), |E(Cly,) | =
mn and the maximum degree A(Cl,, ,,) = 4. Thus, the inequality (1) becomes
mn+ 2
[ 3
To prove the equality, it suffices to prove the existence of an optimal total
k— labeling ® : V(Cly, ) U E(Clyn) — {1,2,--- ,k} is a total k.— labeling,
k=[ ™22 7  we establish the labeling in the following way:

1 i =1,
(vy)) = { J

1 < tes(Clyn).

j—1 if 2<j<n.

( for1<j <%, if n even;

or 1§j§"7+1, if n odd;

D (vy;) = (4n—|—21_2 for 5 +1<j<n-—1, if n even;

n—1

3 or ME<ji<n-2, if n odd;
6n+2
[ ”3+ 1 it =

VSSiS%—l if m is even, or VSSingfg’ if m 1is odd

2nt + 2

] if 1<j<n—1;
1 if j= n.

V i= 1 and m isodd

-1 2
[n(?ng)—'_'l if 1§j§n—1;
(I)(v(mz_l)j) - nm + 2 e
[ | if j= n.
3
Vi=1%,%+1 and m iseven,or V i= mT‘H and m is odd
2
@@ﬁ:k:(”iﬁ 1 if 1<j<n.
("%jQ] if j= 1.
if m is odd (I’(U(T+3)j)= n(m—1) +2 ‘ ‘
(fw if 2<j5<n.

VE+2<i<m-2 andm even, or va“’gigm—Q and m is odd

2nm — (i —2) | +2
[ 3

2nm — (i —1) ] +2
[ 3

] if j=1;
D (vij) =
| if 2<j5<n.
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( on + 2

[ 3 ] if j=1,;
(v )= [4n+21 _g f0r2§j§%, if n even ;
(mfl)] 3 Or2§j§%717 lfnodd’
n—1 for 3+1<j<n, if n even;
or ML<j<n, if n odd;

Do) = n—j if 1<j<n-1 and P(vp,) = 1

1 if j=1,;
B(ey;) = 2 if 2<j<n-1.

n+1 if j= n.

for1<j <35 -1, and n even ;

3425
J orlﬁjﬁ”gl, and n odd ;
4 2
n+4-7 nt ] if j= Hand n is even;
4 2
2 45— [ ”; ] it j= "and n is odd;
Dley;) =
(e25) 2n+2j+5_2[4n—1—21 for%—i—lﬁjgn—l and n even ;

or"T*?’San—Z and n odd ;

An + 2 2
n On + 1 if j=n-1

dn+1—] 3 1-1T 3
2
GH?:L 1 if j= n

3n+2—J

v SSiS%—l and m is even, or V SSiSmT_B and m is odd

2n(z’—1)+2j+1—2[2m3+21 if 1<j<n-—2
o) = omi 1 (Qni3+2.‘_[2n(i—|—31)+21 ¢ i met
omi 4+ 1 — (Qni3+21_[2n(i+31)+21 T
n(m—3)+2j+1—2[ww if1<j<n—2and m odd;
@(emTAj)Z n(m—l)—l—(%}—k if j=n—1 and m odd;
n(m71)+1—[w17k if j=n and m odd.

Plemj)= n(m—2) +2j+1-2k if 1<j<nand m iseven.
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for1<j<2, d ;
n(m—1)+2j +1— 2% or _']_21 and n even
a( ) or ISJS%, and n odd ;
€m+1 =
e . for $ +1<j<n, and n even ;
n(m+1)—2j+4 -2k s
or *9=<j<n, and n odd.
n(mil)i[n(m—31)+2]7[nm3+2] if j= 1,and m odd;
Blemss ;) = § n(m —1) +2(1 — j) — 2[ 242 if2<j<n—1and m odd;
2
(m—-1)+2 nm + 2

n(m—l)—l—Q—[n 3 1-T 3 1 if 7= n and m odd.

o(e )= nm+ 2—2(k+j) if 1<j<n-1 and m iseven;
e nm—2(k-1) if j=n and m is even.

VZ+2<i<m-—2and mis even, or VmTH’SiSmf2 and m is odd

2n(m —i+1)+2 n(m —i+2)+2

2n(m+1—d) = 3 I 5 1 =1
D(eij) = 2n(m+1—i)+2(1_j)_2(2”(m_’3¢] S<i<n_1:
2n(m+17i)+27(Qn(m—gﬂ)u]7[2n(m—;+2)+21 i .
4n+2_ |'4n3+2'| _ |’6n3+2‘| if j: 1;
4n+6_2j_2|'4n3+2‘| for2§j§g7_£7 and n even,
or2<j <32 and n odd;
2n+5 — [F52] if j= 5 and n even;
®(em-1);) =
2n +6 — [452] if j= 251 and n odd;
M+ 4 —2j f0r3+i1§j§n—1, and n even;
or 2 <j<n—1, and n odd;
3n +3 — [552] if j= n.
3 if 1<j<n-—2;
D(em;) = 2 if j=n-1;

n—+2 if 5= n.

o If n= m =5, the labeling ® : V(Cl55)UE(Cls5) — {1,2,--- ,k = 9} defined
as in

It is evident that all the vertex and edge labels are at most k = [ %“ 1. Besides,
the weights of edges under the labeling ® are given by

e If m is even number
Vi1<i<® o, wte(e;) =2n(Ei—1)+2j+1, 1<j<n
V 3+1<i<m

)
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Figure 4: The calendula graph Cls 5 with an edge irregularity total k =9 labeling

2nim+1—-9)+2-2j if 1<j<n-—-1;
wtq)(eij):

n(m—+1—1i)+2 if j=n.

We can see that weights of edges in the first half cycles C,,,Cy,, -+ ,Cp., form an
increasing sequence of consecutive odd integers from 3 up to mn+1 . For the second
half cycles Chp, ,Chm,,, "+ ,Cn,, weights of edges form a decreasing sequence of

2 2

consecutive even integers from mn +2 up to 4 .
e If m is odd number

V1<i<®2d wte(ey) =2n(i—1)+2j+1, 1<j<n

for 1<j<2  and niseven;

nim—1)+2j+1
o ) ( )2 or 1§j§”;rl, and n is odd ;
w €/ m+ly,.) =
PA\E(mELy; n(m 1) —2j +4 for 5 +1<j<n, and nis even ;

or ”7+S§j§n, and n s odd.

+3

Vi<i<miBoonp

IN

mim+1—i)+2-2j if 1<j<n-—1;
2n(m+1—14) +2 it j=n.

’wt.:p (el—j) = {

Since all the edge weights are distinct, the labeling ® is the required edge irregular
total k= [ ™242 7 labeling. This concludes the proof. O

3. Edge irregular reflexive for calendula graphs

The concept of the edge irregular reflexive r— labeling was introduced by Ryan
et al. [20]. For a graph G, an edge labeling ¥, : E(G) — {1,2,--- ,r.} and a
vertex labeling ¥, : V(G) — {0,2,4,--- ,2r,}, then labeling ¥ defined by

R T I ()
YT v@ it ¢ €BQ)
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is a total r— labeling where r = max{r.,2r,}. The total r— labeling ¥ is
called an edge irregular reflexive r— labeling of the graph G if distinct edges has
different weights. The smallest value of r for which such labeling exists is called
the reflexive edge strength of the graph G and is denoted by res(G). During
the past few years, res(G) has been inspected for distinctive family of graphs
(see [21), 22, 23], 24, 25l 26]). In this section, we examine the edge irregular
reflexive r— labeling for the calendula graphs.

Let us recall the following lemma proved in [21]

Lemma 3.1. For every graph G,

[ E(BG) 1 if |E(G)|# 2,3 (mod 6).
(2) res(G) > B(G)
[ 5 1 +1 if |E(G)| =2,3 (mod 6).

Also, Bacda et al. [22] suggested the following conjecture:

Conjecture 3.1 ([22]). Let G be a simple graph with mazimum degree /A =
A(G) . Then

res(G )_max{LﬁJ B ( )

where d=1 for |E(G)| =2,3 (mod 6), and zero otherwise

] +d},

Theorem 3.1. Let n >4 be positive integer and Cly,, be the calendula graph.
Then
4n
e
res(Clyy) = .

5

1 if |E(G)=0,4 (mod 6).

e

1 +1 i |BE(G)| =2 (mod 6).

Proof. Since |V(Clyy)| =4(n—1), |E(Clyy) | =4n and A(Cl,,,) =4, the
inequality (2) becomes

(Clyn) > (4?”1 if |E(G)|=0,4 (mod 6).
res(Cla,

(7"1 Y1 if |E(G)| =2 (mod 6).

To demonstrate the equality, we have to appear that there exists an edge
irregularity reflexive r = [ 47" | labeling, for the calendula graph Cly,, , there
are three cases:

Case (1). When n = 0mod 3, n >4, then |E(G)| =0 (mod 6). Suppose that
r=[ 427, we build the labeling function ¥, : V(Cly,)) — {0,2,--+,2r, =
r } as follows:
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1 forj= 1,3,5,---, n—3, if n is even ;
J orj= 1,3,5,---,n—2, if n is odd;
for j = 2,4,6,---, n—2, if n is even;

U, (v14) = j— 2
(v15) J or j= 2,4,6,---,n—3, if n is odd;

2n—4—r if j=n-1;

r if j= n.

) for 5 +1<j<mn, if n is even;
r for j=1 and 5 ) ]
or%gjgn, if n is odd;
\I’v(vzj) = 2n—r if j = 2;

n—2 if 3<j

n—1 if 3<j

n : .
b n 1s even;
n+1

<
<™=, n is odd;

for 1 <j <3, if n is even;

r ) R ] and j=n;
or 1<j< %=, if n is odd;
Uy(vgj) =qn—2 if 34+1<j<n—2, n is even;
n—1 if”T‘HSan—Z n is odd ;
( 2n—7r if j=n-1;
T if j=1;
2n—4—r if j= 2;
. forj= 3,5,---, n—1, if n is even ;
Uy(vgj) =9 n—j—1 . : .
or j= 4,6,---,n—1, if n is odd;
. for j= 4,6,---, n, if n is even ;
n—J

or j= 3,5,---,n, if n is odd;

For edges, we construct the labeling function ¥, : E(Cly,,)) — {1,2,--- ,7}
as follows:

1 if 1<j<n-3, and j= n—1;
U, (e1s) r—n+3 if j= n—2, n is even;

e1) =
eVl r—n+2 if j=n—-2, n is odd;

2n—r—1 if j= n.
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(

1
rT—n-+9
r—n+4
3425

We(ez) = 1+25

2n+1—r

2n—1—-2r+4+2j

\
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if j=1,

if 7= 2, n is even;

if j= 2, n is odd;

if 3<;j<35-1, n is even;

if 3§j§"7_1, n is odd ;
for j= %5, n is even ;

and j = ”TH, n is odd ;

for 5 +1<j<mn, if n is even;
or "T'H)’Sjgn, if n is odd;

if n is even ;

dn —2r — 2j 2o ,
or 1§j§%, if n is odd;
forj= %5, n is even ;
n+2-—r ) 1 i
and j= "5=, n is odd ;
2n +4 —2j if §4+1<j<n-3 and n even;
We(es;) = 1
2n+2—25 if 22 <j<n-3 and n odd;
r—n+6 if 7= n—2 and n is even;
r—n+5 if j=mn—2 and n is odd;
2 if j=mn-1;
r if 7= n.
(2 if j=1and 3<j<n—1;
U, (es:) r—n+4 if j= 2, n is even;
€A pry
e r—n+3 if j= 2, n is odd;
2n —r if 7= n.

Case (2). When n = 1mod 3,

then |E(G)| = 4 (mod 6). Let r = [ 42 7, the

labeling functions ¥, and W, defined as in case (1) in all vertices and edges
but with some modifications which are given by

Uy(vign-1)) = 2n—2—1,
Uy(vo1) = 7 —2,
y(v3(n-1)) = 2n+2-1,
Uy(vg1) = r—2,

r—n+1
\Ile(elj): Tr—n
2n—r+1

Uy (vip) = 1—2,
U, (v22) = 2n — 7+ 2,

Uy(vgp) = 17—2,
\IJU(Q}42) = 2n—r—2 s

if 7= n—-2, n even;
if 7=n—-2, n odd;
if j= n.
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(

r—n+3 if 7= 2, n even;
r—n-42 if 7= 2, n odd;

U, (eg;) = om 1942 for%twlrggj.gn—l, zf n even ;

or 52 <j<n-—1, if n odd;

L 4n —2r +1 if 7= n.
r—n+4 if j=n—2 and n even;

We(es;) = L
r—n+3 if j=n—-2 and n odd;
r—n+2 if 7= 2, n even;

Uelegj) =< r—n+1 if j=12, n odd;
2n —r 42 if j= n.

Case (3). When n = 2 mod 3, then |E(G)| = 2 (mod 6).suppose that

r=1[ %2741, the labeling functions ¥, and ¥, defined as in case (1) in all
vertices and edges but with some modifications which are given by

\IJU(Ul(n—l)) =2n—r,
Uy(va) = 1r—4,
\Ilv(viﬂ(n—l)) = 2n+4—-r,
Wy (

o(va1) = r—4,

\I/v(’Uln) = r—4 y
\I/U(Ugg) = 2n—7’+4 y
\va(U3n) = r—4 s

U, (vg2) = 2n—1

r—n-—1 if 7= n—-2, n even;
Ueleyj) =4 r—n—2 if j=n—-2, n odd;
2n—r+3 if j= n.
r—n+1 if j= 2, n even;
r—mn if 7= 2, n odd;
U, (eg;) = on 12019 for 5 +1<j<n—1, if n even;
or %nggn—l, if n odd;
dn —2r + 3 if j= n.
r—n-42 if j=mn—2 and n even;
We(es;) = o .
r—n-+1 if j=mn—-2 and n odd;
r—mn if j= 2, n even;
Velegj)=¢ r—n—1 if j= 2, n odd;
2n —r+4 if 7= n.

In all cases, notice that all the vertex and edge labels are at most r = |

4]

orr=| 47" |1 + 1. Moreover under the labeling ¥ the weights of the edges are

given by

V i= 1, 2 wt\p(eij)

=om(i—1)+2j—1, 1<j<n.
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R B RS
2n(5 — 1) if j=n.

We can see that weights of edges in the first half cycles C,,,C,, form an
increasing sequence of consecutive odd integers from 1 up to 4n — 1 . For
the second half cycles C,,,,C,, weights of edges form a decreasing sequence of
consecutive even integers from 4n up to 2. In this way the labeling ¥ is the
required edge irregularity reflexive r— labeling. This completes the proof. [

INlustration: The calendula graph Cl4 12 with an edge irregularity total k = 17
labeling and an edge irregularity reflexive r = 16 labeling are shown in

5 0——9 6 ® 6
| |
4 7 6
[z 2 |
3 8 8
Lo [
2 9 8

|2 7

8 10 10 10 10

T O OO T se

1 ®5
5 4 3 2 1 1 1 9 10 10 10 10

———0——0—0—— =T
| EREREREREE T SRR TR EAS A ¢

30333 2
. 117 |- .
3 . sl 1 |8 10

1321149 2 7 25 L
s *—0—0—0—0
114 17 17 17 17 17
® 17

16 16 16 16 16
p 16
10 ® 17 b 16
10 ® 17 D 16

10 ® 17 p 16

10 ® 17 D 16

Figure 5: (a) 014712 with k£ =17 (b) Cl4,12 with r = 16

Theorem 3.2. Let n>6 and m be an even positive integer, m > 6 . Then
the calendula graph Cly, , have .

for n =0 mod 3;
or n=1,2mod 3 and |m n| = 0,4 mod 6;
1+1 ifn=1,2mod 3 and |mn| = 2(mod 6).

(=1
rmn

3

res(Clypn) =

Proof. Since |V(Clpp)| =m(n—1), |E(Clyy)|=mn and A(Cly,,) = 4.
To illustrate the equality in we have to show up that there exists an edge
edge irregularity reflexive r— labeling, r = [ "5® | ,or r = [ "5® | 41, for the
calendula graph Cl,,,, , there are three cases

Case (1). When n= 0mod 3 or n= 1mod 3 and |m n| # 2 (mod 6), we
take r = [ 75" .

When n = 1mod 3 and |m n| =2 (mod 6), we put r = [ %5 | + 1.



TOTAL EDGE IRREGULARITY STRENGTH AND EDGE IRREGULAR REFLEXIVE ... 739

We construct the labeling function ¥, : V(Cl,,,)) — {0,2,---,r} as
follows:

1 forj= 1,3,5,---, n—1, if n even;
(3) \I/ (’[)1>_ ’ or -7: 173757"',77/7 Zf n Odd’
v (V1 y for j = 2,4,6,---, n, if n even ;
’ Jj= 2,4,6,---,n—1, if n odd.
n—2 if 1<j<3%5, n even;
n—1 if 1<j<™  n odd;
(4) \Ijv(UQj): [47n-| for%+1§j§n—17 ifneven;
3 or M3 <j<n—1, if n odd;
6n o
([ ] if j=n

[S—
—
N
Il
o
3
S
S
w

or n= 1mod3, and i= 2 mod 3,

)
gl] if 1<j<n-—1

2n(i+1)
3

[
[

(5) Wy (v5) =
] if j= n,

If n=1mod3, and i= 0mod 3,

[2§Z1 if 1<j<n-—1;
(6) Uy (vi5) = 2 41
[n%)1+1 it =

If n= 1mod3, and i= 1mod 3,

[2§Z1+1 if 1<j<n-—1;
(7) Wy (vij) .
2n(1+1 e
A
8 v z:m,m—i—l, U,(vi;) =71 for 1<j<n
272 /
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If n=0mod3 or n= 1mod3, and i= 1 mod 3,

2n [m— (i—2)]

] 3
©) Volvi) =0 o = - 1))

( 3

1 if j=1

1 it 2<j<n,
If n= 1mod3, and i= 2 mod 3,

2n [m— (i—2)]
3

2n [m—(i—1)]
3

[
[

1 if j=1;
(10) Wy (v5) =

1+1 if 2<5<mn,
If n= 1mod3, and i= 0mod 3,

2n [m— (i—2)]

[ 3 1+1 if j=1;
A Wly) =3 5 m -1 . .
6
[P =
[477@ for2<j <3, if n even;
(12)  Wo(vpn-1y) =9 ' 73 or 2<j <L if n odd;
n—2 if $+1<j5<n, n even;
n—1 if ";1<j§n, n odd,
. forj= 1,3,---, n—1, if n even;
n-y-1 = 2.4 1, if n odd
or = A4, on—1, 1 n o :
(13) Uy (vmj) = . / .
forj= 2,4,---, n, if n even

j= 1,3,---,n, if n odd,

For the edges, we define the labeling function ¥, : E(Cly,,)) — {1,2,--- .7}
as follows:

1 if 1<j<n-1;
(14) Ue(erj) =4 n+1 if j= n, n even;
n if j= n, n odd,
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If

If

(18)

n= 1mod

n= 1mod

We(es) =

2j +3
2j +1

in
Mm41—[—
nt1-[3]
4
2n—1+2j—2[?n1
in

=312 -5

n= 1mod 3,

it 1<j<5 -1, neven;

: : n—1 .
it 1<) <%=, nodd;

for j = 5 if n even;

or j:"TH, if n odd,

for 3+1<j5<n-2if neven;
or%‘mgjgnf2ifnodd;

if j=n-—1
if 7=mn, n is even.

if j=mn, n is odd,

and 1= 2 mod 3,

2n1

n(i-1)+2-1-2[%"] i 1<j<n-
2n1 2n(i+1
omi—g— 2y 20Dy ey
3 3
2n4 2n(t + 1
2m_1_(ﬂ1_[M} if j=n,
\ 3 3
3, and 1= 0 mod 3,
. : 2ng . .
2n(171)+2]7172[?] if 1<j<n-—2;
2n4 2n(t + 1
omi—4— 2y 2y ey
3 3
omi— 9 220D, e
| 3 3
3, and i= 1mod 3,
(/. : 2ni : :
2n(z—1)+2j—3—2{?1 if 1<j<n-2
omi—a— 22Dy ey
3 3
2n1 2n(i+ 1
Mi — 2 — [%1 - (”(Z; )1 if j=n,
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(19) Ve(emj) =n(m —2)+2j —1—2r, for 1<j<n

nm — 2(r + j) if 1<j<n-1;
(20) ‘I’e(e(%ﬂ)j) =

nm — 2r if j= n.

Vv F+2 <i<m-2

If n=0mod3 or n= 1mod3, and i= 1 mod 3,

(21)
2n(m+17i)727(2n[m;z+1]]7[2n[mgz+2]] it =1
_ ) ‘ 2nfm — i+ 1] . .
Ue(ei) = 2n(m+1—2)—2]—2|—f—\ if 2<j<n-1,
2n(m+1_i)_’_2n[m;i+l}.|_|_2n[m;i—|—2]_| it j=n,
If n= 1mod3, and i= 2mod 3,
(22) ‘ _
gn(m+17¢)737[2”[m;””17[Zn[m;”% = 1.
U (ei;) = 2n(m+1—i)—2—2j—2[w] if 2<j<n-—1,
Qn(m+1_i)_1_[2n[m;i+l]1_{2n[m;i+2].‘ it =
If n= 1mod3, and i= 0mod 3,
(23) . '
Qn(m+1_i)_3_(Qn[m;z+1]]_[2n[m;z+2]] it =1
_ . . 2n[m — i+ 1] . )
U(ei;) = 2n(m+1—z)—2]—2]—f] if2<j<n-—1;
Zn(m_‘_l_i)_l_ﬁn[m;i—l—l].'_[2774[77151'4—2]1 it j=n,
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4an 6n
dn—2- 712 i j=1;
R O I
4n72j72[4—nw for2§j§'%—713,ifjneven;
3 or 2<j5< %52, if nodd;
weaof®y s o
3 or j=1252,if n odd.
(24) Ye(em-1);) = 2n+4 — 25 if 3+1<j<n-1,n is even;
2n +2 — 2j if 2 <j<n-—1,n is odd
6n e .
3n+2— f?] if j= n, n is even;
6n e ;
3n+1—[7] if j= n, n is odd,
2 if 1<j<n-—1;
(25) Velemj) =4 n+2 if j=n, n is even;

n+1 if j=mn, n is odd

Case (2). When n = 2mod 3 and [mn|= 0,4 (mod 6), we chooser = [ 75" |,
when n = 2 mod 3 and [m n| =2 (mod 6), we choose r = [ " | + 1.

The labeling function ¥ : V(Cly, ) U E(Cly,,) — {1,2,--- ,r} defined as
in case (1) but with some modifications which are given by
dn for 5+1<j<n-—1, if n is even;

Wolvgs) = 3 1 +1 or ”T%Sjgn—l, if n is odd,

Vv 3<4i< %1,
If 4= 0mod3, in thiscase, the labeling of ¥, (v;;) will match as within

If i= 1mod3, in this case, the labeling of ¥, (v;;) will match as within

If = 2mod3, in this case, the labeling of ¥, (v;;) will match as within

Eq. (7).

Vo m42<i<m-2,

If ¢= 0mod3, in this case, the labeling of ¥, (v;;) will match as within
Eq.(9)

If i= 1mod3, in this case, the labeling of ¥, (v;;) will match as within

If ¢+= 2 mod 3, in this case, the labeling of ¥, (v;;) will match as
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4n for2<j< 2 if n is even;
\Ilv(v(mfl)j): (7-‘ +1 or 2§j§351 if n is odd,

)

4n for j =15, if n is even;
2n—[§W N -
or j= "3=, if n is odd;
<j<n—2 i j ;
U, (ea;) = 2n—3+2j—2[4£1 for 2+£_]._n % Zf e e
3 or 32 <j<n-—2, if n is odd;
4 6
4n—4—(§”1—[?”1 if j= n—1.

Vo, 3<i<m2-1
If i= 0mod3 in this case, the labeling of W, (e;;) will match as within

If i= 1mod3 in this case, the labeling of W, (e;;) will match as within
. (17).

i = 2mod 3 in this case, the labeling of W, (e;;) will match as within

=+
=
¢}
=

ie)

15
2
_
RE
~—1

%+2<i§ m— 2

0 mod 3 in this case, the labeling of W, (e;;) will match as within

=
2
—
Do
E
—
~
Il

1 mod 3 in this case, the labeling of W, (e;;) will match as within

&3]
2
—f
DO|
£
~—1
-~
Il

| = 2mod 3 in this case, the labeling of W.(e;;) will match as within

&3
2
=
No|
E
~~—1
~
|

4n 6n
dn -3 —[—|—-[—1] if 7= 1;
n-3- 2150 i =1
for2§j§%—1, if n is even;

4
dn—2j —2[—] -2 2o
3 or2<j< 3= if nois odd;

Velem-1);) =
2n+1_[4%n1 for!'j_:n%ilif.n is.even;
orj =", if n is odd,

In all cases, we can see that all the vertex and edge labels are at most
r=[""] orr=["" ] +1. Besides, under the labeling ¥ the weights of
the edges are given by

e If m is even number

V1<i<®% wty(e;;) =2n(i —1)+25 -1, 1<j<n

V3+1<i<m

ey = | 2mm 1= —2) i1 j <01,
wty(ei;) =
v on(m+1—1) if j=n.
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We can see that weights of edges in the first half cycles C,,,Cp,, -+ ,Chm
2
form an increasing sequence of consecutive odd integers from 1 up to mn—1.
For the second half cycles Chp s Cpp .y, o+ 5 Ch,, weights of edges form a
2 2

decreasing sequence of consecutive even integers from mn up to 2 . This
concludes the proof. ]

Theorem 3.3. Let n>6 and m be an odd positive integer, m > 5 . Then
the calendula graph Cl, ,, have .

for n=0 mod 6;

1 or n=2,4mod 6 and |mn| = 0,4 mod 6;
or n=1,5mod 6 and |mn|=1,5 mod 6;

for n= 3 mod 6 ;

[—]+1 or n=2,4 mod 6 and |mn| = 2 mod 6;

or n=1,5mod 6 and |mn| =3 mod 6.

mn
3
res(Clym,pn) =

Proof. Since |V(Clppn)| =m(n—1), |E(Clyy) | =mn and the maximum
degree A(Cly, ) = 4. Thus, the inequality (2) becomes

aly if |mn|#2,3 (mod6). ;
res(Clyn) > 3

(R 1 i monl =2,3 (mod 6)

To prove the inverse inequality, we need to show that there exist an edge
irregularity reflexive r— labeling, r = [ ™ ] , or r = [ %5 | + 1, for the
calendula graph Cl,,, . The labeling in the case for m odd is the same as
the case in when m is even, but with some modifications, we list
it in the following:

For vertices and edges when 3 <4 < — 1 ,m is even, the labeling is the

same when 3 <1 < mT_?’, m is odd.

v 1<7<n—-1
for n =0 mod 3;

(m—1)n
[T1 orn=1mod3 and m = 1,5 mod 6;
\I/»U('U(m;l)j): orn=2mod3 and m = 1,3 mod 6;
[(m—l)n_‘_’_l for n=1mod 3 and m = 3 mod 6;
3 orn=2mod3 and m =5 modb,

forn=0mod 3, or n= 2, 4 mod 6;

r orn=1mod6 and m = 3,5 mod 6;

Wy (v(m=1y,) = orn=>5mod6 and m = 1,3 mod 6;

forn=1mod 6 and m =1 mod 6;

orn =5 mod 6 and m =5 mod 6,
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Vv 1<j<n

forn=0,2 mod 3, or n=4mod®6;
r orn=1mod3 and m = 3,5 mod 6;
\Ilv(v(%)j): orn=5mod6 andm =1,3 mod 6;
.1 forn=1mod 3 and m =1 mod 6;
orn=>5mod6 and m =5 mod 6,
for n =0 mod 3, or n=2, 4 mod 6;
r orn=1mod3 and m = 3,5 mod 6;
\I’v(v(mT“’n): orn=>5mod6 and m = 1,3 mod 6;
.1 forn=1mod 3 and m =1 mod 6;
orn=>5mod6 and m =5 mod 6,
v 2<j<n
for n =0 mod 3 ;
[(m—Sl)nW orn=1mod3 and m = 1,5 mod 6;
\Ilv(v(m;:s)j): orn=2mod3 and m=1,3 mod 6;
[(m—l)n]_i_l forn=1mod 3 and m =3 mod 6;
3 orn=2mod3 and m =5 mod 6,
A mT%Sigm—Z, there are three cases

Case (1).
Ifn=0mod3,or n=1mod3, m= 1mod6, and i= 0mod 3,

or n=1mod3, m= 5mod6, and i= 1mod3 |,
or n=1mod3, m= 3mod6, and = 2mod3 |,
or n=2mod3, m= 1mod6, and 1= 2mod3 |,
or n=2mod3, m= 5mod6, and = 0mod3 |,
or n=2mod3, m= 3mod6, and = 1mod3.

In this case, the labeling of vertices W, (v;;) will match as within
Also, the labeling of edges W.(e;;) will match as within
Case (2).

If n=1mod3, m= 1mod6, and i= 1mod3 ,

or n=1mod3, m= 5mod6, and = 2mod3 |,
or n=1mod3, m= 3mod6, and = 0mod3 |,
or n=2mod3, m= 1mod6, and i= 0mod3 |,
or n=2mod3, m= 5mod6, and i= 1mod3 ,
or n=2mod3, m= 3mod6, and i= 2mod3 .

In this case, the labeling of vertices W, (v;;) will match as within
and the labeling of edges W, (e;;) will match as within
Case (3).

If n=1mod3, m= 1mod6, and i= 2 mod 3,

or n=1mod3, m= 5mod6, and i= 0 mod 3,
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1 mod 3,

3mod6, and i

or n 1 mod 3,

m
or n=2mod3, m= 1mod6, and = 1 mod3,
m

or n= 2mod3, = 5mod 6, and 7= 2 mod 3,

or n=2mod3, m= 3mod6, and i= 0 mod 3.

In this case, the labeling of vertices W, (v;;) will match as within [Eq.(11)and
the labeling of edges W, (e;;) will match as within [Eq.(23

V 1<j<n-2

for n = 0 mod 3;
n(m—S)—i—Qj—l—Q[@] orn=1mod 3 and m = 1,5 mod 6;

)= orn =2 mod 3 and m = 1,3 mod 6;

Vele(moty,

. m—1) n for n =1 mod 3 and m = 3 mod 6;
n(m—3)+2y—3—2[%1
orn =2 mod 3 and m =5 mod 6,

for n =0 mod 3, or n =5 mod 6;

_ =1 d 6 and m=5 d 6;
n(m71)737[(m31)"]f orﬁ mod 6 an nj mo .
orn =2 mod 6 and m = 1,3 mod 6;

or n =4 mod 6 and m = 1,5 mod 6;
elemztynon) =
PN for n =1 mod 6 and m = 3 mod 6;
n(m—l)—4—[w1—r or n =2 mod 6 and m = 5 mod 6;
or n =4 mod 6 and m = 3 mod 6;

n(m71)727[w17r if n,m=1mod6

for n = 0 mod3, or n =5 mod 6;
n(mfl)flf[(mfl)"]f or n =1 mod 6 and m = 5 mod 6;
3 orn =2 mod 6 and m = 1,3 mod 6;

orn =4 mod 6 and m = 1,5 mod 6;

Velemzry,) = for n =1 mod 6 and m = 3 mod 6;
or n =1 mod 6 and m = 3 mod 6;
n(m—l)—Q—f@]—r or n =2 mod 6 and m = 5 mod 6;
or n =4 mod 6 and m = 3 mod 6;
n(mfl)f[QWfr if n,m =1 mod 6,

v 1§j§"T+1 and n is odd, or 1<j<3 and n iseven

forn =0 mod 3, or n =2,4 mod 6 ;

nm—1)+2j—1—2r or n =1 mod 6 and m = 3,5 mod 6 ;

\I/e(e(%ﬁ)j): orn=5mod 6 and m=1,3 mod 6 ;
for n =1 mod 6 and m = 1 mod 6;

—1)+2j+1-2
n(m —1) +2j " or n =5 mod 6 and m = 5 mod 6,

v 143 < j<n andn isodd,or 2+1<j<n andn iseven
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for n =0 mod 3 ;
forn =2,4 mod 6 ;

nim+1)—25+2—-2r
( ) J orn=1mod6 and m = 3,5 mod 6;

V.(e, m =
(( ;1”) orn =5 mod 6 and m = 1,3 mod 6;
i =1 d 6 dm=1 d 6;
n(m+1)—2j+4— 2 or n mo and m mod 6;
or n=5mod6 and m = 5 mod 6,
for n =0 mod 3, or n =5 mod 6;
n(mfl)f[(mgl)"172fr or n =1 mod 6 and m = 5 mod 6;
orn =2 mod 6 and m = 1,3 mod 6;
orn =4 mod 6 and m = 1,5 mod 6;
\Ile(e(era)l) =

forn =1 mod 6 and m = 3 mod 6;
n(m—l)—[@}—i&—r or n =2 mod 6 and m =5 mod 6;

orn =4 mod 6 and m = 3 mod 6;
n(mfl)f[wwflfr if n,m =1 mod 6,

vV 2<j<n-1

for n = 0 mod 3;

n(m—l)—Qj—Q[@} orn =1 mod 3 and m = 1,5 mod 6;

\Ile(e('m,T-l—Zi>j): or n =2 mod 3 and m = 1,3 mod 6;
n(m—l)—2j—2[(m;1)"1—2 for n =1 mod 3 and m = 3 mod 6;
orn=2mod3and m = 5 mod 6,

for n =0 mod 3, or n =5 mod 6;
n(m—l)—f(m71>"-\—r or n =1 mod 6 and m = 5 mod 6;
3 orn =2 mod 6 and m = 1,3 mod 6;

orn =4 mod 6 and m = 1,5 mod 6;

for n =1 mod 6 and m = 3 mod 6;
n(m—l)—[@}—l—r or n =2 mod 6 and m = 5 mod 6;

or n =4 mod 6 and m = 3 mod 6;
n(m—1) — f@} +1—r if n,m=1mod6.
In all cases, we are able see that all the vertex and edge names are at most

r=["" ] orr=[""%] +1.

When m is odd number, the weight of the edges of the calendula graphs
Cl,,, are given by

Vi<i<ZAd  wteley) =2n(i—1)+25—1, 1<j<n

. for 1 <j< 3§, n is even;
nim—1)+2j—1 . | _
orlgjg%, n s odd,
for §+1<j<n, n is even;

nim+1)—25+2
( ) =2 or ”T‘Hz’gjgn,nis odd,

n(m+1—i)—2j if 1<j<n-—1;

vy mi3 << wte(e;;) =
»(¢is) 2n(m +1 — i) if j=n.
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We can see that weights of edges in all cycles Cy,,Chp,,- -

,Cn,, are all

different, this concludes the proof. O

Table[I]illustrates the different cases of an edge irregularity reflexive labeling
for the calendula Cl,,, graph.

Table 1: The different cases of

calendula Cl,, ,,

an edge irregularity reflexive labeling for the

H Graph‘ n m ‘ E(Clyn ) ‘ T ‘
Clmn = 0 mod 6 Y'm E = 0mod 6 [ 750
Clim.n = 4 mod 6 m = 0,3 mod 6 E = 0mod 6 [ 22
Clin.n = 4mod 6 m = 1,4mod6 E = 4mod6 [ 7]
Clyn.n, = 4mod 6 m = 2,5 mod 6 E = 2mod6 [ 2] +1
Cly.m, = 2mod 6 m = 0,3 mod 6 E = 0mod 6 [ 77 ]
Clmn = 2 mod 6 m = 2,5 mod 6 E = 4 mod 6 (%1
Clim.n = 2mod 6 m = 1,4mod6 E = 2mod 6 [ 2] +1
Clpn =3mod6| m =0,2,4 mod6 | E = 0mod6 [ 7]
Climn =3mod6| m =1,3,5mod6 | E =3mod6 | [Z2] +1
Clinn = 1mod 6 m = 0 mod 6 E = 0mod 6 [ 22
Clim.n = 1mod6 m = 1 mod 6 E = 1mod6 [ 7]
Cly.n, = 1mod6 m = 4 mod 6 E = 4mod6 [ 7]
Cly.m = 1 mod 6 m = 5 mod 6 E = 5 mod 6 [ 77 ]
Clin = 1mod 6 m = 2 mod 6 E = 2 mod 6 [ 2] +1
Clim.n = 1mod6 m = 3 mod 6 E = 3mod 6 [ 2] +1
Clmn = 5 mod 6 m = 1 mod 6 E = 5mod 6 [ =52
Clin.n = 5 mod 6 m = 2 mod 6 E = 0mod 6 [ 2]
Clinm = 5mod 6 m = 4 mod 6 E = 4 mod 6 [ 2]
Clinm = 5mod 6 m = 5 mod 6 E = 1mod6 [ 7]
Clmn = 5mod 6 m = 0 mod 6 E = 2 mod 6 [ 2] +1
Cly.m = 5 mod 6 m = 3 mod 6 E = 3mod6 [ 2] +1

INlustration: The calendula graphs Clip12 with an edge irregularity total
k = 41 labeling and Clyg12 with an edge irregularity reflexive r = 40 labeling

are shown in
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Figure 6: The calendula graphs Clj,12 with an edge irregularity total k = 41 labeling
and Clyp,12 with an edge irregularity reflexive r =40 labeling
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INlustration: The calendula graphs Clg11 with an edge irregularity total
k = 34 labeling and Clg 11 with an edge irregularity reflexive r = 34 labeling

are shown in

Figure 7: The calendula graphs Clg1; with an edge irregularity total k = 34 labeling
and Clg ;1 with an edge irregularity reflexive r = 34 labeling
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4. Conclusion

lately, graph labeling has become a fruitful branch of several research studies
in graph theory. It has massive applications in many disciplines, like coding
theory, X-rays, radar, communication networks, and astronomy. In this work, we
have determined the total edge irregular strength k— and the edge irregularity
reflexive r— for calendula Cly, , n >4, Cls, , n > 4. Furthermore, the exact
value of total edge irregular strength k— and the edge irregularity reflexive r—
for a generalized calendula Cl,,, was defined.
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