
ITALIAN JOURNAL OF PURE AND APPLIED MATHEMATICS – N. 49–2023 (722–753) 722

Total edge irregularity strength and edge irregular reflexive
labeling for calendula graph

Mohamed R. Zeen El Deen∗

Department of Mathematics
Faculty of Science
Suez University, Suez 42524
Egypt
mohamed.zeeneldeen@suezuniv.edu.eg

Ghada M. Elmahdy
Department of Basic science

Canal High Institute of Engineering and Technology

Suez 42524

Egypt

ghada.elmahdy91@gmail.com

Abstract. The calendula graph Clm,n is a graph constructed from a cycle on m
vertices Cm and m copies of Cn which are Cn1 , Cn2 , . . . , Cnm and pasting the i−th
edge of Cm to an edge of Cni

for each i ∈ {1, 2, . . . ,m}. For a simple graph G(V,E)
a labeling of vertices and edges by a mapping Φ : V (G) ∪ E(G) → { 1, 2, . . . , k }
providing that the weights of any two pair of edges are distinct is called an edge irregular
total k−labeling, where the weight of an edge is the sum of the label of the edge itself
and the labels of its two end vertices. If k is minimum and G admits an edge
irregular total k−labeling, then k is called the total edge irregularity strength, tes(G) .
The total k− labeling is called the reflexive edge strength of G if the edge labeling
Φe : E(G) → {1, 2, . . . , ke } and a vertex labeling Φv : V (G) → {0, 2, 4, . . . , 2kv },
where k = max{ke, , 2kv }. In the current paper, we investigate the existence of edge
irregular total k− labeling for the calendula graphs Clm,n and precise the exact value
of total edge irregularity strength of calendula graphs Clm,n . Besides, we explore the
presence of edge reflexive irregular r− labeling for calendula graphs and determine the
perfect value of reflexive edge strength.

Keywords: irregular labeling, total edge irregularity strength, edge irregular reflexive
labeling, reflexive edge strength, calendula graph.

1. Introduction

Graph labeling is one of the fundamental mathematical disciplines in graph
theory. There are numerous applications of graph labeling in multiple areas
such as coding hypothesis, computer science, physics, and astronomy. For more
interesting applications of graph labeling see [1, 2]. A labeling of a graph G =
(V,E) is a mapping that carries graph elements ( edges or vertices, or both ) to
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positive integers subject to certain restrictions. If the domain is the vertex-set or
the edge-set, the labeling is called vertex labeling or edge labeling respectively.
Similarly if the domain is V (G)∪E(G) , then the labeling is called total labeling.
There are many different kinds of graph labeling ( see [3, 4, 5, 6, 7] ) all that
kinds of labeling problem will have the following three common characteristics.
A set of numbers from which vertex or edge labels are chosen, a rule that assigns
a value to each edge or vertex, and a condition that these values must satisfy.
A comprehensive survey of graph labeling is given in [8].

Definition 1.1 ([9]). Let Cm be a cycle of length m with vertices u1, u2, · · · , um.
Let Cni , 1 ≤ i ≤ m be m copies of a cycle of length n, and vij , 1 ≤ i ≤
m, 1 ≤ j ≤ n be the vertices of m copies of Cn. Let ai = uiui+1 denote to the
edge of the cycle Cm for 1 ≤ i ≤ m− 1 and am = umu1. Let eij = vijvi(j+1)

denote to the edges of m copies of Cn for 1 ≤ i ≤ m , 1 ≤ j ≤ n − 1
and ein = vinvi1 for 1 ≤ i ≤ m. The calendula graphs, denoted by Clm,n

obtained by pasting each edge ai of Cm to an edge ein of Cni for each
1 ≤ i ≤ m , i.e., ai ≡ ein , 1 ≤ i ≤ m and ui ≡ vi1 ≡ v(i−1)n, 2 ≤ i ≤ m−1.
It is obvious that the order of Clm,n is m(n − 1) and the size of Clm,n is
mn , see Fig. 1.

u1 u2

u3

um−1

um

C61 C62

C6m

Figure 1: The Calendula graph Clm,6

2. Total edge irregularity strength for calendula graphs

An irregular assignment of G was defined by Chartrand et al. in [10] as a d−
labeling of the edges Θ : E −→ {1, 2, · · · , d} such that the vertex weights
wtΘ(x) =

∑
Θ(xy), where the sum is over all vertices y adjacent to x are

distinctive for all vertices, i.e., wtΘ(x) ̸= wtΘ(y) for all vertices x, y ∈ V (G)
with x ̸= y. The smallest d for which there is an irregular assignment is the
irregularity strength, S(G), this graph parameter S(G) is an invariant for each
graph
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Bača et al. [11] defined the notion of an edge irregular total k− labeling of
a graph G = (V,E) as a labeling of the vertices and edges of G, Φ : V ∪E −→
{1, 2, · · · , k} such that the edge weights wtΦ(xy) = Φ(x) + Φ(y) + Φ(xy) are
different for all edges, i.e., wtΦ(xy) ̸= wtΦ(x

′
y
′
) for all edges xy, x

′
y
′ ∈ E with

xy ̸= x
′
y
′
. They also defined the total edge irregularity strength of G, tes(G), to

be the minimum k for which the graph G has an edge irregular total k−labeling.
Moreover, in [11], for any graph G a lower bound on the total edge irregularity
strength is given by

(1) max

{
⌈ △(G) + 2

3
⌉ , ⌈ |E(G)|+2

3 ⌉
}

≤ tes(G)

where △(G) is the maximum degree of G .
Since then, many researchers try to find exact values for the total edge

irregularity strength of graphs. In [12] Ivanĉo et al. proved that for any tree
T tes(T ) is equal to its lower bound. Results on the total edge irregularity
strength can be found in [13, 14, 15, 16, 17, 18, 19].

before we progress to our main result we discuss the total edge irregularity
strength for a small case.

Theorem 2.1. Let n ≥ 4 be even positive integer and Cl4,n be the calendula
graph. Then

tes(Cl4,n) = ⌈ 4 n+ 2

3
⌉

Proof. The calendula graph Cl4,n has |V (Cl4,n)| = 4(n−1) , |E(Cl4,n) | = 4n
and the maximum degree △(Cl4,n) = 4. Thus, the inequality (1) becomes

⌈ 4 n+ 2

3
⌉ ≤ tes(Cl4,n).

To prove the equality, we need to show that there exist an edge irregularity total
k− labeling, k = ⌈ 4 n+2

3 ⌉ , there are three cases
Case (1). When n ≡ 2 mod 3, n ≥ 4. Suppose that k = ⌈ 4 n+2

3 ⌉, we con-
struct the total k− labeling function Φ : V (Cl4,n) ∪ E(Cl4,n) −→ {1, 2, · · · , k}
as follows:

Φ(v1j) =


1 if j = 1;

j − 1 if 2 ≤ j ≤ n− 2 ;

2n− k − 2 if j = n− 1;

k if j = n.

Φ(v2j) =



2n− k + 2 if j = 2;

n− 2
for 3 ≤ j ≤ n

2 , if n is even ;

or 3 ≤ j ≤ n−1
2 , if n is odd ;

k
for n

2 + 1 ≤ j ≤ n, if n is even ;

or n+1
2 ≤ j ≤ n, if n is odd ;
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Φ(v3j) =



k
for 1 ≤ j ≤ n

2 , if n is even ;

or 1 ≤ j ≤ n+1
2 , if n is odd ;

n− 2
for n

2 + 1 ≤ j ≤ n− 2, if n is even ;

or n+3
2 ≤ j ≤ n− 2, if n is odd ;

2n− k + 3 if j = n− 1;

k if j = n.

Φ(v4j) =


2n− k − 1 if j = 2;

n− j if 3 ≤ j ≤ n− 1;

1 if j = n.

Φ(e1j) =



1 if j = 1;

2 if 2 ≤ j ≤ n− 3;

k − n+ 2 if j = n− 2;

1 if j = n− 1;

k

2
− 2 if j = n.

Φ(e2j) =



1 if j = 1;

k − n+ 5 if j = 2;

5 + 2j
for 3 ≤ j ≤ n

2 − 1, if n is even ;

or 3 ≤ j ≤ n−3
2 , if n is odd ;

2k − 2n− 1 if j = n
2 , and n even;

2k − 2n− 2 if j = n−1
2 , and n odd;

k − 2n+ 2j − 3
for n

2 + 1 ≤ j ≤ n− 1, if n is even ;

or n+1
2 ≤ j ≤ n− 1, if n is odd ;

k − 3 if j = n.

Φ(e3j) =



2(2n− k − j + 1)
for 1 ≤ j ≤ n

2 − 1, if n is even ;

or 1 ≤ j ≤ n−1
2 , if n is odd ;

2n− k + 4 if j = n
2 and n even;

2n− k + 3 if j = n+1
2 and n odd;

2(n− j + 3)
for n

2 + 1 ≤ j ≤ n− 3, if n is even ;

or n+3
2 ≤ j ≤ n− 3, if n is odd ;

k − n+ 5 if j = n− 2;

1 if j = n− 1;

k − 2 if j = n.
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Φ(e4j) =



1 if j = 1;

k − n+ 2 if j = 2;

3 if 3 ≤ j ≤ n− 2;

2 if j = n− 1;

2n− k + 1 if j = n.

Case (2). When n ≡ 0 mod 3. The labeling function Φ : V (Cl4,n) ∪
E(Cl4,n) −→ {1, 2, · · · , k} characterized as in case (1) in all vertices but with
some modifications in edges given by

Φ(e1j) =
k − 3

2
if j = n

Φ(e2j) =



2k − 2n if j = n
2 , and n even;

2k − 2n− 1 if j = n−1
2 , and n odd;

k − 2n+ 2j − 2
for n

2 + 1 ≤ j ≤ n− 1, if n is even ;

or n+1
2 ≤ j ≤ n− 1, if n is odd ;

k − 2 if j = n.

Φ(e3j) = k − 1 if j = n

Case (3). When n ≡ 1 mod 3,

• If n = 4 , the labeling Φ : V (Cl4,4) ∪ E(Cl4,4) −→ {1, 2, · · · , k = 6}
characterized as in Fig. 2.

1 5

66

1 1
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5

55

1
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1

3

1

1
3

4

5

4

1

1
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2

Figure 2: The calendula graph Cl4,4 with an edge irregularity total k = 6 labeling

• If n > 4 the labeling function Φ : V (Cl4,n) ∪ E(Cl4,n) −→ {1, 2, · · · , k}
defined as in case (1) in all vertices but with some modifications in edges given
by

Φ(e1j) =
k

2
− 1 if j = n
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Φ(e2j) =



2k − 2n+ 1 if j = n
2 , and n even;

2k − 2n if j = n−1
2 , and n odd;

k − 2n+ 2j − 1
for n

2 + 1 ≤ j ≤ n− 1, if n is even ;

or n+1
2 ≤ j ≤ n− 1, if n is odd ;

k − 1 if j = n.

Φ(e3j) = k if j = n

In all cases, all the vertex and edge labels are at most k = ⌈ 4 n+2
3 ⌉ , also

under the labeling Φ the weights of the edges are given by

∀ i = 1, 2 wtΦ(eij) = 2n(i− 1) + 2j + 1 , 1 ≤ j ≤ n

∀ i = 3, 4 wtΦ(eij) =

{
2n(5− i) + 2− 2j if 1 ≤ j ≤ n− 1;

2n( 5− i) + 2 if j = n.

We can see that the weights of edges in the first half cycles Cn1 , Cn2 form
an increasing sequence of consecutive odd integers from 3 up to 4n+1. For the
second half cycles Cn3 , Cn4 , the weights of edges form a decreasing sequence of
consecutive even integers from 4n+ 2 up to 4. The labeling Φ is the required
edge irregular total k = ⌈ 4 n+2

3 ⌉ labeling. This concludes the proof.

Theorem 2.2. Let n ≥ 4 be even positive integer and Cl5,n be the calendula
graph. Then

tes(Cl5,n) = ⌈ 5 n+ 2

3
⌉ .

Proof. The calendula graph Cl5,n has |V (Cl5,n)| = 5(n−1) , |E(Cl5,n) | = 5n
and the maximum degree △(Clm,n) = 4. Thus, the inequality (1) becomes

⌈ 5 n+ 2

3
⌉ ≤ tes(Cl5,n).

To prove the inverse inequality, we define the function Φ : V (Cl5,n) ∪
E(Cl5,n) −→ {1, 2, · · · , k} to be a total k = ⌈ 5 n+2

3 ⌉ labeling as follows:

Φ(v1j) =

{
1 if j = 1;

j − 1 if 2 ≤ j ≤ n.

Φ(v2j) =



n− 1
for 1 ≤ j ≤ n

2 , if n is even ;

or 1 ≤ j ≤ n+1
2 , if n is odd ;

⌈ 4 n+ 2

3
⌉ − 2

for n
2 + 1 ≤ j ≤ n− 1, if n is even ;

or n+3
2 ≤ j ≤ n− 1, if n is odd ;

k if j = n.

Φ(v3j) = k if 1 ≤ j ≤ n.
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Φ(v4j) =


⌈ 4 n+ 2

3
⌉ − 2

for 2 ≤ j ≤ n
2 , if n even ;

or 2 ≤ j ≤ n−1
2 , if n odd ;

n− 1
for n

2 + 1 ≤ j ≤ n, if n even ;

or n+1
2 ≤ j ≤ n, if n odd.

Φ(v5j) = n− j if 1 ≤ j ≤ n− 1 and Φ(v5n) = 1 .

Φ(e1j) =


1 if j = 1;

2 if 2 ≤ j ≤ n− 1;

n+ 1 if j = n.

Φ(e2j) =



3 + 2j
for 1 ≤ j ≤ n

2 − 1, if n even ;

or 1 ≤ j ≤ n−1
2 , if n odd ;

2n+ 4− ⌈ 4 n+ 2

3
⌉ if j = n

2 , and n even;

2n+ 5− ⌈ 4 n+ 2

3
⌉ if j = n+1

2 , and n odd;

2n+ 2j + 5− 2⌈ 4 n+ 2

3
⌉ for n

2 + 1 ≤ j ≤ n− 2, if n even ;

or n+3
2 ≤ j ≤ n− 2, if n odd ;

4n+ 1− k − ⌈ 4 n+ 2

3
⌉ if j = n− 1;

3n+ 2− k if j = n.

Φ(e3j) =


4n+ 1 + 2j − 2k

for 1 ≤ j ≤ n
2 , if n even ;

or 1 ≤ j ≤ n+1
2 , if n odd ;

6n+ 4− 2j − 2k
for n

2 + 1 ≤ j ≤ n, if n even ;

or n+3
2 ≤ j ≤ n, if n odd.

Φ(e4j) =



4n+ 2− ⌈ 4 n+ 2

3
⌉ − k if j = 1;

4n+ 6− 2j − 2⌈ 4 n+ 2

3
⌉ for 2 ≤ j ≤ n

2 − 1, if n even ;

or 2 ≤ j ≤ n−3
2 , if n odd ;

2n+ 5− ⌈ 4 n+ 2

3
⌉ if j = n

2 and n even;

2n+ 6− ⌈ 4 n+ 2

3
⌉ if j = n−1

2 and n odd;

2n+ 4− 2j
for n

2 + 1 ≤ j ≤ n− 1, if n even ;

or n+1
2 ≤ j ≤ n− 1, if n odd ;

3n+ 3− k if j = n.

Φ(e5j) =


3 if 1 ≤ j ≤ n− 2;

2 if j = n− 1;

n+ 2 if j = n.

Notice that all the vertex and edge labels are at most k = ⌈ 5 n+2
3 ⌉ , moreover

under the labeling Φ the weights of the edges are given by

∀ i = 1, 2 wtΦ(eij) = 2n(i− 1) + 2j + 1 , 1 ≤ j ≤ n
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wtΦ(e3j) =


4n+ 2j + 1

for 1 ≤ j ≤ n
2 , and n is even ;

or 1 ≤ j ≤ n+1
2 , and n is odd ;

6n− 2j + 4
for n

2 + 1 ≤ j ≤ n, and n is even ;

or n+3
2 ≤ j ≤ n, and n is odd ;

∀ i = 4, 5 wtΦ(eij) =

{
2n(6− i) + 2− 2j if 1 ≤ j ≤ n− 1.

2n( 6− i) + 2 if j = n.

The weights of edges in the cycles Cn1
, Cn2

form an increasing sequence of consec-
utive odd integers from 3 up to 4n+ 1 . In the cycle Cn3

the first n
2 edges form an

increasing sequence of consecutive odd integers from 4n + 3 up to 5n + 1, while the
last n

2 edges form a decreasing sequence of consecutive even integers from 5n + 2 up
to 4n+ 4 . For the cycles Cn4 , Cn5 , the weights of edges form a decreasing sequence
of consecutive even integers from 4n+ 2 up to 4 . This complete the proof.

Illustration: The graph Cl5,10 with an edge irregularity total k = 18 labeling
is shown in Fig. 3.
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Figure 3: The calendula graph Cl5,10 with an edge irregularity total k = 18 labeling

Theorem 2.3. Let m ≥ 6 , n ≥ 4 be positive integers and Clm,n be the
calendula graph. Then

tes(Clm,n) = ⌈ m n+ 2

3
⌉
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Proof. The calendula graph Clm,n has |V (Clm,n)| = m(n−1) , |E(Clm,n) | =
mn and the maximum degree △(Clm,n) = 4. Thus, the inequality (1) becomes

⌈ m n+ 2

3
⌉ ≤ tes(Clm,n).

To prove the equality, it suffices to prove the existence of an optimal total
k− labeling Φ : V (Clm,n) ∪ E(Clm,n) −→ {1, 2, · · · , k} is a total k.− labeling,
k = ⌈ m n+2

3 ⌉ , we establish the labeling in the following way:

Φ(v1j) =

{
1 if j = 1;

j − 1 if 2 ≤ j ≤ n.

Φ(v2j) =



n− 1
for 1 ≤ j ≤ n

2 , if n even ;

or 1 ≤ j ≤ n+1
2 , if n odd ;

⌈ 4 n+ 2

3
⌉ − 2

for n
2 + 1 ≤ j ≤ n− 1, if n even ;

or n+3
2 ≤ j ≤ n− 2 , if n odd ;

⌈ 6 n+ 2

3
⌉ if j = n.

∀ 3 ≤ i ≤ m
2 − 1 if m is even, or ∀ 3 ≤ i ≤ m−3

2 if m is odd

Φ(vij) =


⌈ 2ni+ 2

3
⌉ if 1 ≤ j ≤ n− 1;

⌈ 2n(i+ 1) + 2

3
⌉ if j = n.

∀ i = m−1
2 and m is odd

Φ(v(m−1
2

)j) =


⌈ n(m− 1) + 2

3
⌉ if 1 ≤ j ≤ n− 1;

⌈ nm+ 2

3
⌉ if j = n.

∀ i = m
2 , m

2 + 1 and m is even, or ∀ i = m+1
2 and m is odd

Φ(vij) = k = ⌈ nm+ 2

3
⌉ if 1 ≤ j ≤ n.

if m is odd Φ(v(m+3
2

)j) =


⌈ nm+ 2

3
⌉ if j = 1.

⌈ n(m− 1) + 2

3
⌉ if 2 ≤ j ≤ n.

∀ m
2 +2 ≤ i ≤ m− 2 and m even, or ∀ m+5

2 ≤ i ≤ m− 2 and m is odd

Φ(vij) =


⌈ 2n[m− (i− 2) ] + 2

3
⌉ if j = 1 ;

⌈ 2n[m− (i− 1) ] + 2

3
⌉ if 2 ≤ j ≤ n.
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Φ(v(m−1)j) =



⌈ 6n+ 2

3
⌉ if j = 1;

⌈ 4n+ 2

3
⌉ − 2

for 2 ≤ j ≤ n
2 , if n even ;

or 2 ≤ j ≤ n−1
2 , if n odd ;

n− 1
for n

2 + 1 ≤ j ≤ n, if n even ;

or n+1
2 ≤ j ≤ n , if n odd ;

Φ(vmj) = n− j if 1 ≤ j ≤ n− 1 and Φ(vmn) = 1

Φ(e1j) =


1 if j = 1;

2 if 2 ≤ j ≤ n− 1.

n+ 1 if j = n.

Φ(e2j) =



3 + 2j
for 1 ≤ j ≤ n

2 − 1, and n even ;

or 1 ≤ j ≤ n−1
2 , and n odd ;

2n+ 4− ⌈4n+ 2

3
⌉ if j = n

2 and n is even;

2n+ 5− ⌈4n+ 2

3
⌉ if j = n+1

2 and n is odd;

2n+ 2j + 5− 2⌈4n+ 2

3
⌉ for n

2 + 1 ≤ j ≤ n− 2, and n even ;

or n+3
2 ≤ j ≤ n− 2, and n odd ;

4n+ 1− ⌈4n+ 2

3
⌉ − ⌈6n+ 2

3
⌉ if j = n− 1;

3n+ 2− ⌈6n+ 2

3
⌉ if j = n;

∀ 3 ≤ i ≤ m
2 − 1 and m is even, or ∀ 3 ≤ i ≤ m−3

2 and m is odd

Φ(eij) =



2n(i− 1) + 2j + 1− 2 ⌈ 2ni+ 2

3
⌉ if 1 ≤ j ≤ n− 2;

2ni− 1− ⌈ 2ni+ 2

3
⌉ − ⌈ 2n(i+ 1) + 2

3
⌉ if j = n− 1;

2ni+ 1− ⌈ 2ni+ 2

3
⌉ − ⌈ 2n(i+ 1) + 2

3
⌉ if j = n.

Φ(em−1
2 j) =



n(m− 3) + 2j + 1− 2⌈n(m− 1) + 2

3
⌉ if 1 ≤ j ≤ n− 2 and m odd;

n(m− 1)− 1− ⌈n(m− 1) + 2

3
⌉ − k if j = n− 1 and m odd ;

n(m− 1) + 1− ⌈n(m− 1) + 2

3
⌉ − k if j = n and m odd.

Φ(em
2 j) = n(m− 2) + 2j + 1− 2k if 1 ≤ j ≤ n and m is even.
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Φ(em+1
2 j) =


n(m− 1) + 2j + 1− 2k

for 1 ≤ j ≤ n
2 , and n even ;

or 1 ≤ j ≤ n+1
2 , and n odd ;

n(m+ 1)− 2j + 4− 2k
for n

2 + 1 ≤ j ≤ n, and n even ;

or n+3
2 ≤ j ≤ n, and n odd.

Φ(em+3
2

j
) =


n(m− 1)− ⌈n(m− 1) + 2

3
⌉ − ⌈nm+ 2

3
⌉ if j = 1, and m odd;

n(m− 1) + 2(1− j)− 2⌈n(m−1)+2
3

⌉ if 2 ≤ j ≤ n− 1 and m odd;

n(m− 1) + 2− ⌈n(m− 1) + 2

3
⌉ − ⌈nm+ 2

3
⌉ if j = n and m odd.

Φ(e(m
2
+1)j) =

{
n m+ 2− 2(k + j) if 1 ≤ j ≤ n− 1 and m is even ;

n m− 2(k − 1) if j = n and m is even.

∀ m
2
+ 2 ≤ i ≤ m− 2 and m is even, or ∀ m+5

2
≤ i ≤ m− 2 and m is odd

Φ(eij) =



2n(m+ 1− i)− ⌈2n(m− i+ 1) + 2

3
⌉ − ⌈2n(m− i+ 2) + 2

3
⌉ if j = 1;

2n(m+ 1− i) + 2(1− j)− 2⌈2n(m− i+ 1) + 2

3
⌉ 2 ≤ j ≤ n− 1;

2n(m+ 1− i) + 2− ⌈2n(m− i+ 1) + 2

3
⌉ − ⌈2n(m− i+ 2) + 2

3
⌉ if j = n.

Φ(e(m−1)j) =



4n+ 2− ⌈ 4n+2
3 ⌉ − ⌈ 6n+2

3 ⌉ if j = 1;

4n+ 6− 2j − 2⌈ 4n+2
3 ⌉ for 2 ≤ j ≤ n

2 − 1, and n even;

or 2 ≤ j ≤ n−3
2 , and n odd;

2n+ 5− ⌈ 4n+2
3 ⌉ if j = n

2 and n even;

2n+ 6− ⌈ 4n+2
3 ⌉ if j = n−1

2 and n odd;

2n+ 4− 2j
for n

2 + 1 ≤ j ≤ n− 1, and n even;

or n+1
2 ≤ j ≤ n− 1, and n odd;

3n+ 3− ⌈ 6n+2
3 ⌉ if j = n.

Φ(emj) =


3 if 1 ≤ j ≤ n− 2;

2 if j = n− 1;

n+ 2 if j = n.

• If n = m = 5, the labeling Φ : V (Cl5,5)∪E(Cl5,5) −→ {1, 2, · · · , k = 9} defined
as in Fig. 4.

It is evident that all the vertex and edge labels are at most k = ⌈ m n+2
3 ⌉ . Besides,

the weights of edges under the labeling Φ are given by

• If m is even number

∀ 1 ≤ i ≤ m
2 , wtΦ(eij) = 2n(i− 1) + 2j + 1 , 1 ≤ j ≤ n

∀ m
2 + 1 ≤ i ≤ m,
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Figure 4: The calendula graph Cl5,5 with an edge irregularity total k = 9 labeling

wtΦ(eij) =

{
2n(m+ 1− i) + 2− 2j if 1 ≤ j ≤ n− 1;

2n( m+ 1− i) + 2 if j = n.

We can see that weights of edges in the first half cycles Cn1 , Cn2 , · · · , Cnm
2

form an

increasing sequence of consecutive odd integers from 3 up to mn+1 . For the second
half cycles Cnm

2
+1
, Cnm

2
+2
, · · · , Cnm

weights of edges form a decreasing sequence of

consecutive even integers from mn+ 2 up to 4 .

• If m is odd number

∀ 1 ≤ i ≤ m−1
2 wtΦ(eij) = 2n(i− 1) + 2j + 1 , 1 ≤ j ≤ n

wtΦ(e(m+1
2 )j) =


n(m− 1) + 2j + 1

for 1 ≤ j ≤ n
2 , and n is even ;

or 1 ≤ j ≤ n+1
2 , and n is odd ;

n(m+ 1)− 2j + 4
for n

2 + 1 ≤ j ≤ n, and n is even ;

or n+3
2 ≤ j ≤ n, and n is odd.

∀ 1 ≤ i ≤ m+3
2 , · · · , m

wtΦ(eij) =

{
2n(m+ 1− i) + 2− 2j if 1 ≤ j ≤ n− 1;

2n(m+ 1− i) + 2 if j = n.

Since all the edge weights are distinct, the labeling Φ is the required edge irregular
total k = ⌈ m n+2

3 ⌉ labeling. This concludes the proof.

3. Edge irregular reflexive for calendula graphs

The concept of the edge irregular reflexive r− labeling was introduced by Ryan
et al. [20]. For a graph G, an edge labeling Ψe : E(G) −→ {1, 2, · · · , re} and a
vertex labeling Ψv : V (G) −→ {0, 2, 4, · · · , 2rv}, then labeling Ψ defined by

Ψ(x) =

{
Ψv(x) if x ∈ V (G)

Ψe(x) if x ∈ E(G)
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is a total r− labeling where r = max{re, 2rv}. The total r− labeling Ψ is
called an edge irregular reflexive r− labeling of the graph G if distinct edges has
different weights. The smallest value of r for which such labeling exists is called
the reflexive edge strength of the graph G and is denoted by res(G). During
the past few years, res(G) has been inspected for distinctive family of graphs
(see [21, 22, 23, 24, 25, 26]). In this section, we examine the edge irregular
reflexive r− labeling for the calendula graphs.

Let us recall the following lemma proved in [21]

Lemma 3.1. For every graph G,

(2) res(G) ≥


⌈ E(G)

3
⌉ if |E(G)| ̸≡ 2, 3 (mod 6).

⌈ E(G)

3
⌉ + 1 if |E(G)| ≡ 2, 3 (mod 6).

Also, Baća et al. [22] suggested the following conjecture:

Conjecture 3.1 ([22]). Let G be a simple graph with maximum degree △ =
△(G) . Then

res(G) = max{⌊△+ 2

2
⌋, ⌊E(G)

3
⌋+ d},

where d = 1 for |E(G)| ≡ 2, 3 (mod 6), and zero otherwise

Theorem 3.1. Let n ≥ 4 be positive integer and Cl4,n be the calendula graph.
Then

res(Cl4,n) =


⌈ 4 n

3
⌉ if |E(G)| ≡ 0, 4 (mod 6).

⌈ 4 n

3
⌉ + 1 if |E(G)| ≡ 2 (mod 6).

Proof. Since |V (Cl4,n)| = 4(n− 1) , |E(Cl4,n) | = 4n and △(Clm,n) = 4, the
inequality (2) becomes

res(Cl4,n) ≥


⌈ 4 n

3
⌉ if |E(G)| ≡ 0, 4 (mod 6).

⌈ 4 n

3
⌉ + 1 if |E(G)| ≡ 2 (mod 6).

To demonstrate the equality, we have to appear that there exists an edge
irregularity reflexive r = ⌈ 4 n

3 ⌉ labeling, for the calendula graph Cl4,n , there
are three cases:
Case (1). When n ≡ 0 mod 3, n ≥ 4, then |E(G)| ≡ 0 (mod 6). Suppose that
r = ⌈ 4 n

3 ⌉, we build the labeling function Ψv : V (Cl4,n)) −→ {0, 2, · · · , 2rv =
r } as follows:
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Ψv(v1j) =



j − 1
for j = 1, 3, 5, · · · , n− 3, if n is even ;

or j = 1, 3, 5, · · · , n− 2, if n is odd ;

j − 2
for j = 2, 4, 6, · · · , n− 2, if n is even ;

or j = 2, 4, 6, · · · , n− 3, if n is odd ;

2n− 4− r if j = n− 1;

r if j = n.

Ψv(v2j) =



r for j=1 and
for n

2 + 1 ≤ j ≤ n, if n is even;

or n+3
2 ≤ j ≤ n, if n is odd;

2n− r if j = 2;

n− 2 if 3 ≤ j ≤ n
2 , n is even;

n− 1 if 3 ≤ j ≤ n+1
2 , n is odd;

Ψv(v3j) =



r
for 1 ≤ j ≤ n

2 , if n is even;

or 1 ≤ j ≤ n−1
2 , if n is odd;

and j= n ;

n− 2 if n
2 + 1 ≤ j ≤ n− 2, n is even ;

n− 1 if n+1
2 ≤ j ≤ n− 2, n is odd ;

2n− r if j = n− 1;

Ψv(v4j) =



r if j = 1;

2n− 4− r if j = 2;

n− j − 1
for j = 3, 5, · · · , n− 1, if n is even ;

or j = 4, 6, · · · , n− 1, if n is odd ;

n− j
for j = 4, 6, · · · , n, if n is even ;

or j = 3, 5, · · · , n, if n is odd ;

For edges, we construct the labeling function Ψe : E(Cl4,n)) −→ {1, 2, · · · , r}
as follows:

Ψe(e1j) =


1 if 1 ≤ j ≤ n− 3, and j = n− 1;

r − n+ 3 if j = n− 2, n is even ;

r − n+ 2 if j = n− 2, n is odd ;

2n− r − 1 if j = n.
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Ψe(e2j) =



1 if j = 1;

r − n+ 5 if j = 2, n is even ;

r − n+ 4 if j = 2, n is odd ;

3 + 2j if 3 ≤ j ≤ n
2 − 1, n is even ;

1 + 2j if 3 ≤ j ≤ n−1
2 , n is odd ;

2n+ 1− r
for j = n

2 , n is even ;

and j = n+1
2 , n is odd ;

2n− 1− 2r + 2j
for n

2 + 1 ≤ j ≤ n, if n is even ;

or n+3
2 ≤ j ≤ n, if n is odd ;

Ψe(e3j) =



4n− 2r − 2j
for 1 ≤ j ≤ n

2 − 1, if n is even ;

or 1 ≤ j ≤ n−3
2 , if n is odd ;

2n+ 2− r
for j = n

2 , n is even ;

and j = n−1
2 , n is odd ;

2n+ 4− 2j if n
2 + 1 ≤ j ≤ n− 3 and n even;

2n+ 2− 2j if n+1
2 ≤ j ≤ n− 3 and n odd;

r − n+ 6 if j = n− 2 and n is even;

r − n+ 5 if j = n− 2 and n is odd;

2 if j = n− 1;

r if j = n.

Ψe(e4j) =


2 if j = 1 and 3 ≤ j ≤ n− 1;

r − n+ 4 if j = 2, n is even ;

r − n+ 3 if j = 2, n is odd ;

2n− r if j = n.

Case (2). When n ≡ 1 mod 3, then |E(G)| ≡ 4 (mod 6). Let r = ⌈ 4 n
3 ⌉, the

labeling functions Ψv and Ψe defined as in case (1) in all vertices and edges
but with some modifications which are given by

Ψv(v1(n−1)) = 2n− 2− r , Ψv(v1n) = r − 2 ,

Ψv(v21) = r − 2 , Ψv(v22) = 2n− r + 2 ,

Ψv(v3(n−1)) = 2n+ 2− r , Ψv(v3n) = r − 2 ,

Ψv(v41) = r − 2 , Ψv(v42) = 2n− r − 2 ,

Ψe(e1j) =


r − n+ 1 if j = n− 2, n even ;

r − n if j = n− 2, n odd ;

2n− r + 1 if j = n.



TOTAL EDGE IRREGULARITY STRENGTH AND EDGE IRREGULAR REFLEXIVE ... 737

Ψe(e2j) =



r − n+ 3 if j = 2, n even ;

r − n+ 2 if j = 2, n odd ;

2n− 1− 2r + 2j
for n

2 + 1 ≤ j ≤ n− 1, if n even ;

or n+3
2 ≤ j ≤ n− 1, if n odd ;

4n− 2r + 1 if j = n.

Ψe(e3j) =

{
r − n+ 4 if j = n− 2 and n even;

r − n+ 3 if j = n− 2 and n odd;

Ψe(e4j) =


r − n+ 2 if j = 2, n even ;

r − n+ 1 if j = 2, n odd ;

2n− r + 2 if j = n.

Case (3). When n ≡ 2 mod 3, then |E(G)| ≡ 2 (mod 6).suppose that
r = ⌈ 4 n

3 ⌉+1 , the labeling functions Ψv and Ψe defined as in case (1) in all
vertices and edges but with some modifications which are given by

Ψv(v1(n−1)) = 2n− r , Ψv(v1n) = r − 4 ,

Ψv(v21) = r − 4 , Ψv(v22) = 2n− r + 4 ,

Ψv(v3(n−1)) = 2n+ 4− r , Ψv(v3n) = r − 4 ,

Ψv(v41) = r − 4 , Ψv(v42) = 2n− r ,

Ψe(e1j) =


r − n− 1 if j = n− 2, n even ;

r − n− 2 if j = n− 2, n odd ;

2n− r + 3 if j = n.

Ψe(e2j) =



r − n+ 1 if j = 2, n even ;

r − n if j = 2, n odd ;

2n− 1− 2r + 2j
for n

2 + 1 ≤ j ≤ n− 1, if n even ;

or n+3
2 ≤ j ≤ n− 1, if n odd ;

4n− 2r + 3 if j = n.

Ψe(e3j) =

{
r − n+ 2 if j = n− 2 and n even;

r − n+ 1 if j = n− 2 and n odd;

Ψe(e4j) =


r − n if j = 2, n even ;

r − n− 1 if j = 2, n odd ;

2n− r + 4 if j = n.

In all cases, notice that all the vertex and edge labels are at most r = ⌈ 4 n
3 ⌉

or r = ⌈ 4 n
3 ⌉ + 1. Moreover under the labeling Ψ the weights of the edges are

given by

∀ i = 1, 2 wtΨ(eij) = 2n(i− 1) + 2j − 1 , 1 ≤ j ≤ n.
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∀ i = 3, 4 wtΨ(eij) =

{
2n(5− i)− 2j if 1 ≤ j ≤ n− 1;

2n(5− i) if j = n.

We can see that weights of edges in the first half cycles Cn1 , Cn2 form an
increasing sequence of consecutive odd integers from 1 up to 4n − 1 . For
the second half cycles Cn3 , Cn4 weights of edges form a decreasing sequence of
consecutive even integers from 4n up to 2 . In this way the labeling Ψ is the
required edge irregularity reflexive r− labeling. This completes the proof.

Illustration: The calendula graph Cl4,12 with an edge irregularity total k = 17
labeling and an edge irregularity reflexive r = 16 labeling are shown in Fig. 5.
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Figure 5: (a) Cl4,12 with k = 17 (b) Cl4,12 with r = 16

Theorem 3.2. Let n ≥ 6 and m be an even positive integer, m ≥ 6 . Then
the calendula graph Clm,n have .

res(Clm,n) =


⌈mn

3
⌉

for n ≡ 0 mod 3;

or n ≡ 1 , 2 mod 3 and |m n| ≡ 0, 4 mod 6;

⌈m n

3
⌉+ 1 if n ≡ 1, 2 mod 3 and |mn| ≡ 2(mod 6).

Proof. Since |V (Clm,n)| = m(n−1) , |E(Clm,n) | = mn and △(Clm,n) = 4.
To illustrate the equality in (2), we have to show up that there exists an edge
edge irregularity reflexive r− labeling, r = ⌈ m n

3 ⌉ , or r = ⌈ m n
3 ⌉+1 , for the

calendula graph Clm,n , there are three cases

Case (1). When n ≡ 0 mod 3 or n ≡ 1 mod 3 and |m n| ̸≡ 2 (mod 6), we
take r = ⌈ m n

3 ⌉.
When n ≡ 1 mod 3 and |m n| ≡ 2 (mod 6), we put r = ⌈ m n

3 ⌉+ 1.
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We construct the labeling function Ψv : V (Clm,n)) −→ {0, 2, · · · , r} as
follows:

(3) Ψv(v1j) =


j − 1

for j = 1, 3, 5, · · · , n− 1, if n even ;

or j = 1, 3, 5, · · · , n, if n odd ;

j − 2
for j = 2, 4, 6, · · · , n, if n even ;

j = 2, 4, 6, · · · , n− 1, if n odd.

(4) Ψv(v2j) =



n− 2 if 1 ≤ j ≤ n
2 , n even ;

n− 1 if 1 ≤ j ≤ n+1
2 , n odd ;

⌈ 4 n

3
⌉

for n
2 + 1 ≤ j ≤ n− 1, if n even ;

or n+3
2 ≤ j ≤ n− 1, if n odd ;

⌈ 6 n

3
⌉ if j = n.

∀ 3 ≤ i ≤ m
2 − 1

If n ≡ 0 mod 3 , or n ≡ 1 mod 3, and i ≡ 2 mod 3,

(5) Ψv(vij) =


⌈ 2 n i

3
⌉ if 1 ≤ j ≤ n− 1;

⌈ 2 n (i+ 1)

3
⌉ if j = n,

If n ≡ 1 mod 3, and i ≡ 0 mod 3,

(6) Ψv(vij) =


⌈ 2 n i

3
⌉ if 1 ≤ j ≤ n− 1;

⌈ 2 n (i+ 1)

3
⌉+ 1 if j = n,

If n ≡ 1 mod 3, and i ≡ 1 mod 3,

(7) Ψv(vij) =


⌈ 2 n i

3
⌉+ 1 if 1 ≤ j ≤ n− 1;

⌈ 2 n (i+ 1)

3
⌉ if j = n,

(8) ∀ i =
m

2
,
m

2
+ 1 , Ψv(vij) = r for 1 ≤ j ≤ n

∀ m
2 + 2 ≤ i ≤ m− 2
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If n ≡ 0 mod 3 or n ≡ 1 mod 3, and i ≡ 1 mod 3,

(9) Ψv(vij) =


⌈ 2 n [m− (i− 2)]

3
⌉ if j = 1;

⌈ 2 n [m− (i− 1)]

3
⌉ if 2 ≤ j ≤ n,

If n ≡ 1 mod 3, and i ≡ 2 mod 3,

(10) Ψv(vij) =


⌈ 2 n [m− (i− 2)]

3
⌉ if j = 1;

⌈ 2 n [m− (i− 1)]

3
⌉+ 1 if 2 ≤ j ≤ n,

If n ≡ 1 mod 3, and i ≡ 0 mod 3,

(11) Ψv(vij) =


⌈ 2 n [m− (i− 2)]

3
⌉+ 1 if j = 1;

⌈ 2 n [m− (i− 1)]

3
⌉ if 2 ≤ j ≤ n,

(12) Ψv(v(m−1)j) =



⌈ 6 n

3
⌉ if j = 1;

⌈ 4 n

3
⌉

for 2 ≤ j ≤ n
2 , if n even ;

or 2 ≤ j ≤ n−1
2 , if n odd ;

n− 2 if n
2 + 1 ≤ j ≤ n, n even ;

n− 1 if n+1
2 ≤ j ≤ n, n odd,

(13) Ψv(vmj) =


n− j − 1

for j = 1, 3, · · · , n− 1, if n even ;

or j = 2, 4, · · · , n− 1, if n odd ;

n− j
for j = 2, 4, · · · , n, if n even ;

j = 1, 3, · · · , n, if n odd,

For the edges, we define the labeling function Ψe : E(Clm,n)) −→ {1, 2, · · · , r}
as follows:

(14) Ψe(e1j) =


1 if 1 ≤ j ≤ n− 1;

n+ 1 if j = n , n even ;

n if j = n, n odd,
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(15) Ψe(e2j) =



2j + 3 if 1 ≤ j ≤ n
2 − 1, n even;

2j + 1 if 1 ≤ j ≤ n−1
2 , n odd ;

2n+ 1− ⌈4n
3
⌉ for j = n

2 if n even;

or j = n+1
2 , if n odd;

2n− 1 + 2j − 2⌈4n
3
⌉ for n

2 + 1 ≤ j ≤ n− 2 if n even;

or n+3
2 ≤ j ≤ n− 2 if n odd;

4n− 3− ⌈4n
3
⌉ − ⌈6n

3
⌉ if j = n− 1.

3n+ 1− ⌈6n
3
⌉ if j = n, n is even.

3n− ⌈ 6n

3
⌉ if j = n, n is odd,

∀ 3 ≤ i ≤ m
2 − 1

If n ≡ 0 mod 3 or n ≡ 1 mod 3, and i ≡ 2 mod 3,

(16) Ψe(eij) =



2n(i− 1) + 2j − 1− 2⌈2ni
3

⌉ if 1 ≤ j ≤ n− 2;

2ni− 3− ⌈2ni
3

⌉ − ⌈2n(i+ 1)

3
⌉ if j = n− 1,

2ni− 1− ⌈2ni
3

⌉ − ⌈2n(i+ 1)

3
⌉ if j = n,

If n ≡ 1 mod 3, and i ≡ 0 mod 3,

(17) Ψe(eij) =



2n(i− 1) + 2j − 1− 2⌈2ni
3

⌉ if 1 ≤ j ≤ n− 2;

2ni− 4− ⌈2ni
3

⌉ − ⌈2n(i+ 1)

3
⌉ if j = n− 1,

2ni− 2− ⌈2ni
3

⌉ − ⌈2n(i+ 1)

3
⌉ if j = n,

If n ≡ 1 mod 3, and i ≡ 1 mod 3,

(18) Ψe(eij) =



2n(i− 1) + 2j − 3− 2⌈2ni
3

⌉ if 1 ≤ j ≤ n− 2;

2ni− 4− ⌈2ni
3

⌉ − ⌈2n(i+ 1)

3
⌉ if j = n− 1,

2ni− 2− ⌈2ni
3

⌉ − ⌈2n(i+ 1)

3
⌉ if j = n,
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(19) Ψe(em
2
j) = n(m− 2) + 2j − 1− 2r, for 1 ≤ j ≤ n

(20) Ψe(e(m
2
+1)j) =

 nm− 2(r + j) if 1 ≤ j ≤ n− 1 ;

nm− 2r if j = n .

∀ m
2 + 2 ≤ i ≤ m− 2

If n ≡ 0 mod 3 or n ≡ 1 mod 3, and i ≡ 1 mod 3,

(21)

Ψe(eij) =



2n(m+ 1− i)− 2− ⌈2n[m− i+ 1]

3
⌉ − ⌈2n[m− i+ 2]

3
⌉ if j = 1;

2n(m+ 1− i)− 2j − 2⌈2n[m− i+ 1]

3
⌉ if 2 ≤ j ≤ n− 1,

2n(m+ 1− i)− ⌈2n[m− i+ 1]

3
⌉ − ⌈ 2n[m− i+ 2]

3
⌉ if j = n,

If n ≡ 1 mod 3, and i ≡ 2 mod 3,

(22)

Ψe(eij) =



2n(m+ 1− i)− 3− ⌈2n[m− i+ 1]

3
⌉ − ⌈2n[m− i+ 2]

3
⌉ if j = 1;

2n(m+ 1− i)− 2− 2j − 2⌈2n[m− i+ 1]

3
⌉ if 2 ≤ j ≤ n− 1,

2n(m+ 1− i)− 1− ⌈2n[m− i+ 1]

3
⌉ − ⌈2n[m− i+ 2]

3
⌉ if j = n,

If n ≡ 1 mod 3, and i ≡ 0 mod 3,

(23)

Ψe(eij) =



2n(m+ 1− i)− 3− ⌈2n[m− i+ 1]

3
⌉ − ⌈2n[m− i+ 2]

3
⌉ if j = 1;

2n(m+ 1− i)− 2j − 2⌈2n[m− i+ 1]

3
⌉ if 2 ≤ j ≤ n− 1;

2n(m+ 1− i)− 1− ⌈2n[m− i+ 1]

3
⌉ − ⌈2n[m− i+ 2]

3
⌉ if j = n,
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(24) Ψe(e(m−1)j) =



4n− 2− ⌈4n
3
⌉ − ⌈6n

3
⌉ if j = 1;

4n− 2j − 2⌈4n
3
⌉

for 2 ≤ j ≤ n
2
− 1, if n even;

or 2 ≤ j ≤ n−3
2

, if n odd;

2n+ 2− ⌈4n
3
⌉

for j = n
2
, if n even;

or j = n−1
2

, if n odd.

2n+ 4− 2j if n
2
+ 1 ≤ j ≤ n− 1, n is even;

2n+ 2− 2j if n+1
2

≤ j ≤ n− 1, n is odd;

3n+ 2− ⌈6n
3
⌉ if j = n, n is even;

3n+ 1− ⌈6 n

3
⌉ if j = n, n is odd,

(25) Ψe(emj) =


2 if 1 ≤ j ≤ n− 1;

n+ 2 if j = n, n is even ;

n+ 1 if j = n, n is odd

Case (2). When n ≡ 2mod 3 and |m n| ≡ 0 , 4 (mod 6), we choose r = ⌈ m n
3 ⌉,

when n ≡ 2 mod 3 and |m n| ≡ 2 (mod 6), we choose r = ⌈ m n
3 ⌉+ 1.

The labeling function Ψ : V (Clm,n) ∪E(Clm,n) −→ {1, 2, · · · , r} defined as
in case (1) but with some modifications which are given by

Ψv(v2j) = ⌈ 4 n

3
⌉ + 1

for n
2 + 1 ≤ j ≤ n− 1, if n is even ;
or n+3

2 ≤ j ≤ n− 1, if n is odd,

∀ 3 ≤ i ≤ m
2 − 1 ,

If i ≡ 0 mod 3, in this case, the labeling of Ψv(vij) will match as within
Eq.(5).

If i ≡ 1 mod 3, in this case, the labeling of Ψv(vij) will match as within
Eq.(6).

If i ≡ 2 mod 3, in this case, the labeling of Ψv(vij) will match as within
Eq. (7).

∀ m
2 + 2 ≤ i ≤ m− 2 ,

If i ≡ 0 mod 3, in this case, the labeling of Ψv(vij) will match as within
Eq.(9).

If i ≡ 1 mod 3, in this case, the labeling of Ψv(vij) will match as within
Eq.(10).

If i ≡ 2 mod 3, in this case, the labeling of Ψv(vij) will match as
within Eq.(11).
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Ψv(v(m−1)j) = ⌈ 4 n

3
⌉ + 1

for 2 ≤ j ≤ n
2 , if n is even ;

or 2 ≤ j ≤ n−1
2 , if n is odd,

Ψe(e2j) =



2n− ⌈4n
3
⌉ for j = n

2 , if n is even;

or j = n+1
2 , if n is odd;

2n− 3 + 2j − 2⌈4n
3
⌉ for n

2 + 1 ≤ j ≤ n− 2, if n is even;

or n+3
2 ≤ j ≤ n− 2, if n is odd;

4n− 4− ⌈ 4n

3
⌉ − ⌈6n

3
⌉ if j = n− 1.

∀ , 3 ≤ i ≤ m
2 − 1

If i ≡ 0 mod 3 in this case, the labeling of Ψe(eij) will match as within
Eq.(16).

If i ≡ 1 mod 3 in this case, the labeling of Ψe(eij) will match as within
the Eq. (17).

If i ≡ 2 mod 3 in this case, the labeling of Ψe(eij) will match as within
Eq.(18).

∀ , m
2 + 2 ≤ i ≤ m− 2

If i ≡ 0 mod 3 in this case, the labeling of Ψe(eij) will match as within
Eq.(21).

If i ≡ 1 mod 3 in this case, the labeling of Ψe(eij) will match as within
Eq.(22).

If i ≡ 2 mod 3 in this case, the labeling of Ψe(eij) will match as within
Eq.(23).

Ψe(e(m−1)j) =



4n− 3− ⌈4n
3
⌉ − ⌈6 n

3
⌉ if j = 1;

4n− 2j − 2⌈4n
3
⌉ − 2

for 2 ≤ j ≤ n
2 − 1, if n is even;

or 2 ≤ j ≤ n−3
2 , if n is odd;

2n+ 1− ⌈4n
3
⌉ for j = n

2 , if n is even ;

or j = n−1
2 , if n is odd,

In all cases, we can see that all the vertex and edge labels are at most
r = ⌈ m n

3 ⌉ or r = ⌈ m n
3 ⌉ + 1 . Besides, under the labeling Ψ the weights of

the edges are given by

• If m is even number

∀ 1 ≤ i ≤ m
2 wtΨ(eij) = 2n(i− 1) + 2j − 1 , 1 ≤ j ≤ n

∀ m
2 + 1 ≤ i ≤ m

wtΨ(eij) =

{
2n(m+ 1− i)− 2j if 1 ≤ j ≤ n− 1;

2n( m+ 1− i) if j = n.
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We can see that weights of edges in the first half cycles Cn1 , Cn2 , · · · , Cnm
2

form an increasing sequence of consecutive odd integers from 1 up to mn−1 .
For the second half cycles Cnm

2 +1
, Cnm

2 +2
, · · · , Cnm weights of edges form a

decreasing sequence of consecutive even integers from mn up to 2 . This
concludes the proof.

Theorem 3.3. Let n ≥ 6 and m be an odd positive integer, m ≥ 5 . Then
the calendula graph Clm,n have .

res(Clm,n) =



⌈m n

3
⌉

for n ≡ 0 mod 6;

or n ≡ 2, 4 mod 6 and |mn| ≡ 0, 4 mod 6;

or n ≡ 1, 5 mod 6 and |mn| ≡ 1, 5 mod 6;

⌈mn

3
⌉+ 1

for n ≡ 3 mod 6 ;

or n ≡ 2 , 4 mod 6 and |mn| ≡ 2 mod 6;

or n ≡ 1 , 5 mod 6 and |mn| ≡ 3 mod 6.

Proof. Since |V (Clm,n)| = m(n− 1) , |E(Clm,n) | = mn and the maximum
degree △(Clm,n) = 4. Thus, the inequality (2) becomes

res(Clm,n) ≥

 ⌈ m n

3
⌉ if |m n| ̸≡ 2, 3 (mod 6). ;

⌈ m n

3
⌉ + 1 if |m n| ≡ 2, 3 (mod 6).

To prove the inverse inequality, we need to show that there exist an edge
irregularity reflexive r− labeling, r = ⌈ m n

3 ⌉ , or r = ⌈ m n
3 ⌉ + 1 , for the

calendula graph Clm,n . The labeling in the case for m odd is the same as
the case in Theorem 3.2 when m is even, but with some modifications, we list
it in the following:

For vertices and edges when 3 ≤ i ≤ m
2 − 1 ,m is even, the labeling is the

same when 3 ≤ i ≤ m−3
2 , m is odd.

∀ 1 ≤ j ≤ n− 1

Ψv(v(m−1
2 )j) =


⌈ (m− 1)n

3
⌉

for n ≡ 0 mod 3;

or n ≡ 1 mod 3 and m ≡ 1, 5 mod 6;

or n ≡ 2 mod 3 and m ≡ 1, 3 mod 6;

⌈ (m− 1)n

3
⌉+ 1

for n ≡ 1 mod 3 and m ≡ 3 mod 6;

or n ≡ 2 mod 3 and m ≡ 5 mod6,

Ψv(v(m−1
2

)n) =


r

for n ≡ 0 mod 3, or n ≡ 2, 4 mod 6;

or n ≡ 1 mod 6 and m ≡ 3, 5 mod 6;

or n ≡ 5 mod 6 and m ≡ 1, 3 mod 6;

r − 1
for n ≡ 1 mod 6 and m ≡ 1 mod 6;

or n ≡ 5 mod 6 and m ≡ 5 mod 6,
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∀ 1 ≤ j ≤ n

Ψv(v(m+1
2

)j) =


r

for n ≡ 0, 2 mod 3, or n ≡ 4 mod 6;

or n ≡ 1 mod 3 and m ≡ 3, 5 mod 6;

or n ≡ 5 mod 6 and m ≡ 1, 3 mod 6;

r − 1
for n ≡ 1 mod 3 and m ≡ 1 mod 6;

or n ≡ 5 mod 6 and m ≡ 5 mod 6,

Ψv(v(m+3
2

)1) =


r

for n ≡ 0 mod 3, or n ≡ 2, 4 mod 6;

or n ≡ 1 mod 3 and m ≡ 3, 5 mod 6;

or n ≡ 5 mod 6 and m ≡ 1, 3 mod 6;

r − 1
for n ≡ 1 mod 3 and m ≡ 1 mod 6;

or n ≡ 5 mod 6 and m ≡ 5 mod 6,

∀ 2 ≤ j ≤ n

Ψv(v(m+3
2 )j) =


⌈ (m− 1)n

3
⌉

for n ≡ 0 mod 3 ;

or n ≡ 1 mod 3 and m ≡ 1, 5 mod 6;

or n ≡ 2 mod 3 and m ≡ 1, 3 mod 6;

⌈ (m− 1) n

3
⌉+ 1

for n ≡ 1 mod 3 and m ≡ 3 mod 6;

or n ≡ 2 mod 3 and m ≡ 5 mod 6,

∀ m+5
2 ≤ i ≤ m− 2 , there are three cases

Case (1).

If n ≡ 0 mod 3 , or n ≡ 1 mod 3 , m ≡ 1 mod 6 , and i ≡ 0 mod 3,

or n ≡ 1 mod 3 , m ≡ 5 mod 6 , and i ≡ 1 mod 3 ,

or n ≡ 1 mod 3 , m ≡ 3 mod 6 , and i ≡ 2 mod 3 ,

or n ≡ 2 mod 3 , m ≡ 1 mod 6 , and i ≡ 2 mod 3 ,

or n ≡ 2 mod 3 , m ≡ 5 mod 6 , and i ≡ 0 mod 3 ,

or n ≡ 2 mod 3 , m ≡ 3 mod 6 , and i ≡ 1 mod 3 .

In this case, the labeling of vertices Ψv(vij) will match as within Eq.(9).
Also, the labeling of edges Ψe(eij) will match as within Eq.(21).

Case (2).

If n ≡ 1 mod 3 , m ≡ 1 mod 6 , and i ≡ 1 mod 3 ,

or n ≡ 1 mod 3 , m ≡ 5 mod 6 , and i ≡ 2 mod 3 ,

or n ≡ 1 mod 3 , m ≡ 3 mod 6 , and i ≡ 0 mod 3 ,

or n ≡ 2 mod 3 , m ≡ 1 mod 6 , and i ≡ 0 mod 3 ,

or n ≡ 2 mod 3 , m ≡ 5 mod 6 , and i ≡ 1 mod 3 ,

or n ≡ 2 mod 3 , m ≡ 3 mod 6 , and i ≡ 2 mod 3 .

In this case, the labeling of vertices Ψv(vij) will match as within Eq.(10),
and the labeling of edges Ψe(eij) will match as within Eq.(22).

Case (3).

If n ≡ 1 mod 3 , m ≡ 1 mod 6 , and i ≡ 2 mod 3,

or n ≡ 1 mod 3 , m ≡ 5 mod 6 , and i ≡ 0 mod 3,
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or n ≡ 1 mod 3 , m ≡ 3 mod 6 , and i ≡ 1 mod 3,

or n ≡ 2 mod 3 , m ≡ 1 mod 6 , and i ≡ 1 mod 3,

or n ≡ 2 mod 3 , m ≡ 5 mod 6 , and i ≡ 2 mod 3,

or n ≡ 2 mod 3 , m ≡ 3 mod 6 , and i ≡ 0 mod 3.

In this case, the labeling of vertices Ψv(vij) will match as within Eq.(11) and
the labeling of edges Ψe(eij) will match as within Eq.(23).

∀ 1 ≤ j ≤ n− 2

Ψe(e(m−1
2

)j
) =


n(m− 3) + 2j − 1− 2⌈ (m−1)n

3
⌉

for n ≡ 0 mod 3;

or n ≡ 1 mod 3 and m ≡ 1, 5 mod 6;

or n ≡ 2 mod 3 and m ≡ 1, 3 mod 6;

n(m− 3) + 2j − 3− 2⌈ (m−1) n
3

⌉
for n ≡ 1 mod 3 and m ≡ 3 mod 6;

or n ≡ 2 mod 3 and m ≡ 5 mod 6,

Ψe(e(m−1
2

)(n−1)
) =



n(m− 1)− 3− ⌈ (m−1)n
3

⌉ − r

for n ≡ 0 mod 3, or n ≡ 5 mod 6;

or n ≡ 1 mod 6 and m ≡ 5 mod 6;

or n ≡ 2 mod 6 and m ≡ 1, 3 mod 6;

or n ≡ 4 mod 6 and m ≡ 1, 5 mod 6;

n(m− 1)− 4− ⌈ (m−1)n
3

⌉ − r

for n ≡ 1 mod 6 and m ≡ 3 mod 6;

or n ≡ 2 mod 6 and m ≡ 5 mod 6;

or n ≡ 4 mod 6 and m ≡ 3 mod 6;

n(m− 1)− 2− ⌈ (m−1)n
3

⌉ − r if n,m ≡ 1 mod 6

Ψe(e(m−1
2

)n
) =



n(m− 1)− 1− ⌈ (m−1)n
3

⌉ − r

for n ≡ 0 mod3, or n ≡ 5 mod 6;

or n ≡ 1 mod 6 and m ≡ 5 mod 6;

or n ≡ 2 mod 6 and m ≡ 1, 3 mod 6;

or n ≡ 4 mod 6 and m ≡ 1, 5 mod 6;

n(m− 1)− 2− ⌈ (m−1)n
3

⌉ − r

for n ≡ 1 mod 6 and m ≡ 3 mod 6;

or n ≡ 2 mod 6 and m ≡ 5 mod 6;

or n ≡ 4 mod 6 and m ≡ 3 mod 6;

n(m− 1)− ⌈ (m−1)n
3

⌉ − r if n,m ≡ 1 mod 6,

∀ 1 ≤ j ≤ n+1
2 and n is odd, or 1 ≤ j ≤ n

2 and n is even

Ψe(e(m+1
2

)j
) =


n(m− 1) + 2j − 1− 2r

for n ≡ 0 mod 3, or n ≡ 2, 4 mod 6 ;

or n ≡ 1 mod 6 and m ≡ 3, 5 mod 6 ;

or n ≡ 5 mod 6 and m ≡ 1, 3 mod 6 ;

n(m− 1) + 2j + 1− 2r
for n ≡ 1 mod 6 and m ≡ 1 mod 6;

or n ≡ 5 mod 6 and m ≡ 5 mod 6,

∀ n+3
2 ≤ j ≤ n and n is odd, or n

2 + 1 ≤ j ≤ n and n is even
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Ψe(e(m+1
2

)j
) =


n(m+ 1)− 2j + 2− 2r

for n ≡ 0 mod 3 ;

for n ≡ 2, 4 mod 6 ;

or n ≡ 1 mod 6 and m ≡ 3, 5 mod 6;

or n ≡ 5 mod 6 and m ≡ 1, 3 mod 6;

n(m+ 1)− 2j + 4− 2r
for n ≡ 1 mod 6 and m ≡ 1 mod 6;

or n ≡ 5 mod 6 and m ≡ 5 mod 6,

Ψe(e(m+3
2

)1
) =



n(m− 1)− ⌈ (m−1)n
3

⌉ − 2− r

for n ≡ 0 mod 3, or n ≡ 5 mod 6;

or n ≡ 1 mod 6 and m ≡ 5 mod 6;

or n ≡ 2 mod 6 and m ≡ 1, 3 mod 6;

or n ≡ 4 mod 6 and m ≡ 1, 5 mod 6;

n(m− 1)− ⌈ (m−1)n
3

⌉ − 3− r

forn ≡ 1 mod 6 and m ≡ 3 mod 6;

or n ≡ 2 mod 6 and m ≡ 5 mod 6;

or n ≡ 4 mod 6 and m ≡ 3 mod 6;

n(m− 1)− ⌈ (m−1)n
3

⌉ − 1− r if n,m ≡ 1 mod 6,

∀ 2 ≤ j ≤ n− 1

Ψe(e(m+3
2

)j
) =


n(m− 1)− 2j − 2⌈ (m−1)n

3
⌉

for n ≡ 0 mod 3;

or n ≡ 1 mod 3 and m ≡ 1, 5 mod 6;

or n ≡ 2 mod 3 and m ≡ 1, 3 mod 6;

n(m− 1)− 2j − 2⌈ (m−1)n
3

⌉ − 2
for n ≡ 1 mod 3 and m ≡ 3 mod 6;

or n ≡ 2 mod 3 and m ≡ 5 mod 6,

Ψe(e(m+3
2

)n
) =



n(m− 1)− ⌈ (m−1)n
3

⌉ − r

for n ≡ 0 mod 3, or n ≡ 5 mod 6;

or n ≡ 1 mod 6 and m ≡ 5 mod 6;

or n ≡ 2 mod 6 and m ≡ 1, 3 mod 6;

or n ≡ 4 mod 6 and m ≡ 1, 5 mod 6;

n(m− 1)− ⌈ (m−1)n
3

⌉ − 1− r

for n ≡ 1 mod 6 and m ≡ 3 mod 6;

or n ≡ 2 mod 6 and m ≡ 5 mod 6;

or n ≡ 4 mod 6 and m ≡ 3 mod 6;

n(m− 1)− ⌈ (m−1)n
3

⌉+ 1− r if n,m ≡ 1 mod 6.

In all cases, we are able see that all the vertex and edge names are at most
r = ⌈ m n

3 ⌉ or r = ⌈ m n
3 ⌉ + 1 .

When m is odd number, the weight of the edges of the calendula graphs
Clm,n are given by

∀ 1 ≤ i ≤ m−1
2 wtΦ(eij) = 2n(i− 1) + 2j − 1 , 1 ≤ j ≤ n

wtΦ(e(m+1
2

)j) =


n(m− 1) + 2j − 1

for 1 ≤ j ≤ n
2 , n is even;

or 1 ≤ j ≤ n+1
2 , n is odd,

n(m+ 1)− 2j + 2
for n

2 + 1 ≤ j ≤ n, n is even;

or n+3
2 ≤ j ≤ n, n is odd,

∀ m+3
2 ≤ i ≤ m wtΦ(eij) =

{
2n(m+ 1− i)− 2j if 1 ≤ j ≤ n− 1;

2n(m+ 1− i) if j = n.
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We can see that weights of edges in all cycles Cn1 , Cn2 , · · · , Cnm are all
different, this concludes the proof.

Table 1 illustrates the different cases of an edge irregularity reflexive labeling
for the calendula Clm,n graph.

Table 1: The different cases of an edge irregularity reflexive labeling for the
calendula Clm,n

Graph n m E(Clm,n ) r

Clm,n n ≡ 0 mod 6 ∀ m E ≡ 0 mod 6 ⌈ m n
3 ⌉

Clm,n n ≡ 4 mod 6 m ≡ 0 , 3 mod 6 E ≡ 0 mod 6 ⌈ m n
3 ⌉

Clm,n n ≡ 4 mod 6 m ≡ 1 , 4 mod 6 E ≡ 4 mod 6 ⌈ m n
3 ⌉

Clm,n n ≡ 4 mod 6 m ≡ 2 , 5 mod 6 E ≡ 2 mod 6 ⌈ m n
3 ⌉ + 1

Clm,n n ≡ 2 mod 6 m ≡ 0 , 3 mod 6 E ≡ 0 mod 6 ⌈ m n
3 ⌉

Clm,n n ≡ 2 mod 6 m ≡ 2 , 5 mod 6 E ≡ 4 mod 6 ⌈ m n
3 ⌉

Clm,n n ≡ 2 mod 6 m ≡ 1 , 4 mod 6 E ≡ 2 mod 6 ⌈ m n
3 ⌉ + 1

Clm,n n ≡ 3 mod 6 m ≡ 0 , 2, 4 mod 6 E ≡ 0 mod 6 ⌈ m n
3 ⌉

Clm,n n ≡ 3 mod 6 m ≡ 1 , 3 , 5 mod 6 E ≡ 3 mod 6 ⌈ m n
3 ⌉ + 1

Clm,n n ≡ 1 mod 6 m ≡ 0 mod 6 E ≡ 0 mod 6 ⌈ m n
3 ⌉

Clm,n n ≡ 1 mod 6 m ≡ 1 mod 6 E ≡ 1 mod 6 ⌈ m n
3 ⌉

Clm,n n ≡ 1 mod 6 m ≡ 4 mod 6 E ≡ 4 mod 6 ⌈ m n
3 ⌉

Clm,n n ≡ 1 mod 6 m ≡ 5 mod 6 E ≡ 5 mod 6 ⌈ m n
3 ⌉

Clm,n n ≡ 1 mod 6 m ≡ 2 mod 6 E ≡ 2 mod 6 ⌈ m n
3 ⌉ + 1

Clm,n n ≡ 1 mod 6 m ≡ 3 mod 6 E ≡ 3 mod 6 ⌈ m n
3 ⌉ + 1

Clm,n n ≡ 5 mod 6 m ≡ 1 mod 6 E ≡ 5 mod 6 ⌈ m n
3 ⌉

Clm,n n ≡ 5 mod 6 m ≡ 2 mod 6 E ≡ 0 mod 6 ⌈ m n
3 ⌉

Clm,n n ≡ 5 mod 6 m ≡ 4 mod 6 E ≡ 4 mod 6 ⌈ m n
3 ⌉

Clm,n n ≡ 5 mod 6 m ≡ 5 mod 6 E ≡ 1 mod 6 ⌈ m n
3 ⌉

Clm,n n ≡ 5 mod 6 m ≡ 0 mod 6 E ≡ 2 mod 6 ⌈ m n
3 ⌉ + 1

Clm,n n ≡ 5 mod 6 m ≡ 3 mod 6 E ≡ 3 mod 6 ⌈ m n
3 ⌉ + 1

Illustration: The calendula graphs Cl10,12 with an edge irregularity total
k = 41 labeling and Cl10,12 with an edge irregularity reflexive r = 40 labeling
are shown in Fig. 6.
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Figure 6: The calendula graphs Cl10,12 with an edge irregularity total k = 41 labeling
and Cl10,12 with an edge irregularity reflexive r = 40 labeling
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Illustration: The calendula graphs Cl9,11 with an edge irregularity total
k = 34 labeling and Cl9,11 with an edge irregularity reflexive r = 34 labeling
are shown in Fig. 7.
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Figure 7: The calendula graphs Cl9,11 with an edge irregularity total k = 34 labeling
and Cl9,11 with an edge irregularity reflexive r = 34 labeling
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4. Conclusion

lately, graph labeling has become a fruitful branch of several research studies
in graph theory. It has massive applications in many disciplines, like coding
theory, X-rays, radar, communication networks, and astronomy. In this work, we
have determined the total edge irregular strength k− and the edge irregularity
reflexive r− for calendula Cl4,n , n ≥ 4, Cl5,n , n ≥ 4. Furthermore, the exact
value of total edge irregular strength k− and the edge irregularity reflexive r−
for a generalized calendula Clm,n was defined.
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