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Abstract. The adventure of fuzzy sets has witnessed myriad of group’s theoretical
concepts being studied as fuzzy algebraic structures. In this present work, the notion
of solvable fuzzy multigroups is considered for the first time as an algebraic structure in
fuzzy multigroup context. Solvable series for a fuzzy multigroup is defined in such a way
that the family of the fuzzy submultigroups of the considered fuzzy multigroup has the
same support. Some precursory results in normality and quotient of fuzzy multigroups
are considered. It is established that there exists an if and only if condition between the
solvability of a fuzzy multigroup and its support. Finally, certain results on solvable
fuzzy multigroups are obtained.
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1. Introduction

The introduction of fuzzy sets by Zadeh [32] was a boost to the solution of
uncertainties. With fuzzy sets as foundation, Rosenfeld [27] proposed fuzzy
group as an algebraic structure of fuzzy set. Many authors have extended some
group’s theoretic notions to fuzzy sets as seen in [4, 23, 24]. By a way of
generalization, Yager [31] introduced the notion of fuzzy multiset as a special
fuzzy set that allows the repetitions of membership functions of elements of
a set. Many works have been extensively carried out on fuzzy multisets and
applied to many real-life problems [3, 20, 21, 22, 30].

In a continuation of the study of fuzzy algebra, Shinoj et al. [29] pro-
posed fuzzy multigroup as an application of group theory to fuzzy multisets
and deduced some related results. As a follow up, the analog of subgroups in
fuzzy multigroup context was studied [5]. The notion of commutative fuzzy
multigroups has been studied and a number of results were presented [2, 6].
Some group’s analog notions have been investigated in fuzzy multigroup con-
text [1, 7, 8, 12, 14, 16, 17, 18, 15, 19]. The concept of direct product of fuzzy
multigroups and its generalization have been discussed [9, 13]. To show the con-
nection between fuzzy multigroup and group, the notion of alpha-cuts of fuzzy
multigroups was proposed [10, 11].

Though several concepts of group theory have been extended to fuzzy multi-
groups via fuzzy multisets, the notion of solvable/soluble fuzzy multigroups has
not been investigated in fuzzy multigroup context. This paper seeks to intro-
duce solvable fuzzy multigroup. The concept of solvable groups has been studied
in fuzzy group setting [28, 26]. The rest of the paper is delineated as follows:
Section 2 presents the notions of fuzzy multisets, fuzzy multigroups and certain
existing results, Section 3 presents the concept of solvable fuzzy multigroups
and discusses certain of its properties, and Section 4 summarizes and gives rec-
ommendations for future studies.

2. Preliminaries

We denote a non-empty set as X and a group as G throughout the paper.

Definition 2.1 ([32]). A fuzzy subset F of X is an object characterized by the
form

(1) F = {⟨x, µF (x)⟩ | x ∈ X},

where the function µF : X → [0, 1] defines the membership grade of x in X.

Definition 2.2 ([31]). A fuzzy multiset A of X is a structure of a form

(2) A = {⟨x,CMA(x)⟩ | x ∈ X}

characterized by a count membership function

(3) CMA : X → N I or CMA : X → [0, 1] → N,
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where I = [0, 1], N = {0, 1, 2, · · · } and CMA(x) = (µ1
A(x), µ

2
A(x), · · · , µn

A(x))
such that µ1

A(x) ≥ µ2
A(x) ≥ · · · ≥ µn

A(x).

Definition 2.3 ([31]). Let A and B be fuzzy multisets of X. Then

(i) A = B ⇐⇒ CMA(x) = CMB(x), ∀x ∈ X,

(ii) A ⊆ B ⇐⇒ CMA(x) ≤ CMB(x), ∀x ∈ X,

(iii) A ∩B =⇒ CMA∩B(x) = min(CMA(x), CMB(x)), ∀x ∈ X,

(iv) A ∪B =⇒ CMA∪B(x) = max(CMA(x), CMB(x)), ∀x ∈ X,

(v) A⊕B =⇒ CMA⊕B(x) = CMA(x)⊕ CMB(x), ∀x ∈ X.

Definition 2.4 ([29]). A fuzzy multiset A of G is a fuzzy multigroup if we
have (i) CMA(xy) ≥ min(CMA(x), CMA(y)), and (ii) CMA(x

−1) = CMA(x),
∀x, y ∈ G. Because

CMA(e) = CMA(xx
−1) ≥ min(CMA(x), CMA(x))

= CMA(x), ∀x ∈ G,

where e is the identity element of G, then CMA(e) is the upper bound of A,
which is called the tip of A.

Definition 2.5 ([29]). Let A be a fuzzy multigroup of G. Then, the support of
A is the set supp(A) = {x ∈ G | CMA(x) ≥ 0}.

Proposition 2.6 ([29]). The support of a fuzzy multigroup A of G is a subgroup
of G.

Definition 2.7 ([5]). Let A and B be fuzzy multigroups of G. Then, the product
A ◦B is defined to be a fuzzy multiset of G as follows:

CMA◦B(x) =


∨

x=yz min(CMA(y), CMB(z)), if there exist y, z ∈ G such that

x = yz

0, otherwise.

Definition 2.8 ([6]). A fuzzy multigroup A of G is said to be commutative if
CMA(xy) = CMA(yx), ∀x, y ∈ G. Certainly, if G is a commutative group, then
a fuzzy multigroup A of G is commutative.

Definition 2.9 ([5]). Let A and B be fuzzy multigroups of G. We say A is a
fuzzy submultigroup of B if A ⊆ B. Again, A is a proper fuzzy submultigroup
of B if A ⊆ B and A ̸= B.

Definition 2.10 ([7]). Let A be a fuzzy submultigroup of a fuzzy multigroup
B of G. We say A is normal in B if CMA(xy) = CMA(yx) ⇐⇒ CMA(y) =
CMA(x

−1yx), ∀x, y ∈ G, and we write A ◁ B.
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Remark 2.11. Certainly, every normal fuzzy submultigroup is self-normal and
abelian.

Definition 2.12 ([14]). Suppose A is a fuzzy submultigroup of a fuzzy multi-
group B of G. Then, the fuzzy submultiset yA of B for y ∈ G defined by
CMyA(x) = CMA(y

−1x), ∀x ∈ G is called the left fuzzy comultiset of A.
Similarly, the fuzzy submultiset Ay of B for y ∈ G defined by CMAy(x) =
CMA(xy

−1), ∀x ∈ G is called the right fuzzy comultiset of A.

Definition 2.13 ([14]). Suppose A and B are fuzzy multigroups of G and A◁B.
Then, the union of the set of left/right fuzzy comultisets of A such that xA◦yA =
xyA, ∀x, y ∈ G is called a quotient fuzzy multigroup of B by A, denoted by B/A.

3. On solvable fuzzy multigroups

Before investigating the notion of solvability in fuzzy multigroup, we first present
the following results which are helpful in establishing solvable fuzzy multigroups.

Theorem 3.1. (i) Every abelian fuzzy multigroup is self-normal. (ii) If A and
B are fuzzy multigroups of G such that A ◁ B, then A is self-normal.

Proof. Suppose A is an abelian fuzzy multigroup of G. Then

CMA(xy) = CMA(yx), ∀x, y ∈ G,

and so CMA(y) = CMA(x
−1yx). Hence A ◁ A, which proves (i). Again, if

A ◁ B then CMA(x) ≤ CMB(x) for all x ∈ G and CMA(x) > 0 < CMA(y) =⇒
CMA(xy) = CMA(yx), ∀x, y ∈ G. Thus, (ii) holds from (i).

Theorem 3.2. Let A be a fuzzy multigroup of G. Then supp(A) is abelian iff
A is abelian.

Proof. Let x, y ∈ supp(A). If supp(A) is abelian then xy = yx, and so
CMA(xy) = CMA(yx), ∀x, y ∈ G.

Conversely, if A is abelian then CMA(xy) = CMA(yx), ∀x, y ∈ G. Thus
supp(A) is an abelian group because CMA(xy) > 0 < CMA(yx) =⇒ xy = yx,
∀x, y ∈ supp(A).

Theorem 3.3. Let A,B and C be fuzzy multigroups of G such that: (i) B/A
and C/A are both in the canonical form, (ii) B/A◁C/A, and (iii) (C/A)/(B/A)
is abelian. Then, B ◁ C and C/B is abelian.

Proof. Let H,H1 and H2 be the supports of A,B and C, respectively, and let
H ′ be the zone of A and C. Then B/A and C/A are both fuzzy multigroups
of H ′/H. If x ∈ H1, then CMB(x) = CMB/A(xH) ≤ CMC/A(xH) = CMC(x),
and B ⊆ C. Thus CMC(x) > 0 < CMC(y) =⇒ CMC/A(xH) = CMC(x) > 0 <
CMC(y) = CMC/A(yH) =⇒ CMB/A(xyH) = CMB/A(yxH) =⇒ CMB(xy) =
CMB(yx) for all x, y ∈ G, and so B ◁ C.
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Again, we see that, supp(C/B) = H2/H1 is equivalent to (H2/H)/(H1/H) =
supp(C/A)/supp(B/A), and it is abelian. By Theorem 3.2, it follows that C/B
is abelian.

Now, we define the notion of solvability of fuzzy multigroup as follows:

Definition 3.4. If A is a fuzzy multigroup of G, then there must exist a chain
of successive fuzzy submultigroups of A:

(4) A0 ⊆ A1 ⊆ · · · ⊆ An = A,

such that supp(A0) = supp(A1) = · · · = supp(An) = supp(A).

Thus (4) can be rewritten as

(5) CMA0(x) ≤ CMA1(x) ≤ · · · ≤ CMAn(x) = CMA(x) for all x ∈ G.

Albeit, if A is a trivial fuzzy multigroup, we have A0 = A.

Definition 3.5. A fuzzy multigroup A of G is solvable/soluble if there exists a
chain of successive fuzzy submultigroups

(6) A0 ⊆ A1 ⊆ · · · ⊆ An = A,

where Ai ◁ Ai+1 and Ai+1/Ai is abelian for all 0 ≤ i ≤ n− 1.

Thus, such a finite chain of successive fuzzy submultigroups of A is a solv-
able/soluble series for A denoted by Ai. Without contradiction, the solvable
series for A can be written as

(7) A0 ◁ A1 ◁ · · · ◁ An = A.

Theorem 3.6. Let A be a fuzzy multigroup of a group G. Then A is solvable
iff supp(A) is a solvable group.

Proof. Let A be a solvable fuzzy multigroup of G. Then there exists a solvable
series of A as follows:

A0 ◁ A1 ◁ · · · ◁ An = A.

Set H = supp(A), i.e., H is a subgroup of G. Then

{e} = H0 ◁ H1 ◁ · · · ◁ Hn = H

is a solvable series for H since supp(A) = supp(Ai). Thus H is a solvable group.
Conversely, let H = supp(A) be solvable. Then

{e} = H0 ◁ H1 ◁ · · · ◁ Hn = H

is a solvable series for H. Consequently, we have

A0 ◁ A1 ◁ · · · ◁ An = A,

which is a solvable series for A. Hence A is a solvable fuzzy multigroup of G
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Theorem 3.7. Let A and B be fuzzy multigroups of G with the same support
H such that A ⊆ B and A is self-normal. If A is solvable, then B is a solvable
fuzzy multigroup of G.

Proof. Let A0 ◁ A1 ◁ · · · ◁ An = A be a solvable series for A. Because A is
self-normal and supp(A) = supp(B) = H, we get A ◁B. Consequently, we have
supp(B/A) = H/H = H and is abelian. Thus

A0 ◁ A1 ◁ · · · ◁ An = A ◁ B

is a solvable series for B. Hence B is a solvable fuzzy multigroup of G.

Theorem 3.8. Let B be a solvable fuzzy multigroup of G and let A be a self-
normal fuzzy submultigroup of B with A ⊆ Bi. Then A is solvable.

Proof. Let B0 ◁B1 ◁ · · · ◁Bn = B be a solvable series for B since B is solvable.
Because A ⊆ Bi, we have

B0 ∩A ⊆ B1 ∩A ⊆ · · · ⊆ Bn ∩A = A.

Clearly, CMB1∩A(x) > 0 < CMB1∩A(y) =⇒ CMB1(x) > 0 < CMB1(y) and
CMA(x) > 0 < CMA(y) =⇒ CMB1(xy) > 0 < CMB1(yx) and CMA(xy) > 0 <
CMA(yx) =⇒ CMB1∩A(xy) = CMB1∩A(yx) for all x, y ∈ G. Thus

B0 ∩A ◁ B1 ∩A ◁ · · · ◁ Bn ∩A = A.

Again, let Hi = supp(Bi) and H = supp(A). Then we get a quotient (H2 ∩
H)/(H1 ∩H), which is abelian because H2/H1 is abelian. The same logic holds
for the other quotients, and thus

B0 ∩A ⊆ B1 ∩A ⊆ · · · ⊆ Bn ∩A = A

is the solvable series for A. Hence A is solvable.

Theorem 3.9. Let A be a normal fuzzy submultigroup of a fuzzy multigroup B
of G, and let B be self-normal. If A and B/A are solvable, then B is a solvable
fuzzy multigroup of G.

Proof. Let B′/A′ be the canonical form of B/A. Then A ⊆ A′, B ⊆ B′,
supp(A′) = supp(A) = H1 and supp(B′) = supp(B) = H2. Thus, there exists a
solvable series

C0 ◁ C1 ◁ · · · ◁ Cn = B′/A′.

Set A′ = Am and B′ = Bn. Assume there exist fuzzy multigroups Bi of G such
that A′ ◁Bi ◁Bi+1 and Ci = Bi/A

′ in the canonical form for 0 ≤ i ≤ n−1. Thus

B0/A
′ ◁ B1/A

′ ◁ · · · ◁ Bn/A
′ = B′/A′
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is a solvable series for B′/A′. Since B0/A
′ is a trivial fuzzy submultigroup of

B′/A′, then it is meet to say that B0 = A′. By Theorem 3.3, we have

(8) A′ = B0 ◁ B1 ◁ · · · ◁ Bn = B′,

where Bi+1/Bi is abelian for 0 ≤ i ≤ n− 1.
Next, A is self-normal by Theorem 3.1, and A′ is solvable by Theorem 3.7.

Thus, there exists a solvable series for A′ as follows:

(9) A0 ◁ A1 ◁ · · · ◁ Am = A′.

By juxtaposing (8) and (9), we have a solvable series for B′. Hence B is solvable
by Theorem 3.8.

4. Conclusion

In this paper, we have defined solvable fuzzy multigroup for the first time as
an algebraic structure in fuzzy multigroup context and obtained some results.
Solvable series of a fuzzy multigroup was defined in such a way that the family
of the fuzzy submultigroups of the considered fuzzy multigroup has the same
support. Certain results in normality and quotient of fuzzy multigroups were
considered. Some results on solvable fuzzy multigroups could still be exploited
and the notion of nilpotency is an interest area to consider in fuzzy multigroup
context.
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