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Inequalities of DVT-type-the one-dimensional case continued
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Abstract. In this note, the investigation of particular inequalities of DV T-type in
integer numbers is continued.
Keywords: real numbers, inequality.

1. Introduction

In [2], A. Drapal and V. Valent proved that in a finite quasigroup @ of order
n the number of associative triples a(Q) > 2n — i(Q) + (01 + d2), where i(Q)
is the number of idempotents in @, ie., i(Q) = |{z € Qlzx = z}|, &y =
Hze Qlzx #xforallz € Q}| and 2 = [{z € Q|zz # xforall z € Q }|
(Theorem 2.5). This important result is an easy consequence of the inequality

n k
S (a? 6+ aibi) — > (i +b;) = 30— 2%+ (r + 5),

i=1 i=1
wheren >k >0, a1,...,a,,b1...,b, are non-negative integers such that > a; =
n=>by,a >1and b > 1for 1 <i <k, ris the number of i with a; =0
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and s is the number of ¢ with b; = 0 (Proposition 2.4(ii)). The lengthy and
complicated proof of this DVT-inequality (inequality of Drapal-Valent type) in
[2] is based on highly semantically involved insight.

In [3], a very short elementary arithmetical proof of a more general inequal-
ity of this type was found. This inequality is two-dimensional in the sense that
it works with two n-tuples of integers. The approach in [3] opens a road to
investigation of similar inequalities of DVT-type which could be useful in fur-
ther investigations of estimates in non-associative algebra and they are also of
independent interest. Hence they deserve a thorough examination, however the
research is only at its beginning. In [1], the investigation of the one-dimensional
case working with one n-tuple of real numbers was started. This note is an
immediate continuation of [1].

2. Second concepts

Let n > 1 and let a = (aq,...,a,) be an ordered n-tuple of integers. Let I be
any subset (whether empty or non-empty) of the interval {1,...,n}. We put

(1) z(a,a) = {i|1 <i<mn,a; =a}| for every a € R;
(2) z(a) = z(a,0);
(3) Z(a7+) = Ea>OZ(Oé,CL);

(4) Z(av _) = Za<oz(a,a);

(7) q(a) = r(a) = s(a);
(8) t(a) =q(a) — z(a).
9) It ={1,...,n}\ I;
(10) s(o, I) = =[I]| + X ier ai (= Xier(ai —1));
(11) (o, I,+) = 3201 a7 + e i
(12) (o, I, =) =320y af — Yep ai;
(13) t(o, I) =320 af — iy ai + | = Yiep ai — 2(a).
Lemma 2.1. (i) r(a, I, +) > z(a, +).

(ii) r(a, I, +) = z(a, +) if and only if a; € {0,—1} fori e I and a; € {0,1}
forie It



INEQUALITIES OF DVT-TYPE-THE ONE-DIMENSIONAL CASE CONTINUED 689

Proof. Put K; = {z]az > 2}, Ky = {Z‘CLZ = 1}, K3 = {z]al = 0}, K, =
{ila; = -1}, K5 = {i|a; < —2}. Then r(a)+> ;c;a; > 4|K1 \ 1|+ 6|k NI+
ko \I|+2|KoNI|+ | K4\ I|+4| K5\ I|+2|Ksn 1| > | Ky \I|+|KiNI|+|K2\I|+
|[KoN 1| =|Ki|+|K2| = z(a, +). If r(a, I, +) = z(v, +) then K1 =0, Kql =0,
K, C I, K5 = (), and therefore a; € {0,1, —1} for every i. Moreover, a; # 1 for
every i € I and a; # —1 for every i € . These arguments are reversible.  [J

Lemma 2.2. (i) r(a, I, —) > z(a, —).
(ii) r(a, I, —) = z(a, —) if and only if a; € {0,1} fori e I and a; € {0,—1}
forie It

Proof. This follows from 2.1 (a; > —a;). O

Lemma 2.3. Let s(a) > 0. Then:

(i) r(a, I,+) > z(a, =) + s(a) > z(a, —).

(ii) r(a, I, +) = z(a, =) + s(«) if and only if a; € {0,—1} fori € I and
a; € {0,—1} fori ¢ I.

Proof. We have r(a,l,+) = r(a) + s(a) — X g0 = r(o, I+, =) + s(a) >
z(a, =) + s(a) > r(a, =) by 2.2(i). The rest is clear. O

Lemma 2.4. Let s(a) <
(i) r(a, I,—) > z(ay,
(ii) r(a, I, =) = z(a,+) +

a; € {0,—1} fori ¢ I.

0. Then:
+) +s(a) = z(a, +).
s(a) if cmd only if a; € {0,1} for i € I and
Proof. This follows from 2.3 (a; > —a;). O

Lemma 2.5. (i) If s(a) > 0 then r(a, I,+) > max(z(a, +), z(c, —)).
(i) If s(a) <0 then r(a, I,—) > max(z(a, +), z(a, —)).

Proof. Just combine 2.1(i), 2.3(i), 2.2(i) and 2.4(i). O

Lemma 2.6. (i) s(a, 1) + s(a, I1) = s(a) — n.
(ii) r(e, I, +) +r(a, I, —) = 2r(a).

(iif) r(a, f )+ (e I, +) = 2r(a) + s(a).
(iv) 7(a, I, =) + r(a, I+, =) = 2r(a) — s(a).
(v) t(a, I) —I—t(a It) = 2r( ) —3s(a) + n —2z(a) = 2t(a) + n — s(a).

Proof. All is obvious. O

Lemma 2.7. (i) r(o, I, +) —r(o, I, =) =2 ;crai.

(i) r(a, I, +) — (o, I 4+) = e @i — D icst @i

(iii) r(o, I, =) = r(o, I+, =) =Y i € IFa; — Y e i

(iv) 7(a, I, +) — r(a, I+, =)s(a).

) r(a, I, =) —r(a, I+, +) = —s(a).

(vi) t(a, I) — t(a, IY) = [I| = [it| + Y cpr ai — >iepai = 2| — n+ s(a) —
23 ierai = s(a) —n —2s(a, I).
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Proof. All is obvious. O

Lemma 2.8. (i) s(a, () = 0.
(i) s(a,{1,...,n}) = s(a) — n.

(i) (e, 0, +) = r(a).
(iv) r(e, {1,...,n},+) =7r(a) + s().
(v) r(e, 0, =) = r(e).
(vi) (e, {1,...,n},—) =r(a) — s(a)
(vii) t(er,0) = t(c).
(viii) t(a, {1,...,n}) =t(a) + n — s(«).
Proof. It is obvious. O

3. Technical results

Lemma 3.1. Put f=a—1= (a1 — 1,...,a, — 1). Then:
(i) s(8,1) = s(a, I) — |I].
(ii)) (B, I,+) =r(a, I,+) — 2s(a) + n — |I|.
(i) (571 +) = t(a, IL)JFZ( )-
(iv) r(8, 1, =) = (o, I, =) = 2s(a) + n + |1].
(v) (8, ) t )—28( )—I—2n—|—|I|+Z( ) — z(a, 1).
(vi) t(a, I) = +5(8) = Xier bi — 2(8,-1).

Proof. (i), (ii), (iii) and (iv) are obvious.

(v) We have t(B,1) = >isy(ai — 1) = 3 (i = 1) + [I] — >ier(ai —1)
2(B) =30 af =23 aitn =300 ap ot I = Y ai + 1] = 2(a,1)
t(a, ) —2s(a) + 2n + |I| + z(a) — z(a, 1).

(vi) We have r(8) + s(8) — 3e bi — 2(8,~1) = S0 a2 — 250 ay +n +
%?:})an—nﬂfl —Dier @i — () = Zz 167 =iy ai+ | =Y er ai— 2(a) E
tla, 1).

ﬁ/\
/\Q
\—/'\4

Put 7(a) = 2r(a) +23,c;0; — 32(o, =), where J = {i|1 <i<n,a; <0},

Lemma 3.2. Let max(a) =1 and min(a) = —1. Then:
(i) s(a) = z(a, +) = z(a, ).
(ii) s(«) > 0 if and only if z(a, +) > z(a, —).
(iii) r(a) = z(o, +) + 2(r, —).
(iv) m(a) = 2z(a, +) — 3z(e, ).

Proof. All is obvious. O

Lemma 3.3. Let max(a) = 1, min(«o) < —2. Then:
(i) s(a) < z(a,4+) — z(a, =) + 1 + min(«).
(i) If s(a) > 0 then z(a,+) > z(a, —) + 1.

Proof. It is obvious. O
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Lemma 3.4. Let max(a) = 1, min(a) < =2, s(a) > 0) and 2(a, +) = z(o, —)+
1. Then:

(i) min(a) = —2 and z(a, min(a)) =1

(i) s(a) = 0.

(iii) (o) = 22(a, —) + 4

(iv) 7(a) = 6 — 2z(a, —)

(v) 7(a) = 0 if and only if z(a,+) =7 and z(a,—) = 6

Proof. It follows from 3.3 that 0 < s(a) < 2 + min(«), and so min(a) = —2
and s(a) = 0. The rest is easy. O

Lemma 3.5. Let max(a) > 2, min(a) = —1. Then:
(i) s(a) > max(a) + z(a, +) — 1 — z(ar, —).
i ,—) < z(a,+) + 1 then s(a) > 0.
i) 7(a) > max(a)? + z(a, +) + z(a, —) — 1.
) = max(a)?+z(a, +)+2(a, =) =1 if and only if z(a, +)—z(a, 1) = 1.
7(a) > 2max(a)? + 2z(a, +) — 3z(a, =) — 2.
T a) = 2max(a)? + 22(a, +) — 3z(a, =) — 2 if and only if z(a,+) —

Proof. It is easy. O

Now, assume that n > 2 and choose j,k € {1,...,n} such that j # k and
a; = max(«a), ar = min(e). Consider the n-tuple 8 = (b1,...,b,) such that
b =a; for i # j,k, bj =a; — 1 and by, = aj, + 1.

Lemma 3.6. Let a; > 1 and ap, < —2. Then:
(i) 2(e, =) = 2(8, -)-
(ii) If a; > 2 then z(a,+) = z(B,+).
(iii) If a; = 1 then (B, +) = z(a, +) — 1.
(iv) If z(o, max(«a)) > 2 then max(f) = max(a).
(v) If z(a,max(«)) = 1 then max(f) = max(a) — 1.
(vi) If z(a, min(«r)) = 1 then min(f) = min(«) + 1.
(vii) If z(o, min(«)) > 2 then min(f) = min(«).
(viii) 7(ov) — 7(B) = 4a; — 4a, — 6 > 6.

Proof. We have r(a) — 7(8) = 2(aj — ar — 1) (see [1, 2.8]) and the rest is
easy. O

Lemma 3.7. Let a; > 1 and ap, = —1. Then:
(i) 2(8, =) = 2(a, =) = L.
(ii) If aj > 2 then z(B,+) = z(a, +).
(iii) If aj =1 then 2(B,+) = z(a,+) — 1.
(iv) If z(a, max(«)) > 2 then max(f) = max(«).
(v) If z(a, max(a)) = 1 then max(f) = max(«) —
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(vi) If z(a, —) = z(a, min(«)) = 1 then min(3) = 0.
(vii) If z(or, =) = z(a, min(«)) > 2 then min(B) = —1.
(vill) 7(a) = 7(B) = 4a; — 5 > —1.

Proof. Similar to that of 3.6. O

4. The inequalities

Theorem 4.1. Let n > 1 and let ai, ..., a, be integers such that Y ;" |a;| > n.
Let I C {1,...,n} and let z be the number of indices i € {1,...,n} such that
a; = 0. Then:

(1) Za —Zaz > (ai—1) >Za —Z\az|—2]ai\—1)zz

el i€l

(2) Za —Zlazl—zmz‘l—l):»z

i€l
if and only if > |ai| = n, a; € {£1,£2} fori eI and a; € {0,£1} fori ¢ I.

Proof. (1) Since |a;| > a;, we can assume that all the numbers a; are non-
negative. Then Y I, a; > n. Put b; = a; — 1 for every i = 1,...,n. Evidently,
>y b; >0 and z is now the number of indices ¢ such that b; < O (b =—1in
fact). By [1, 1.4(i)] we have ZZ (b2 > 2z, Henceforth, >0 ;a2 — " a; —

i=1"

Zie[(ai_l) —z= Zz 1(a’5_ 1) +Zz=1(a2_1) ZzEI(aZ 1) —z= Z’L 1b22
Piertbi =2 = (N b —22) + (4 Xigp bi) 2 24+ Xiepr b 2 2 =21 20,
where z; = [{¢ GIJ-|b —1}|. Of course, z > z; = [{i € I+ |a; =0}|.

(2) I Y ja? = >0 1 a; — > (ai —1) —z = 0 then Y0 | b2 = 22, z +
Yicri bi = 0 and z = z;. First, it follows from [1, 1.4(ii)] that > 7 b; = 0
and b; € {0,1,—1}. It means that > ,a;, = n and a; € {0,1,2} for every

i=1,...,n. Since z = 21, we have a; # 0 for every i € I. If zp = |{i € I+ |b; =
1} =Hielt|a; =2} then >, ;1 b =20—21 = 22—z Since 24+ ,.;1 =0,
we have zo = 0. Thus a; # 2 for every i ¢ I. O

Example 4.2. (i) Put n = 2, a; = 2, ag = 0, I = {1}. Then ZZ Lai —
S22 jai— (a1 —1)=1=z (cf. [1, 6.1(3)].

(iil) Put n = 5, a1 = ag = a3 = 2, a4 = a5 = 0, [ = {123} Then
SO %2—2?:1 a;i =32 (a;—1) =3 and z = 2. We have also >7_ b7 -2z =1
and z + Y0 b; = 0.

Remark 4.3. Consider the situation from 4.1 (and the proof). Assume that
the numbers a; are non-negative.

(i) If > ;cjra; >[I = n— |I| then Y ,.;1 b; > 0 and we conclude that
Sora? =3 ai — > e (ai — 1) > 2z. For instance, if |[I| = n — 1 then the

latter inequality is true provided that a; # 0, where {j} =1 L
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(ii) Assume that a; = 0 for every i € I'-. Then Y7 a? =Y | a;i— e (a;i—
1) =3 (a; —1)? = Zlelb S b2 —n+ |I| > 2z —n+ |I|. For instance,
if [I] =n—1then Y1 a7 — >0 a; — > iep(ai — 1) > 22— 1.

Assume, moreover, that z; = [{i € I|a; = 0} > n —|I|. We have z =
z1 +n — |I|, so that z > 2(n — |I|), 42 — 2n + 2|I| > 3z and 2(>_1", a? —

1=1""1
Dy @ — dier(ai—1)) > 3z.

Proposition 4.4. Let n > 1 and let ay,...,a, be non-negative integers. De-
note z = [{i|1 < i < n,a; = 0}, w = {i|]l < i < n,a; > 2}| and
a = max(ay,...,a,). Assume that a > 3 and 2a® — 4a + 2w > 3z. Then,
for every subset I C {1,...,n},

Za —Zaz Z i—1)) > 3z

el

Proof. Put « = (a1,...,n) and 8 = aa—1 = (a; — 1,...,a, — 1). Then
2r(a) — 2s(a) =23 ,c4(a; — 1) =3z = 2( (B) + > iers bi) — 32(8,—) (see the
proof of 4.1). Furthermore, a = max(f3) + 1, max(8) > 2, w = z(f,+) and
2max(8)2+2z(8,+) —2—-32(8,—) > 0. If (2(8,—) =) 2 # 0 then min(8) = —1
and 2(r(8)+>_;c s bi)—32(B8,—) > 0by 3.5(v), where J = {i|b; <0} = {i|b; =
—1} ={ila; =0}. Of course, > ;c;1b; > > ;b = —|J| = —2, and hence
2(r(B) + > ;err bi) —3z(8,—) > 0. On the other hand, if z = 0 then 2(3, —) =0
and 2(r(8) + Y ;cr1 bi) — 32(B8,—) > 0 trivially. O

Remark 4.5. Let n > 1 and let ay,...,a, be non-negative integers such that
max(ai,...,ap) = 2 and o = (ai,...,a,). Put J = {i|a; = 2}. Using
3.2(v) and proceedmg similarly as in the proof of 4.4, we show that 2(3}_7 | a? —
Yorqai— Y (@ —1)) > 3z if and only if 2|.J| = 22(&, 2) > 3z. Of course, we
have s(a) = 2z(a,2) + z(a, 1) = 22(,2) + n — 2(,2) — 2 = z(,2) +n — 2.

Henceforth, if s(a) < n then 1 < z(,2) < z
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