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Abstract. In this paper, a one-step hybrid block method with generalized three off-
step points for solving general fourth order ordinary differential equations is developed
using power series of order eight as a basis function. The technique employed for the
derivation of this method are to interpolate the power series at x, and all off-step
points and to collocate the fourth derivative of the basis function at all points in the
selected interval. The method derived is proven to be zero stable, consistent and then
convergent. The performance of the method is tested by solving linear and non-linear
fourth order initial value problems.

Keywords: one step, hybrid method, block method, fourth order differential equation,
power series, three generalized off step points.

1. Introduction

In this article, we consider the numerical solution of the fourth order IVPs of
the form

(1) y" = f(x,y,y, 9" y"), x € la,b]
with initial conditions
y(a) = wo, ¥'(a) = w1,y (a) = w2,y (a) = ws.

Generally, equation (1) can be solved by converting it into system of four
equations of first-order IVPs and then appropriate numerical method is applied.
Another alternative approach, for solving equation (1) directly which can avoid
computational burden has been discussed by Awoyemi, (1992). This approach
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has been widely used for solving high order IVPs by many researchers. Some of
these researchers are Omar, et al. (2015), Jator (2010), Fasasi et al. (2014) and
Raft Abdelrahim (2021). Recently, hybrid block method for solving equation
(1) directly have been proposed by Kayode et al. (2014), Adesanya (2012),
Omar et al. (2004), Kayode (2008a) and Kuboye et al. (2015a). Avoiding the
disadvantages in reduction method and employing the features of both block and
hybrid methods which include generating numerical solutions simultaneously
(Lambert, 1973) and overcoming zero stability barrier of linear multistep method
are the aims of this new paper.

2. Methodology

In order to derive the new hybrid block method, the power series in equation
(2) below is used.

2 oy =Y <$_hx”> n=0,1,2..,N—1, € [tn, Tniil,

where ¢ = 5 and d = 4 represent the number of collocation and interpolation
points, h = &, —xp—1 and a = g < 1 < ... < ry—1 < xny = b. Interpolating
(2) at Tp, Tnts;s Tntsy, Tntss and collocating the forth derivative of (2) at all
points in the interval i.e at xp, Tpts;s Tntsys Tntss and Tpy1. This leads to
system equations as shown below:

1 0 0 0 O 0 0 0 0 ag y

2 3 4 5 6 7 8 n

Loseospospos s o1 °1 51 a1 Yn-+s

1 sy s2 s3 i 3 8 st s3 !

2 83 83 89 2 2 2 2 ao Ynts

1 s3 s2 s3 s s2 58 st s8 ?

3 53 53 22 3 3 2 3 as Yntss

(3) 0O 0 0 O oI 0 0 0 0 as | = f

24 120s; 360s7  840s3  1680s] "

0 0 0 0 s e g 7 A as fn+sl
24 120 360s2  840s3  1680s3

0 0 O 0 F h482 e 2 ha 2 ha 2 a‘6 fTL+82
2 3 4

00 0 0 24 120 32?53 82(153 162283 az Frtss

4 0 60 40 1680 a
00 0 0 3 & = =9 18 8 frp

System above is solved by Gaussian Elimination Method to find a}s,i = 0(1)8.
Secondly, substituting the values of a}s into equation (2) yields a continuous
implicit scheme of the form:

3 1

(4) y(.T) = ao(l’) + Z(O‘Si (x)ynJrSi + Bsi (x)fn—l—s,) + Z ﬁz(x)fn—i—z

i=1 1=0
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The first, second and third derivatives of equation (4) are

0 5.9 L9
y'(z) = %040(93) + Z %(asi (@)Ynts; + Bsi () frts,) + Z %Bi(x)fn—l-i:
i=1 i=0
; 02 . 52 0?2
Yy (x) = wao(l‘) + Z ?(asi(x)yn-i-&‘ + /Bsi(x)fn-i-si) + 8716 (x)fn—&-i,
=1
83 3. 88 83
yl/l(w) = @O&O (:E) + Z ?(asi (x)yn+si + le fn+sl Z 87 fnJrza
=1 =0
where,
o — (xn, — x + hs3)(xy, — ¢ + hs1)(x, — x + hsa)
0= (h3515253) ’
o — (r — xp) (2 — x + hs3)(zy, — x + hsa)
51 (h381(81 — 83)(51 — 82) ’
o — (r —xp)(x — zp, — hs3)(zy — x + hsy)
- (h3sa(s2 — s3)(s1 — 52)) ’
_ (r — xp)(xy —x + hsa)(zy — x + hsy)
53 (h3s3(s2 — s3)(s1 — s3) ’
Bo = — (x —xp)(xy —x + hsy)(zy — . + hse)(x, —x + hs3) (3his? — 5hisdsy,

(5040h*s15953)
— 5hts3s3 — 8h1st — Bhts?s3 + 15k s 5053 + 20k s sy — 5htsTs? + 20h*sTs3

— 5h4818% + 15h4818%83 + 20h48182 + 15h4818283 — 120h*s1 5985 — 5h* 8183

+ 20h*s15% 4+ 3htss — 5htsiss — 8hts3 — 5htsis? + 20hts3s3 — 5hlsosh

+ 2Oh452$§ — 8h48 + 3h351$ 3h3slxn —5h3 slsgx + 5h33132:1:n + 1223,

— 5h3s? 183 + 5h35153xn — 8h3s r+ 8h331$n — 5h3sls§m + 5h3818%$n + 3h45§
— 15h35159832s + 20R3s1s0x — 20h3 51892, — 5h3sls§x + 5h3sls§aﬁn + 3hsgz®
— 20h3s1 532, + 3h3s3x — 3h3s3x, — 5h3s3ssx + Shsisax, — 8h3sax — Sxi

— 5h38283x + 5h35253mn + 20h3s9s32 — 20h3s9832, + 3h353x h3s3xn 3zt
+ 8h3s3x, + 3h?s2a? — 6h%stwr, + 3h3six? — bhs1s9x” + 10h?s 922,

— 5h23133m + 10h28183mcn - 5h23133x721 - 8h281:U2 + 16h281mcn - 8h231xi

— 6h2825mn + 3h252:1: 5h23233:1:2 + 10h282831'1'n — 5h25253zxi — 8h2sy1?

— 8h28233n + 3h2531‘ — 6h25§xxn + 3h25§xi — 8h2s3a? + 16h%s3xay, — 8h233xi
+ 3hsiz — 9h31x2xn + 9h31m?2 — 3h31x3 + 3hsox> — 9h32m2xn + 9h32xxi

+ 3h23 z? — 9h33:U Tn + 9h33:c:v — 3h83ac + 6ha® — 18ha’z,, + 18h£L’£L‘2

+ 20h3s1 832 — 3h82£L‘ — 5h2818233 + 16h2soxzy, + 15035189832 — h38333

+ 8h3s3x, — 182222 + 12227 — 6hal),
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By = — ((x — zn)(xn — . + hs1)(xn — x + hsa)(zn, — x + hs3))
(504Oh481(31 — 89)(s1 —s3)(s1 — 1))

— 3h1s3s3 — 6h1s? — 3h1s3s3 + 5hls?sass + 8hlstsy — 3h1ss3 + 8histss

+ 5h% 515253 + 8h* 8182 + 5h 81828% — 20h*s1 8983 — 3h4s1s§ + 8ht 5153 — 3h4$§1

+ 5htsysy + 8htsy + 5hts3s3 — 20h*s3s3 + bhtsasy — 20h*sysh — 3hts;

+ 3h3six — h?’slxn — 3h3stsox + 3hPsTsox, — 3h3stszx + 3hPsTsza,

+ 6h3slxn —3n3 81$2$ + 3h3sls%xn + 5h3315233x — 5h3818283$n + 8h3s1 801

— 3h35153x + 3h3sls§xn + 8h3s1 831 — 8h3s1831, — 3h353x + 3h3s3xn + 6hx$’L

5h?’sgs§:ﬂ — 5h332$§xn — 20h3s9532 + 20h3 59832y, — 3h383$ + 3h353mn

— 8h3s3x,, + 3h3sia? — 6h2sixx,, + 3h2sta? — 3h2sis32? + 8h?sqx?

+ 6h? $183TXy — 3h? 51$3$n — 6h%s122% + 12h%syx2), — 6h251:n,% — 3h28%332

— 3h252x2 + 5h%s9832% — 10h%sq9sszay, + 5h25253xi + 8h%s92% — 16h%sqzy,

+ 6h283xazn 3h232m2 + 8h%s3x? — 16h%ssxay, + 8h233m2 + 3hs12® — 9hs 22xy,

— 3h8233 + 9h32x Ty — 9h52xa: + 3h32x — 3h33x + 9h83a: Tn,

+ 9h813:x — 6ha® 3h2s3x — 3h2s1 8922 + 6h2s1s9xxsy — 30 slsgazi — 3h51xi

— 5h?s3s3w, + 8h3s3x — 8h3s3x,, + 18ha’x, — 18hxx? — 122°x, + 182222

— 3hts3sy — 3h1s1s3 + Bh3s3s3x + 8h3s3x + 6h?s3xx, + Shszxd + 8hts)

— 6h3s3x — 12023 — 8h3s1s02,, — hszwa? + 3x7),

8., = (x—xp)(xn—x+hs)(xn—x+hse)(zp—2+hs3)
(5040h*s2(s1—52)(s2— 33)(52—1))

— 5h*s3s3—8htsT+3hts2s3—5htsTs0s3—8htsTsy— 5h4sls3+3h4s +3h%s3sy

+ 3h43182—5h4818283 8h48182—5h4818283+20h $18983— 5h* 818 —18hz? T

+ 20h1s155—3h1s3+3h1s5s34+6h1s3+3h1 5252 —8h1s3s3+3ht sy +18hwa?

— 8h452s§—8h4sg—|—3h3sl$—3h3s 13n+3h38 Sox—3h3 slsgxn—?)q: +1223%,,

+ 5h33%33xn—8h3s%m+8h3s mn+3h33132:c 3h33132:cn—5h s189830—182%x 2

+ 5h3818283xn—8h38182$+8h slsgxn—5h 8183x+5h sls3xn—6hxn+12xxn

— 20h35153mn—3h3s§x—|—3h353xn+3h35253m—3h35353mn—|—6h352x—8h253x2

+ 3h35253x 3h38283$n—8h38283$+8h 8283xn+3h353x 3h3s3xn—8h281x%

+ 8h3s2 xn+3h231m h281$$n+3h28%l’%+3h28182x —6h23132xa¢n+3h4s§‘

— 5h25153:13 +10h 81831’l‘n—5h23153{[}%—8h s1224+16h> S$1TLp—32,, —8h3s3x

— 3h2s2 x2+6h252xa:n—3h255m%+3h23233x —6h®s9s3zan+3h° 5983 2_6n3 8293”

+ 6h2s9x2 —12h2s9xw, +6h 5922 +3h% s5a% —6h? s3xw, +3h* s522 +6ha> +3hsza®

— 8h2$3xi+3h313:3—9h313:2:nn+9h51xx31—3h51xn—3h32x —3h83$n+3h32:vn

+ 2Oh35153m—5h35%53m+9h521‘2mn—9h82xx$l—9h53x2$n+9h53:m“,21—|—16h253xxn),

(3h*s] + 32

(3h2s1 5922 +20h*s%s3
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B = —(x—xp)(zn—z+hs1)(zp—z+hs2)(x,—x+hs3))
(5040h*s3(s1—s3)(s2—s3)(s3—1))

+ 3h*s3s3 — 8htst — 5his?s3 — bhtstsgss + 20htsTsy + 3htsis2 — 8htsiss

— 5h4sls§ — 5h4313233 + 2Oh4sls% — 5h4818283 + 20Rn* $18983 + 3h4313§ — 6hx3

— 8h*s183 + 3h*s3 + 3h*s3s3 — 8h'sh + 3hs3s3 — 8h*s3s3 + 3htsash — 8h'ses]

— 3h%s3 + 6hts3 + 3h3s3x — 3h3sTa, — Bh3stsax + Bh3sisox, + 3h3stszr — 3xt

— 3h3s3s3w, — Sh3stx + Sh3stx,, — 5h3s s5x + 5h3sys5x, — Shisisgszx — 3zt

(3htst—5hts3sy

+ 5h3 515283%n + 2013 $189% — 20h3 S$182%y, + 3hssls§x — 3h3sls§xn — 8h38183w
+ 8h3 $1S83%y, + 3h3 s T — h3s2$n + 3h35253:n — 3n3 3233:17n — 8h332x + 8h352:nn
+ 3h35253x — 33 5253:1cn — 8h3s9s32 + 8h3s9552,, — 3h353:c + 3h3s3 3Ty + 6h353x
— 6h3s3z, + 3h?sia® — h231mmn + 3h%sia? — bh?sysox? + 10h? s soxwy, + 6ha’
— 5h23132xn + 3h? 8183$ — 6h2 S$183XTy + 3h? slsgacn — 8h231x + 16h° S1TTy

— 8h251mi + 3h2 6h252x:$n + 3h282x2 + 3h2s98322 — 6h%s9832Ts, + 1233333
+ 3h232$3m,21 — 8h232x + 16h282xm‘n — 8h232:c 3h23 2 4 6hzs§xa:n — 3h233x
+ 6h283x2 — 1212 S3x Ty + 6h> s;;xn + 3h31x — 9h31:c Ty + 9hslavav721 — 3hslxn

+ 3hsor® — Ohsoz’T, + 9h521‘xi - 3h52:1:% - 3h531:3 + 9h53x2xn — 9h33;w72I

+ 3hszxd — 18ha’x, + 18haa? + 12232, — 182%x2),

B = (x — xp) (2, — x + hs3)(xn — x + hs1)(zy, — x + hs2)
(5040h%(s3 — 1)(s2 — 1)(s1 — 1))

— 5hts3s3 — 5hls?ss 4 15h1s3s0s3 — 5his?s2 — bhtsiss 4+ 15hts s2s3 — 3hsgad

— 5htsys5 + 3h1sh — 5htsds3 — 5hls3ss — 5hisyss + 3htsh 4 3h3s3x — 3R3sia,
— 5h3s252$ +5h3 8182&0” — 5h3 515356 + 5h3s%53xn — 5h35152x + 5h3 51521:n — 3xi
+ 15h3s159832 — 15Rh3s1 89831, — 5h38133x + 5h33133xn + 3h332x 3h3323:n

+ 5h3 528330” — 53 323 T+ 5h332$3xn + 3h333:n — 3h333xn + 3h2 — 6h281:mn

(3hts] — bhtsisy

+ 3h251:p — 5h2s18922 + 10h%s1 8022, — Hh? 5152{13 — 5h2sys322 4+ 10 §183T Ly
+3h252x —6h%s2 a:a:n+3h252x —5h2s95322 +10h% 5983220, —h> 8253x
—6h2s§xxn+3h233x +3hslx —9h81x xn+9hslma: —3h51x +3h82x
—9h52332xn+3h23 5h2$153x —5h3s2 83:E+9h52;m —3h52$ +3h83l‘
+15h481828§—9h8356 acn—|—9h83xxn—3:c +12x xn—18x2xn+12xxn).

Equation (4) is evaluated at the non-interpolating point z,4+1 while its
derivatives are evaluated at all points in the selected interval to produce the

discreet schemes. Discreet schemes and its derivatives at x,, are combined on a
block of the form

4
(5) A[3}4YT£?]4 — 231[3]4]%?]4 T h4[D[3]4Ré3]4 I E[3]4Ré3]4]’
i=1
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where
—(s2—1)(s3—1) (s1—1)(s3—1) —(s1=1)(s2—1) 1
s1(s1—s2)(s1—s3) 82(51—(52)(52—53) s3(s1—s3)(s2—s3)
—(s283 5183 —(S152
A[3}4 — hsi(s1—s2)(s1—s3) (hs2(s1—s2)(s2—s3)) hs3(s1—s3)(s2—s3) 0
(252+253) —(251+283) (251+252) 0 ?
h251(31773%)(31733) h252(317%2)(32733) h253(slfisgé)(32733)
h3s1(s1—s2)(s1—s3)  h3sa(s1—s2)(s2—s3)  h3s3(s1—s3)(s2—s3) 0
((s1=1)(s2—1)(s3—1))
Yn+s1 000 (s18253) Yn—3
Yt s 5 00 0 —(s182+s153+5253) 5 Y2
yBla — +s2 B[ la _ (hs1s253) R[ la _
" Yntss | 000 Gl |0 Yt |
S18283
Yn+1 =6 Yn
* 000 (h3s15253)
000 0 Yn—3 000 0
Bla_ [0 0 0 =1 Bl _ [ Ypo| gBl_ [0 0 0 0
B 000 ol Ty [P Tlooo <1
000 O Y 000 O
Yn—3 000 0 Yn3 fn-3
Bl _ | Yno2| gBl_ |0 0 0 0 Bla _ | Yn—o | plBla _ | fo—2
BE=1y P 000 o Ty | T ]
v 000 -1 i i
Fote: 00 0 Dk
3
plBla _ | Jots2 | pla_ |0 00 Dyl
sy | 000 DI
3
Jnia 000 Dy
Hl £ £ m
3 3 3 3
E31 ! E32 ! E33 ! E34 !

e

The elements of DBl4 and EBl4 are given in Appendix A.
Multiplying equation (5) by inverse of APl to have a hybrid block method
of the form

4
(6) 1[3]4Yn[§]4 _ ZB£3]4R£3}4 + h4[D[3]4R£)3}2 + E[B’]QREM],
=1
where
1 0 0O 0 0 01 0 0 0 sih
8la _ 01 00 a8l _ 0 0 01 alB8la _ 0 0 0 s9h
I 0010’B1 0001’B2 0 0 0 ssh
00 0 1 0 0 01 0 00 ~h
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000 In 00 0 Ln 0 0 0 DB
53 53 ~[3]4
B [0 0 0 Fh| pgon |0 00 Fh| p._ 000 1_)%1]4
00 0 Fh 00 0 Fh 000 Dy
000 In 000 Lin 000 Dy

(3] Bla 7Bl (3]

gl B+ BB B

B ol gl gl

EBla — By Byt Eoyt By

B E[3]4 E[3]4 E[3]4 E[3]4

31 32 33 34

and the non-zero terms of DB and EB are given by

(51(285152 + 285153 — 1685253 — 85759 — 85253 — 852 + 357 + 28515253))

i3],
Dyt =~ (5040s253) ’
Pl _ (53(168s153 — 285159 — 285253 + 85153 + 85553 + 853 — 355 — 28515953))
o (5040s153) ’
D[3]4 _ (s§(285153 — 1685159 + 285953 — 831s§ — 8523% - 83§ + 33% + 28515253))
14 (50401 52) ’
D[3]4 _ ((881 + 859 + 853 — 285159 — 285153 — 285953 + 168515283 — 3))
14 (5040818283) ’
B _ (3‘11(143182 + 145183 — 428983 — 63%32 — 63%33 — 68% + 33‘;’ + 14515983))
e (5040(31 — 1)(81 — 83)(81 — 82)) ’

Fl __(s9(2855 — 851 — 85153 + 357))
2 (5040s2(s2 — 1)(s2 — 53)(s1 — 52))
Jolc (s§(28s3 — 851 — 85152 + 3s7))
137 (5040s5(s3 — 1)(sg — s3)(s1 — s3))°
3la _ (5(13(285253 — 85153 — 85152 + 35%))
— (5040(s5 — 1)(s2 — 1)(s1 = 1))
FBls _ _ (53(2855 — 855 — 85553 + 353))
2T (504081 (s1 — 1) (s1 — s3) (51 — 52))
3. (53(42s153 — 145159 — 145953 + 65153 + 65353 + 653 — 353 — 14515253))
t (5040(s2 — 1)(s2 — s3)(s1 — s2)) ’
34 (s5(8s2 — 2851 + 85159 — 353))

5l
E =

23 (504083(83 — 1)(52 — 53)(51 _ 83))’
Bl — _ (s5(8s152 — 285153 + 85253 — 353))

“ (5040(s3 — 1)(s1 — D)(s2 — 1))
Fl3s _ _ (s8(853 — 2855 + 8spsy — 357))

31 — ’

(5040s1(s1 — 1)(s1 — s3)(s1 — s2))
E—‘[g}4 o (h4sg(883 — 2851 + 85183 — 38%))
2 (504082(82 - 1)(82 - 83)(81 — 82))7
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(53(14s183 — 425159 + 148953 — 65153 — 65253 — 655 + 355 + 14515253))

FBla _
” (5040(s3 — 1)(s2 — 53)(s1 — 53)) ’
E[3]4 _ (33(283182 — 851583 — 85953 + 33%))
34 (5040(sg — 1)(s1 — 1)(s3 — 1))
FlBla _ ((28s283 — 8s3 — 8s2 + 3))
41 (504051(81 — 1)(81 — 83)(81 — 82))’
gl _ (285153 — 853 — 851 + 3))
42 (504082(82 — 1)(82 — 83)(81 — 82))7
gl _ (285155 — 85y — 851 +3))
43

(504083(83 — 1)(82 — 83)(81 — 83))’
E—,[g}4 B ((651 + 6S9 + 653 — 145189 — 145183 — 148953 + 42515983 — 3))
14 (5040(s3 — 1)(s9 — 1)(s1 — 1))

Equation (5) can also be written as

272 313
%yﬁ + Slél Y
(h*s3(28s152 + 285153 — 1685253 — 85259 — 85753
— 88% + 38‘? + 28818283))
a (50405953) In
(h43‘11(14slsg + 145183 — 428953 — 65%52 — 63%33 - 63%
+ 353 + 14515953))
(5040(s1 — 1)(s1 — s3)(51 — 2)) Jnesn
(h*s$(28s3 — 851 — 85153 + 357))
(504052 (52 — 1)(s2 — s3)(s1 — 52)) Jrss
(h*s$(28s9 — 851 — 85189 + 357))
(5040s3(s3 — 1)(s2 — s3)(s1 — 83)) Tnss
(h*s$(28s953 — 85153 — 85152 + 357))
(5040(s3 — 1)(s2 — 1)(s1 — 1)) Tt
272 313
%yi{ + %yﬁ’
(h*s3(168s153 — 285152 — 285953 + 85155 + 8s3s3
+ 853 — 353 — 28515253))
(50408183)
(h*s§(28s3 — 859 — 85283 + 353))
B (504081(81 — 1)(81 — 83)(81 — 82))fn+31
(h*s5(42s153 — 145159 — 145983 + 65153 + 65353
+ 652 — 353 — 14s15253))
(5040(s2 — 1)(s9 — s3)(51 — 52)) Jutos
(hsS(8sg — 2851 + 85152 — 353))
(5040s3(s3 — 1)(s9 — 53) (51 — 33))f s

Ynts, = Yn + Slhyiz +

Yntsy = Yn T+ SQh‘y;z +

_l’_

fn

+
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(8) B (h4sg(83182 — 285183 + 85983 — 38%)) f
(5040(s3 — 1)(s1 — 1)(s2 — 1)) *™*0
272 313
Yn-tss = Yn — S3hyy, — %yﬁ - %yﬁ'
(h4s§(285153 — 16857159 + 285953 — 8$1$§ — 8823§
— 853 + 353 + 28s15253))

B (504051 52) Jn
(h*s5(8s3 — 2852 + 85253 — 352))
(504051 (s1 — 1)(s1 — s3)(s1 — 32))f e
(h*s§(8s3 — 2851 + 85153 — 353))
(5040s9(s9 — 1)(s2 — 53)(51 — 52)) Jutsa
(h4s§(145153 — 425189 + 1459583 — 681s§ — 6SQS§ — 68%

+ 383 + 145159253))

+ (5040(s3 — 1)(s2 — s3)(s1 — s3)) Jrtss
(9) (h*s§(28s152 — 85153 — 85253 + 353)) £
(5040(82 — 1)(31 — 1)(83 _ 1)) n+1,

/ h? 1" h "
Yn+1l = Yn + hyn + ?yn + —Vn

| (1(8s1 + 853 + 853 — 2815y — 2153 — 285353 + 16851553 — 3))
(5040818283)
(h4(28$2$3 — 883 — 859 + 3)) f
(5040s1(s1 — 1)(s1 — s3)(s1 — s2)) e
(h4(288183 — 883 — 851 + 3)) f
(504082(52 — 1)(52 - 53)(51 - 52)) e
(h*(28s159 — 859 — 851 + 3)) f
(5040s3(s3 — 1)(s2 — s3)(s1 — s3)) e
(h*(6s1 + 652 + 653 — 145189 — 145153 — 148953 + 42515283 — 3))
(5040(s3 — 1)(s9 — 1)(s1 — 1))

fn
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3. Analysis of the method
3.1 Order of method

Applying the process of finding the order of a linear multistep method proposed
by lambert (1973). the order of the method are found by expanding y and

f-function in Taylor series

B o0 (Sl)jhj j / 82]’L2 i 53h3 "
ZJ 0" gT Yn = Yn = S1hyp — S5 — 5

+ (50405235)

(h (285152+285133 168592535 —8s2 {52— 82 753— 83 +33 +28315233))y

n
Yihit4 4

(S%(148182+148153—425283—68%52—68%83—65%-‘1—35?-}—14518283)) ZOO (s1
(5040(s1—1)(s1—s3)(s1—82)) 7=0
(s9(28s3—8s1—8s153435%)) oo (s2)ThItt G4

(50405252~ 1) (5253 (51-52)) > =0 Tt Yn
(s8(2832—8s1—8s152+352)) oo  (s3)hItt 14

+(504033(53 T (5a—s3)(51—53)) 2j0 T Yn

_(31(285253 85153 —85152+35%)) ZOO hite 44

(5040(s3—1)(s2—1)(51—1)) §=0 1 y:

s2)Ihi ssh sSh3
Z"io“} Y — yn — sohyl, — Lyl — 2y

(h4 5(1685153—285152— 283253+83132+83253+83% 382728818283))

i

(5040s1s3) '.
+ (33(2833—852—832334-35%)) Zoo M 4
(504081(81_1)(51_53)(51_52%) j=0 Pl Yn
_ (55(42s153— 14s150— 148053+ 651 534655 534655 —3s5 —14515253)) Z (s2)

’I’L

Jh]+4 ]+4

(5040(5271)(52753)(317322))

. (s5(8s2—28s1+8s152—353)) Zoo (33)31h7+4y]+4
(504053 (s3—1)(s2—53)(51—53)) 7=0 7! n
+(sg(851527283133+8525373s§)) ZOO hitd 44

(5040(s3—1)(s1—1)(s2—1)) j=0 1 Yn

n

_ (8g(883—2852+88283—355)) Zoo (s1)7hI+4 44
(50401 (51— 1)(51—53)(51-52)) 245=0  j1 Y
(h*s5(8s3—28s1+8s153—3s2)) oo (s2)ThiTd 44
(5040s2(s2—1)(s2—s3)(s1—s2)) Zj:o T Yn

oo (s3)7R7 / s3h? g s3RE gy

Z] 05T Yn — Yn — sshyp — “5-yn — =5y
+(h4 4(285153—1685152+285253— 83135 85253 833+3$5+28313233))
(504051 52) U

3).7' hitd 44

n

_(s§(143133—423132+145233 631s%—ﬁsgs%—653+33§+14318233)) Zoo (s
(5040(33 1)(s2—s3)(s1—s3)) 7=0
(s5(28s152—8s153—8s253+352)) oo RItTE j+4

(5040(s5— 1)(51— Y(s3—1)) > i=0 T Yn

0 J h2 3
Z] 0 hl Yh — Yn — hy,, — 3 y;{ h6 Yn
(h4(881+882+883 285159 —285153—285253+168515253— 3)) w
(5040s15253) Yn
+ ((28s253—853—8s2+3)) Zoo (sl)j‘hj+4 yj+4
(504(0(8218(51*1)8(81723)(5:1))552)) J=0( )Jj_;le n ,
$153—8s3—8s1+ oo (s2 j+
" (504052 (s2—1)(s2—s3)(51—52)) Zj:(] Tyn
+ ((28s152—8s2—8s1+3)) Zoo (33)J'h3+4 G4
(5040s3(s3—1)(s2—s3)(s1—s3)) £~j=0 71 no
_ ((651+652+653—145150—145153—145253+42515253—3)) ZOO hit4
L (5040(s3—1)(s2—1)(s1—1)) J=0 4!

Collecting like terms (C; 's ) to h gives Cgp = O = Cy = - --

i

Jj+4
n

=Cg =0, and

Cs44 # 0. Hence, the new method is of order[5,5, 5, 5]7 with error constant
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(s8(2458159 + 245153 — 845953 — 95759 — 95753 — 957 + 453 + 24515953)) ]

. ) i 1814400 e
(s5(84s153 — 245159 — 245953 + 95155 + 95553 + 955 — 4sy — 24515253))

6 _ _1814490_ 2 2 3
(s5(24s153 — 845152 + 245953 — 95155 — 95955 — 955 + 4s3 + 24515253))

1814400
(951 4+ 959 + 953 — 245189 — 245153 — 245953 + 84515983 — 4)

1814400 -

which is true for all

_ 95383 + 957 — 4s7 — 245153
2451 — 84s3 — 93% + 245183
245953 — 9s3s3 — 953 + 453

51,582,853 € (0,1) \ {s2

U =
1= Sy — 25 1 052 — 2Asysg
U{ —245183 + 98153 + 9s3 — 453
So9o =
2 —84s9 + 24583 — 953 + 245183
U {s1 = —9s9 — 953 + 245953 + 4

9 — 2459 — 2453 + 845953 '

3.2 Zero stability

In finding the zero stability of the method, definition in Fatunla (1991) is used.

This is

m(r) = |rI-BM
100 0 000 1
B 0o100]| [0001
T Floo1o 000 1
000 1 000 1

= 3(r—1),

which gives r = 0,0,0,1. According to (Fatunla, 1991), (Lambert, 1973) and
(Henrici, 1962) our method is zero stable, consistent and then convergent.

3.3 Region of absolute stability

In this subsection, the locus boundary method is used to confirm the absolute
stability interval. By substituting test equation 3"’ = —M\*y in (??) where
h=Xh*and \ = %. let r = cos@ — isinf and considering real part yields the
equation of absolute stability region.

h(6,h) =

60963840000 (cos(6) — 1)
(3?5%5%(2051 + 2089 + 20s3 — 105159 — 105153 — 105953 + 4515953
+ s15283 cos(f) — 35))
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4. Numerical experimental

In this part, the following linear and non-linear IVPs available in the previous
literatures were also solved to specific off step points z,, 1, z,,2 and z, 3

4 4 4
in order to compare the performance of the new method with existing ones.
Computed solution (COP) , exact solution (EXT) and absolute errors (ERR)

were carried out using flexible Matlab code. This is clear in Table 1 and Table 2.

Problem 1:
Yy yy +4x?—e" (1—dz+2?) = 0,y(0) = 1,5/(0) = 1,3"(0) = 1, h

Exact solution: y(z) = 2% + 7.

Problem 2:

Exact solution: y(z) = f‘% + .

Table 1: Comparison of the new method with (Olabode et al,2015) for

solving problem 1, where h = =5

1
320

x New method, P =5 | Olabode and Omole (2015), P =6
EXT | 1.0031396535277390 1.003139653527739149
0.0031250 | CPS | 1.0031396535277390 1.003139653526590265
ERR 0.000000e 199 1.148884¢~ 12
EXT | 1.0063086345037620 1.006308634503762010
0.0062500 | CPS | 1.0063086345037617 1.006308634484910542
ERR 2.220446¢~16 1.8851468e~ 11
EXT | 1.0095069735890709 1.009506973589071086
0.0093750 | CPS | 1.0095069735890709 1.009506973491318106
ERR 0.000000e99 9.7752980e !
EXT | 1.0127347015406345 1.012734701540634377
0.0125000 | CPS | 1.0127347015406303 1.0127347015406341
ERR 4.440892¢ 16 3.15759129¢ 10
EXT | 1.0159918492116857 1.015991849211685747
0.0156250 | CPS | 1.0159918492116851 1.015991848424806972
Error 6.661338¢ 16 1.15463e~10
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Table 2: Comparison of the new method with (Kayode et al, 2014) for solving

problem 3, where h = 1—10

T New method, P =5 | (kyode et al,2014), P = 8

EXT 0.100000083333333340 | 0.100000083333334000
0.1 | CPS 0.100000083333333340 |  0.10000008333351720

ERR 0.000000e09 1.832¢13

EXT 0.200002666666666690 | 0.200002666666666900
0.2 | CPS 0.200002666666666660 |  0.20000266667150250

ERR 2.775558¢ 17 4.835¢712

EXT 0.300020250000000040 | 0.300020250000000004
0.3 | CPS 0.300020249999999990 |  0.30002025000721480

ERR 5.551115e~17 7.214e~ 12

EXT 0.400085333333333350 | 0.400008533333333333
04 | CPS 0.400085333333333350 |  0.40000853340160457

ERR 0.000000e 199 6.832¢ 11

EXT 0.500260416666666650 | 0.500260416666666665
0.5 | CPS 0.500260416666666650 | 0.50026041674083458

ERR 0.000000e 90 7.416e~ 1

5. Conclusion

A one step hybrid block method with three generalized off step points for solving
linear and no-linear fourth order initial value problem has been developed in this
article. The numerical properties of the new method are also established. The
method competes better than its counterparts in terms of accuracy when solving

fourth order initial value problems.
Appendix A:
plle _ —(s1=1)s2 —1)(s3 —1)
14 (5040518283)

(55359 + 55353 + 5sp — 15515583 + 552

+ 583 — 33‘11 + 58:{’ + 53%3% — 153%3233 — 158%82 + 55%3% — 158%83
+ 55% + 55153’ — 3531 + 55% — 155153 — 1551525§ — 155189

+ 55153 — 155153 — 155153 + 555 — 353 + 589

+ 105515953 + Bsass + bsass — 155383

+ 53% + 5525% — 15525% — 158983 — 3),

. 1
pBla _
247 5040h

— 55553 — 853 — 55753 + 15578953 + 205759 — 5553 + 205753
— 53133 + 15313333 + 203135 - 83% — 53:1)’33

— 55252 + 353 + 205353 — 55955 + 205952 — 853),

(3511l — 55?32 + 153132$§ — 120515953 — 5sls§ + QOsls§ + 353l
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[38)a _ —1
34 (2520h2515253)

— 5s] 83 + 208183 - 85153 — 553 52 + 105?5%53

(35789 + 35753 — Hsiss — 10575053 — 85152

+ 205355 4 10575955 4 4053 5953 — 58183 55255
— 53253 + 10315233 — 100818283 557 83 + 203133
+ 38182 10818283 — 88182 + 10313233
+ 10515253 + 40515253 + 10818283 — 10051535?,) — 1051525§
+ 4051 5255 + 205753 + 35155 — 85153 + 35553 — 55853
- 88283 53233 + 2053 83 + 308%8%8% 100313233
+ 205353 + 35953 — 8s253),

1
(840h3s15953)
+ 15835953 + 205%5% + 205359 — 58‘;’8% + 205353

Dﬂ“ = (357 — 5slsy — Hslsz — 8s] — Hsis?

— Bstss + 15575353 + 205753 + 155759535 — 120575953
— b5s? 53 + 208183 53132 + 15313233 + 208182 + 15slszs§
— 120513233 + 15313233 — 55253 — 120515253 — 58183
+ 205155 — 55353 — 855 — 55353 + 205553 — 55385
+ 205255 + 355 — 8s4 + 353)

—(s2 = D(s3 = 1)
5040s1(s1 — s2)(s1 — s3)
— 35255 4 5525953 + Dsasy — 38%8% + 55253 — 357 — 35155 + 5515583

Eﬁ]‘l = (357 — 35359 — 35353 — 3%

+ 5818% + 531325§ — 15518983 — 3sls§ + 5818%
+ 55183 — 351 — 355 + Bs3s3 + 5ss 4+ 5s3ss — 155583 + Hs3 + 5ss
+ 55189 + 53233 — 153233 — 155983 + 5so — 333 + 533 + 533 + 5s3 — 3),

(81 - 1)(83 - 1)
5040s2(s1 — s2)(s2 — s3)
+ 58:1))83 — 35%5% + 55%5253 + 58%8% — 158%83 + 55% — 35153’ + 5818%83

Eg]“ = (553 — 357 — 3359

+ 5818% + 5313233 — 15518953 + Ds1s9 + 5s1s§ — 15315§ — 1557153
+ 551 + 355 — 35553 — 355 — 35353 + Bsas3 — 353 + bs3
+ 58%82 — 3525% + 5525§ + 55983 — 359 — 35§ + 53% + 55% -3),

(s1—1)(s2 — 1)
(504083(81 - 83)(82 — 83)
+ 55253 + 5575953 — 155789 — 35553 + 55183 + Hs? + 55155

3

E%]‘* =— (—3s] + 5535y — 35353 + 53

+ 5515333 — 15818% + 5slsgs§ — 15518983 — 155159 — 33133
+ 5sls§ + 55183 + 551 — 354 — 35553 + Hss — 38%8% + 5s3s3 + b3
— 3825§ + 55253 — 353 + 5s9s3 + 5so + 3531 — 38% — 35% - 3),
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Bla _

14

3
2

3
gl =

3
i

3
Bl =

3
)

= M(—&Si1 + 55359 + 5sts3 — 355 + 5stss — 15578953

+ 55259 + bs7sa — 355 + 5s1s5 — 15515583 + 5153
— 1531828:2;, — 15815983 4+ bs1s2 + 58183 + 58183
+ 55153 — 351 — 353 + 5sas3 — 355 + 5s? 53 + 55353 — 353 + 5323§ + 552$§

+ 58983 + 53133 — 389 — 383 — 383 — 353 —3s3+3)
5983

- 3636, — 3535a — 35252
= 5040h(51_52)(81—83)(31_1)( 35152 — 35753 — 35153

+ 883 + 553 53 + 5515253 + 88182 - 35153 + 85153 - 38182

+ 5818283 + 83132 + 5515233 — 20815953
+ 33‘11 - 63%’ - 3315’% + 831s§ — 333l + 53%33 + 83% — 203%33
+ Bsys5 — 208253 — 3s3),
5183
5040h(s1 — s2)(s2 — s3)(s2 — 1)

— 3s§ + 5525953 + 855 + 85759 + 53%3% — 205253 — 3818% + 5818%83

(55353 — 35559 — 35753

+ 8818% + 551525§ — 208189583 — 3511 + 5818% — 203133

+ 355 — 35553 — 655 — 35552 + 85353 — 35955 + 85953 + 855,
5152

_ A s s
© 5040h(s1 — s3)(s2 — s3)(s3 — 1) (353 + Hsjsy — 35783

+ 55253 + 5srs9s3 — 205759 — 35553 + 85753 + 55155 + 5515553

— 20818% + 581828% — 208189583 — 351:3% + 83? + 8313;%
— 355 — 35553 + 855 — 35352 4 85353 — 35955 4 85953 — 655 — 3s7),
518253
5040h(s1 — 1)(s2 — 1)(s3 — 1)
+ 55353 4 bsTsa — 15525953 4 5555 4 5s155 — 15515553 — 15515953
+ 58183 — 352 + 55253 383)
1

_ 3 5 3 5

(25201751 (51 — 52) (51 — 3)(s1 — 1)) oio2 T 3siss
- 38%8% - 65%5253 — 6541152 — 38383 + 25?5%53 + 85?5%

(5535355583 — 357 + BsSsy

+ 2535953 + 16535953 — 35555 + 85352 — 35753

— 33152 + 2595553 + 85755 + 10575552 — 12575353

+ 2818283 12818283 65153

— 352 83 + 85153 35152 + 2818283 + 85152 + 10515253
— 12513233 + 58283 + 10313253 40313233 + 231323§
— 12818283 — 35183 + 83133 — 38283 + 85233

+ 55355 — 2055352 + bsasy — 205555 — 35955 + 85953),
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3
R = -

[3]4
33

(Bla _

34

[3]a
41
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1
(2520h282(51 - 82)(52 - 83)(82 — 1))
- 354115% + 234113233 + 85%32 + 55%5% + 88‘1133 - 35?3% + 25?5%53

(—3s359 — 35753

+ 85353 + 10555953 + 281828§ + 35155 — 12595953

+ 58183 — 208183 357 32 + 2818283

+ 85152 38183 + 83133 + 35253 + 105%5%5% 125%5%53

+ 10535955 — 40575952 + 55355 — 205753 — 35353 — 65353

— 6515353 — 65155 + 2515555 + 16515553 + 2515555 — 12515553
— 12518955 — 35555 4 85553 — 35355 + 85355

— 35253 + 88283),
1

_ e s
= 25201753 (51 = 53) (53 — 53) (35 — 1)) 0152 ~ 35153

+ 55%5% + 25‘118283 + 85%52 - 35%5% + 83‘11.93 + 55?5% + 105?5%53

— 205353 + 23?328% + 38133 — 6513§ — 12535953

— 35355 + 85353 + bstsy + 10s7s3s3

- 203132 + 10313253 + 16515253 + 88283 + 25%525§
— 12525953 — 38183 + 85253 — 35155

+ 2515353 — 35555 + 85555 + 85153 + 2515553

— 12313233 + 2515253 12818283 — 6515253 — 35253 405%5%53

— 35353 — 35353 + 85355 + 35955 — 65253),
1

~ h2(2520s1 — 2520)(s2 — 1)(s3 — 1)
+ 35153 + 35553 — 10575283 — 5s1s3 — 55555

(35959 + 35753 — 5sis

+ 10835353 + 10575955 — Hsis3 — 10313233 + 10515553

— 55255 4+ 10s3s3s3 + 30515253 + 10515253 58183 + 35155
+ 10515353 — 105159535 — 55353 — Bsyss — 5s3s3 + 35253),
-1
840]7,381(81 - 82)(81 - 83)(81 — 1)( 51 5152 5153 51

— 35552 — 353 + 85559 — 35753 + 85553 — 35755 + Hstsas3

+ 85255 4 5535952 — 20525953 — 205353

— 33153 + 88183 — 35155 + Bs1s553 + 85155 + 5513333
— 20515353 + 5slsgs§ + 5828§ — 2051525§ — 3315§

+ 85153 — 385 + 55353 + 853 + 5s3s3 — 205553

+ 55353 — 208255 + 5535953 + 853),
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3
il =

1
840h382(81 - 52)(82 - 83)(82 — 1)
- 35152 - 353 + 83132 + 55153 - 205153 - 35152 + 5315253 + 85153

(853 — 357 — 3stsy + Hsiss

+ 5575955 — 20875953 + 85553 + Hstsi — 2057535 — 35159

+ 5515583 + 85155 4 5515353 — 20515353 + 5515255

— 20315253 + 5518§ — 20818§ + 355 — 35353 — 653 — 35%5% + 85553 — 38283
+ 8525§ + 58‘;’8283 + 85‘11 - 3528§),

‘[1?;’]4 840h3s3(s1 — 33)(132 —s3)(s3 —1) (58%82 381 - 38%83

+ 55353 + Bsisasy — 208559 — 35553 + 85553 4+ Hstss + 5sisiss
— 205253 + Hstsgs2 — 208575953 — 35555 + 85552 + 55159
+ 5515233 — 208182 + 5515253 — 20818283 + 5slsgs§
— 20513233 — 38183 + 85133 352 38%83
+ 855 — 35353 + 85553 — 35353 + 85553 — 35954
+ 85955 4 353 — 653 + 8s7),

B = 840h3(.91 - 1)(1 T (5sisa — 35} + 5sisy — 353
+ 553 83 + 55353 + bsrsy — 15575553 — 158%828% + 58%8% + 55159
— 15315253 — 15515253 — 15515253 — 155?5253 + 55153l + 55‘2153
+ 55552 4 Bsiss 4 bsass — 3s5).
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