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Abstract. In the present research article, we construct a new sequence of bivariate
(p, q) hybrid type operators using (p, q)− beta functions via Dunkl analogue. In the sub-
section sequence, we investigate the rate of convergence and the order of approximation
for these sequences positive linear operators. Further, we study local approximation re-
sults in various class of functions. In the last section, we give the global approximation
results using weight function.
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1. Introduction

The operator theory is an active research area for the last one century. Bern-
stein was the first who gave the first positive linear operator named as Bernstein
operator to approximate the class of continuous functions over [a, b]. The motive
of Bernstein was to give the elegant proof of Weierstrass approximation theorem
using binomial distribution as follows.

Bn(f(x);x) =
n∑

k=0

bn,k(x)f(x),(1)

*. Corresponding author
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where bn,k(x) =

(
n
k

)
xk(1 − x)n−k and f is a bounded function defined in

C([0, 1]). To improve the rate of convergence of the operators defined by (1), the
q-analogues of Bernstein operators were independently given by Lupaş [19] and
Phillips [21] using quantum calculus. The (p, q)-analogue of Bernstein operators
was given by Mursaleen et al. [29] which improves the Bezier curves and radius
of convergence of the complex disk due to p-parametres (see Mursaleen and
Khan [26]), Khan and Lobiyal [27]. Recently, a Dunkl type generalization [17]
of Szász operators [24] via post-quantum calculus was studied by Alotaibi et al.
[15]. For more details and research motivation in Dunkl type generalizations,
we mention here some research articles [4, 11, 8, 12, 20, 22, 23, 28, 29, 30, 31].

Let f ∈ C[0, 1] denote the space of all continuous functions on [0, 1]. For all
f ∈ C[0, 1], x ≧ 0, τ > −1

2 and n ∈ N, the (p, q)-Dunkl analogue of Szász
operators [15] (see also [11]) is defined as follows:

(2) Dµ
n(h;u, p, q) =

1

eµ,p,q([n]p,qu)

∞∑
k=0

([n]p,qu)
k

γµ,p,q(k)
p

k(k−1)
2 f

(
pk+2µθk − qk+2µθk

pk−1(pn − qn)

)
,

where [n]p,q is the (p, q)-integer defined as:

(3) [n]p,q = pn−1 + qpn−3 + . . .+ qn−1 =



pn − qn

p− q
, (p ̸= q ̸= 1),

1− qn

1− q
, (p = 1),

n, (p = q = 1),

(au+ bv)np,q :=
n∑

k=0

p
(n−k)(n−k−1)

2 q
k(k−1)

2

[
n
k

]
p,q

an−kbkun−kvk,

(1− u)np,q = (1− u)(p− qu)(p2 − q2u) . . . (pn−1 − qn−1u),

(x− y)np,q =


n−1∏
j=0

(pjx− qjy), if n ∈ N,

1, if n = 0.

The (p, q)-power basis is explained as

(u⊕ v)np,q = (u+ v)(pu+ qv)(p2u+ q2v) . . . (pn−1u+ qn−1v).

Furthermore, the (p, q)-analogues of the exponential function are defined by

ep,q(u) =

∞∑
k=0

p
k(k−1)

2
uk

[k]p,q!
, Ep,q(u) =

∞∑
k=0

q
k(k−1)

2
uk

[k]p,q!
;
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Moreover, the (p, q)-Dunkl analogue of the exponential function is defined by

(4) eµ,p,q(u) =
∞∑
k=0

p
k(k−1)

2
uk

γµ,p,q(k)
,

(5) γµ,p,q(k) =

∏[ k+1
2

]−1

i=0 p2µ(−1)i+1+1((p2)ip2µ+1

− (q2)iq2µ+1)
∏[ k

2
]−1

j=0 p2µ(−1)j+1((p2)jp2 − (q2)jq2)

(p− q)k
,

(6) γµ,p,q(k + 1) =
p2µ(−1)k+1+1(p2µθk+1+k+1 − q2µθk+1+k+1)

(p− q)
γµ,p,q(k),

(7) θk =

{
0, for k = 2m, m = 0, 1, 2, . . . ,

1, for k = 2m+ 1, m = 0, 1, 2, . . . .

For m = 0, 1, 2, . . . n, the number [m2 ] denotes the greatest integer function.

In this section, we construct a class of (p, q)-Bivariate of Szász-beta operators
of second kind generated by an exponential function via Dunkl generalization
1.1. This type of the construction of operators are a generalized version of the
operators studied in [25].

Definition 1.1. Let f ∈ C([0, 1]) = {f(t) : f(t) = O(tρ), t → ∞, f ∈
C[0,∞)} such as x ∈ [0,∞), ρ > n,m and n,m ∈ N. Then for all 0 < q < p ≦
1, µ > −1

2 , ν > −1
2 and θℓ1 , θℓ2 defined by (7), we define

Let I1× I2 = [0, Dn]× [0, Dm] and (x, y) ∈ I1× I2. Then, for a function f ∈
C(I1×I2), the (p, q)-Bivariate of Szász-beta operators of second kind generated by
an exponential function via Dunkl generalization 1.1, Dµ,ν

n,m(f ;x, y, p1,2, q1,2) =
Dµ,ν

n,m(f ;x, y, p1, p2, q1, q2) are defined as follows:

Dµ,ν
n,m(f ;x, y, p1,2, q1,2)

=

∞∑
ℓ1=0

∞∑
ℓ2=0

Pµ,l1
n,p1,q1(x)Q

ν,l2
m,p2,q2(y)

∫ ∞

0

∫ ∞

0

t
ℓ1+2µθℓ1
1

(1⊕ p1t1)
ℓ1+2µθℓ1+n+1
p1,q1

(8)

× t
ℓ2+2νθℓ2
2

(1⊕ p2t2)
ℓ2+2νθℓ2+m+1
p2,q2

f(t1, t2)dp1,q1t1, dp2,q2t2,

where

Pµ,l1
n,p1,q1(x) =

1

eµ,p1,q1([n]p1,q1x)

([n]p1,q1x)
ℓ1

γµ,p1,q1(ℓ1)
p

ℓ1(ℓ1−1)
2

1

1

Bp1,q1(ℓ1 + 2µθℓ1 + 1, n)
,



APPROXIMATION PROPERTIES OF (p, q) BIVARIATE ... 385

Qν,l2
m,p2,q2(y) =

1

eν,p2,q2([m]p2,q2x)

([m]p2,q2y)
ℓ2

γν,p2,q2(ℓ2)
p

ℓ2(ℓ2−1)
2

2

1

Bp2,q2(ℓ2 + 2νθℓ2 + 1,m)
,

and Bp1,q1(ℓ1 + 2µθℓ1 + 1, n), Bp2,q2(ℓ2 + 2νθℓ2 + 1,m) are the Beta functions of
second kind in post quantum calculus and is defined by

Bp,q(α, β) =

∫ ∞

0

tα−1

(1⊕ pt)α+β
p,q

dp,qt, α, β ∈ N,(9)

Bp,q(α, β) =
[α− 1]p,q
pα−1[β]p,q

Bp,q(α− 1, β + 1), α, β ∈ N.(10)

Moreover, to obtain the basic estimates here we use the following relations:

[ℓ+ 1 + 2τθℓ]p,q = q[ℓ+ 2τθℓ]p,q + pℓ+2τθℓ ,(11)

[ℓ+ 2 + 2τθℓ]p,q = q2[ℓ+ 2τθℓ]p,q + (p+ q)pℓ+2τθℓ .(12)

For more related results on (p, q)-analogues, we prefer [1, 2, 3, 16, 18, 5, 10, 7, 6].
We have the following inequalities.

Lemma 1.1. Let f(t) = 1, t, t2. Then, the operators Dµ
n( · ; · ) refer to (2) satisfy

Dµ
n(1;x, p, q) = 1 and the following inequalities hold:

(13)

Dµ
n,p,q(f ;x) ≦



[n]p,q
[n− 1]p,q

x+
1

[n− 1]p,q
, for f(t) = t

[n]2p,q
[n− 1]p,q[n− 2]p,q

x2

+
[n]p,q

[n− 1]p,q[n− 2]p,q
(1 + [2]p,q + [1 + 2τ ]p,q)x

+
[2]p,q

[n− 1]p,q[n− 2]p,q
, for f(t) = t2

and

Dµ
n,p,q(f ;x) ≧



q[n]p,q
[n− 1]p,q

x+
1

[n− 1]p,q
, for f(t) = t

q3[n]2p,q
[n− 1]p,q[n− 2]p,q

x2

+
q[n]p,q

[n− 1]p,q[n− 2]p,q

(
q + [2]p,q

+q2+2τ [1− 2τ ]p,q
eτ,p,q

(
q
p [n]p,qx

)
eτ,p,q([n]p,qx)

)
x

+
[2]p,q

[n− 1]p,q[n− 2]p,q
, for f(t) = t2.
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Lemma 1.2. Let ei,j = f(t1, t2) = ti1t
j
2, 0 ≤ i, j ≤ 2. Then, the operators

Dµ,ν
n,m( · ; · ) refer to (??) satisfy Dµ,ν

n,m(e0,0;x, y, p1,2, q1,2) = 1 and the following
inequalities hold:

Dµ,ν
n,m(e1,0;x, y, p1,2, q1,2) ≦

[n]p1,q1
[n− 1]p1,q1

x+
1

[n− 1]p1,q1
,

Dµ,ν
n,m(e0,1;x, y, p1,2, q1,2) ≦

[m]p1,q1
[n− 1]p1,q1

y +
1

[n− 1]p1,q1
,

Dµ,ν
n,m(e2,0;x, y, p1,2, q1,2)

≦
[n]2p1,q1

[n− 1]p1,q1 [n− 2]p1,q1
x2 +

[n]p1,q1
[n− 1]p1,q1 [n− 2]p1,q1

(1 + [2]p1,q1 + [1 + 2µ]p1,q1)x+
[2]p1,q1

[n− 1]p1,q1 [n− 2]p1,q1
,

Dµ,ν
n,m(e0,2;x, y, p1,2, q1,2)

≦
[m]2p2,q2

[m− 1]p2,q2 [m− 2]p2,q2
y2 +

[m]p2,q2
[m− 1]p2,q2 [m− 2]p2,q2

(1 + [2]p2,q2 + [1 + 2ν]p2,q2) y +
[2]p2,q2

[m− 1]p2,q2 [n− 2]p2,q2

and

Dµ,ν
n,m(e1,0;x, y, p1,2, q1,2) ≧

q1[n]p1,q1
[n− 1]p1,q1

x+
1

[n− 1]p1,q1
,

Dµ,ν
n,m(e0,1;x, y, p1,2, q1,2) ≧

q2[m]p2,q2
[m− 1]p2,q2

y +
1

[m− 1]p2,q2
,

Dµ,ν
n,m(e2,0;x, y, p1,2, q1,2)

≧
q31[n]

2
p1,q1

[n− 1]p1,q1 [n− 2]p1,q1
x2 +

[2]p1,q1
[n− 1]p1,q1 [n− 2]p1,q1

+
q1[n]p1,q1

[n− 1]p1,q1 [n− 2]p1,q1(
q1 + [2]p1,q1 + q2+2µ

1 [1− 2µ]p1,q1

eµ,p1,q1

(
q1
p1
[n]p1,q1x

)
eµ,p1,q1([n]p1,q1x)

)
x,

Dµ,ν
n,m(e0,2;x, y, p1,2, q1,2)

≧
q32[m]2p2,q2

[m− 1]p2,q2 [m− 2]p2,q2
y2 +

[2]p2,q2
[m− 1]p2,q2 [m− 2]p2,q2

+
q2[m]p2,q2

[m− 1]p2,q2 [m− 2]p2,q2(
q2 + [2]p2,q2 + q2+2ν

2 [1− 2ν]p2,q2

eν,p2,q2

(
q2
p2
[m]p2,q2y

)
eν,p2,q2([m]p2,q2y)

)
y.
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Proof. To prove the results of this Lemma, we use (9)–(12). Take f(t1, t2) = 1.
Then,

Dµ,ν
n,m(e0,0;x, y, p1,2, q1,2)

=
∞∑

ℓ1=0

∞∑
ℓ2=0

Pµ,l1
n,p1,q1(x)Q

ν,l2
m,p2,q2(y)

∫ ∞

0

∫ ∞

0

t
ℓ1+2µθℓ1
1

(1⊕ p1t1)
ℓ1+2µθℓ1+n+1
p1,q1

× t
ℓ2+2νθℓ2
2

(1⊕ p2t2)
ℓ2+2νθℓ2+m+1
p2,q2

dp1,q1t1dp2,q2t2

=
∞∑

ℓ1=0

1

eµ,p1,q1([n]p1,q1x)

([n]p1,q1x)
ℓ1

γµ,p1,q1(ℓ1)
p

ℓ1(ℓ1−1)
2

1

Bp1,q1(ℓ1 + 2µθℓ1 + 1, n)

Bp1,q1(ℓ1 + 2µθℓ1 + 1, n)

×
∞∑

ℓ2=0

1

eν,p2,q2([m]p2,q2x)

([m]p2,q2y)
ℓ2

γν,p2,q2(ℓ2)
p

ℓ2(ℓ2−1)
2

2

Bp2,q2(ℓ2 + 2νθℓ2 + 1,m)

Bp2,q2(ℓ2 + 2νθℓ2 + 1,m)
= 1.

Dµ,ν
n,m(e1,0;x, y, p1,2, q1,2)

=
∞∑

ℓ1=0

∞∑
ℓ2=0

Pµ,l1
n,p1,q1(x)Q

ν,l2
m,p2,q2(y)

∫ ∞

0

∫ ∞

0

t
ℓ1+2µθℓ1+1

1

(1⊕ p1t1)
ℓ1+2µθℓ1+n+1
p1,q1

× t
ℓ2+2νθℓ2
2

(1⊕ p2t2)
ℓ2+2νθℓ2+m+1
p2,q2

dp1,q1t1dp2,q2t2

=
∞∑

ℓ1=0

Bp1,q1(ℓ1 + 2µθℓ1 + 2, n− 1)

Bp1,q1(ℓ1 + 2µθℓ1 + 1, n)

∞∑
ℓ2=0

Bp2,q2(ℓ2 + 2νθℓ2 + 1,m)

Bp2,q2(ℓ2 + 2νθℓ2 + 1,m)

=
q1

[n− 1]p1,q1

∞∑
ℓ=0

1

p
ℓ1+2µθℓ1+1

1

[ℓ1 + 2µθℓ1 ]p1,q1 +
1

p1[n− 1]p1,q1

1

p1[n− 1]p1,q1
+

q1[n]p1,q1
p21[n− 1]p1,q1

∞∑
ℓ1=0

(
p
2ℓ1+2µθ2ℓ1
1 − q

2ℓ1+2µθ2ℓ1
1

p2ℓ1−1
1 (pn1 − qn1 )

)

+
q1[n]p1,q1

p2+2µ
1 [n− 1]p1,q1

∞∑
ℓ1=0

(
p
2ℓ1+1+2µθ2ℓ1+1

1 − q
2ℓ1+1+2µθ2ℓ1+1

1

p2ℓ11 (pn1 − qn1 )

)
.

Clearly, we have

Dµ,ν
n,p1,q1(e1,0;x, y, p1,2, q1,2)

≧
1

[n− 1]p1,q1
+

q1[n]p1,q1
[n− 1]p1,q1

∞∑
ℓ1=0

(
p
ℓ1+2µθℓ1
1 − q

ℓ1+2µθℓ1
1

pℓ1−1
1 (pn1 − qn1 )

)
=

1

[n− 1]p1,q1
+

q1[n]p1,q1
[n− 1]p1,q1

Cn,p1,q1(t1;x)

=
1

[n− 1]p1,q1
+

q1[n]p1,q1
[n− 1]p1,q1

x
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and

Dµ,ν
n,m(t1;x, y, p1,2, q1,2) ≦

1

[n− 1]p1,q1
+

[n]p1,q1
[n− 1]p1,q1

x,

Dµ,ν
n,m(e0,1;x, y, p1,2, q1,2)

=
∞∑

ℓ1=0

∞∑
ℓ2=0

Pµ,l1
n,p1,q1(x)Q

ν,l2
m,p2,q2(y)

∫ ∞

0

∫ ∞

0

t
ℓ1+2µθℓ1
1

(1⊕ p1t1)
ℓ1+2µθℓ1+n+1
p1,q1

× t
ℓ2+2νθℓ2+1

2

(1⊕ p2t2)
ℓ2+2νθℓ2+m+1
p2,q2

dp1,q1t1dp2,q2t2

=
∞∑

ℓ2=0

Bp2,q2(ℓ2 + 2νθℓ2 + 2,m− 1)

Bp2,q1(ℓ2 + 2νθℓ2 + 1,m)

∞∑
ℓ1=0

Bp1,q1(ℓ1 + 2µθℓ1 + 1, n)

Bp1,q1(ℓ1 + 2µθℓ1 + 1, n)

=
q2

[m− 1]p2,q2

∞∑
ℓ2=0

1

p
ℓ2+2νθℓ2+1

2

[ℓ2 + 2νθℓ2 ]p2,q2 +
1

p2[m− 1]p2,q2

=
1

p2[m− 1]p2,q2
+

q2[m]p2,q2
p22[m− 1]p2,q2

∞∑
ℓ2=0

(
p
2ℓ2+2νθ2ℓ2
2 − q

2ℓ2+2νθ2ℓ2
2

p2ℓ2−1
2 (pm2 − qm2 )

)

+
q2[m]p2,q2

p2+2ν
2 [m− 1]p2,q2

∞∑
ℓ2=0

(
p
2ℓ2+1+2νθ2ℓ2+1

2 − q
2ℓ2+1+2νθ2ℓ2+1

2

p2ℓ22 (pm2 − qm2 )

)
.

Clearly, we have

Dµ,ν
n,p1,q1(e0,1;x, y, p1,2, q1,2)

≧
1

[m− 1]p2,q2
+

q2[m]p2,q2
[m− 1]p2,q2

∞∑
ℓ2=0

(
p
ℓ2+2νθℓ2
2 − q

ℓ2+2νθℓ2
2

pℓ2−1
2 (pm2 − qm2 )

)
=

1

[m− 1]p2,q2
+

q2[m]p2,q2
[m− 1]p2,q2

Cm,p2,q2(t2; y)

=
1

[m− 1]p2,q2
+

q2[m]p2,q2
[m− 1]p2,q2

y

and

Dµ,ν
n,m(t2;x, y, p1,2, q1,2) ≦

1

[m− 1]p2,q2
+

[m]p2,q2
[m− 1]p2,q2

y.

Similarly for e2,0 = f(t) = t21, we have

Dµ,ν
n,m(e2,0;x, y, p1,2, q1,2)

=

∞∑
ℓ1=0

Pµ,l1
n,p1,q1(x)

∫ ∞

0

t
ℓ1+2µθℓ1+2

1

(1⊕ p1t1)
ℓ1+2µθℓ1+n+1
p1,q1

dp1,q1t1

=

∞∑
ℓ1=0

Bp1,q1(ℓ1 + 2µθℓ1 + 3, n− 2)

Bp1,q1(ℓ1 + 2µθℓ1 + 1, n)

∞∑
ℓ2=0

Bp2,q2(ℓ2 + 2νθℓ2 + 1,m)

Bp2,q2(ℓ2 + 2νθℓ2 + 1,m)
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=

∞∑
ℓ1=0

Bp1,q1(ℓ1 + 2µθℓ1 + 3, n− 2)

Bp1,q1(ℓ1 + 2µθℓ1 + 1, n)

=
1

[n− 1]p1,q1 [n− 2]p1,q1

∞∑
ℓ1=0

1

p
3+2ℓ1+4µθℓ1+1

1

[ℓ1+2µθℓ1 + 1]p1,q1 [ℓ1+2µθℓ1 + 2]p1,q1

=
q31[n]

2
p1,q1

[n− 1]p1,q1 [n− 2]p1,q1

∞∑
ℓ1=0

1

p
5+4µθℓ1
1

(
p
ℓ1+2µθℓ1
1 − q

ℓ1+2µθℓ1
1

pℓ1−1
1 (pn1 − qn1 )

)2

+
q1(p1 + 2q1)[n]p1,q1

[n− 1]p1,q1 [n− 2]p1,q1

∞∑
ℓ1=0

1

p
4+2µθℓ1
1

(
p
ℓ1+2µθℓ1
1 − q

ℓ1+2µθℓ1
1

pℓ1−1
1 (pn1 − qn1 )

)

+
(p1 + q1)

p31[n− 1]p1,q1 [n− 2]p1,q1

∞∑
ℓ1=0

Pn,p−1,q1(x).

Now, by separating it into even and odd terms and applying θℓ1 from (7), i.e.,
taking ℓ1 = 2r and ℓ1 = 2r + 1 for all r = 0, 1, 2, . . ., we have

Dµ,ν
n,m(te2,0;x, y, p1,2, q1,2) ≧

q31[n]
2
p1,q1

[n− 1]p1,q1 [n− 2]p1,q1

∞∑
ℓ1=0

(
p
ℓ1+2µθℓ1
1 − q

ℓ1+2µθℓ1
1

pℓ1−1
1 (pn1 − qn1 )

)2

+
q1(q1 + [2]p1,q1)[n]p1,q1
[n− 1]p1,q1 [n− 2]p1,q1

∞∑
ℓ1=0

(
p
ℓ1+2µθℓ1
1 − q

ℓ1+2µθℓ1
1

pℓ1−1
1 (pn1 − qn1 )

)
+

[2]p1,q1
[n− 1]p1,q1 [n− 2]p1,q2

=
q31[n]

2
p1,q1

[n− 1]p1,q1 [n− 2]p1,q1
Cn,p1,q1(t

2
1;x) +

q1(q1 + [2]p1,q1)[n]p1,q1
[n− 1]p1,q1 [n− 2]p1,q1

Cn,p1,q1(t1;x)

+
[2]p1,q1

[n− 1]p1,q1 [n− 2]p1,q1
.

Similarly,

Dµ,ν
n,m(e2,0;x, y, p1,2, q1,2) ≦

[n]2p1,q1
[n− 1]p1,q1 [n− 2]p1,q1

Cn,p1,q1(t
2
1;x)

+
(1 + [2]p1,q1)[n]p1,q1

[n− 1]p1,q1 [n− 2]p1,q1
Cn,p1,q1(t1;x) +

[2]p1,q1
[n− 1]p1,q1 [n− 2]p1,q1

.

Similarly, for e0,2 = f(t) = t22, we have

Dµ,ν
n,m(e0,2;x, y, p1,2, q1,2) =

∞∑
ℓ2=0

Qν,l2
m,p2,q2(y)

∫ ∞

0

t
ℓ2+2νθℓ2+2

2

(1⊕ p2t2)
ℓ2+2νθℓ2+m+1
p2,q2

dp2,q2t2

=

∞∑
ℓ2=0

Bp2,q2(ℓ2 + 2νθℓ2 + 3,m− 2)

Bp2,q2(ℓ2 + 2νθℓ2 + 1,m)
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=

∞∑
ℓ2=0

Bp2,q2(ℓ2 + 2νθℓ2 + 3,m− 2)

Bp2,q2(ℓ2 + 2νθℓ2 + 1,m)

=
1

[m− 1]p2,q2 [m−2]p2,q2

∞∑
ℓ2=0

1

p
3+2ℓ2+4νθℓ2+1

2

[ℓ2+2νθℓ2 + 1]p2,q2

[ℓ2 + 2νθℓ2 + 2]p2,q2

=
q31[m]2p2,q2

[m− 1]p2,q2 [m− 2]p2,q2

∞∑
ℓ2=0

1

p
5+4νθℓ2
2

(
p
ℓ2+2νθℓ2
2 − q

ℓ2+2νθℓ2
2

pℓ2−1
2 (pm2 − qm2 )

)2

+
q2(p2 + 2q2)[m]p2,q2

[m− 1]p2,q2 [m− 2]p2,q2

∞∑
ℓ2=0

1

p
4+2νθℓ2
2

(
p
ℓ2+2νθℓ2
2 − q

ℓ2+2νθℓ2
2

pℓ2−1
2 (pm2 − qm2 )

)

+
(p2 + q2)

p32[m− 1]p2,q2 [m− 2]p2,q2

∞∑
ℓ2=0

Pm,p−2,q2(y).

Now, by separating it into even and odd terms and applying θℓ2 from (7), i.e.,
taking ℓ2 = 2r and ℓ2 = 2r + 1 for all r = 0, 1, 2, . . ., we have

Dµ,ν
n,m(e0,2;x, y, p1,2, q1,2) ≧

q32[m]2p2,q2
[m− 1]p2,q2 [m− 2]p2,q2

∞∑
ℓ2=0

(
p
ℓ2+2νθℓ2
2 − q

ℓ2+2νθℓ2
2

pℓ2−1
2 (pm2 − qm2 )

)2

+
q2(q2 + [2]p2,q2)[m]p2,q2
[m− 1]21,q2 [m− 2]p2,q2

∞∑
ℓ2=0

(
p
ℓ2+2νθℓ2
2 − q

ℓ2+2νθℓ2
2

pℓ2−1
2 (pm2 − qm2 )

)
+

[2]p2,q2
[m− 1]p2,q2 [m− 2]p2,q2

=
q32[m]2p2,q2

[m− 1]p2,q2 [m− 2]p2,q2
Cm,p2,q2(t

2
2;x, y)

+
q2(q2 + [2]p2,q2)[m]p2,q2
[m− 1]p2,q2 [m− 2]p2,q2

Cm,p2,q2(t2; y)

+
[2]p2,q2

[m− 1]p2,q2 [m− 2]p2,q2
.

Similarly,

Dµ,ν
n,m(e0,2;x, y, p1,2, q1,2) ≦

[m]2p2,q2
[m− 1]p2,q2 [m− 2]p2,q2

Cm,p2,q2(t
2
2; y)

+
(1 + [2]p2,q2)[m]p2,q2

[m− 1]p2,q2 [m− 2]p2,q2
Cm,p2,q2(t2; y) +

[2]p2,q2
[m− 1]p2,q2 [m− 2]p2,q2

.

This completes the proof of Lemma 1.2.
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Lemma 1.3. Let Ψi,j = (t1−x)i(t2−x)j for i, j = 1, 2, then we have following
inequalities:

1. Dµ,ν
n,m(Ψ1,0;x, y, p1,2, q1,2) ≦

(
[n]p1,q1

[n− 1]p1,q1
− 1

)
x+

1

[n− 1]p1,q1
,

for n > 1, n ∈ N

2. Dµ,ν
n,m(Ψ0,1;x, y, p1,2, q1,2) ≦

(
[m]p2,q2

[m− 1]p2,q2
− 1

)
y +

1

[m− 1]p2,q2
,

for n > 1, m ∈ N

3. Dµ,ν
n,m(Ψ2,0;x, y, p1,2, q1,2) ≦

(
[n]2p1,q1

[n− 1]p1,q1 [n− 2]p1,q1
− 2[n]p1,q1

[n− 1]p1,q1
+ 1

)
x2

+
1

[n− 1]p1,q1

(
[n]p1,q1

[n− 2]p1,q1

(
1 + [2]p1,q1 + [1 + 2µ]p1,q1

)
− 2

)
x

+
[2]p1,q1

[n− 1]p1,q1 [n− 2]p1,q1
, for n > 2, n ∈ N.

4. Dµ,ν
n,m(Ψ0,2;x, y, p1,2, q1,2) ≦

(
[m]2p2,q2

[m− 1]p2,q2 [m− 2]p2,q2
− 2[m]p2,q2

[m− 1]p2,q2
+ 1

)
y2

+
1

[m− 1]p2,q2

(
[m]p2,q2

[m− 2]p2,q2

(
1 + [2]p2,q2 + [1 + 2ν]p2,q2

)
− 2

)
y

+
[2]p2,q2

[m− 1]p2,q2 [m− 2]p2,q2
, for m > 2, m ∈ N.

Definition 1.2. Let X,Y ⊂ R be any two given intervals and the set B(X ×
Y ) = {f : X×Y → R|f is bounded on X×Y }. For f ∈ B(X×Y ), let the func-
tion ωtotal(f ; ·, ∗) : [0,∞)× [0,∞) → R, defined for any (δ1, δ2) ∈ [0,∞)× [0,∞)
by ωtotal(f ; δ1, δ2) = sup|x−x′|≤δ1,|y−y′|≤δ2{|f(x, y) − f(x′, y′)| : (x, y), (x′, y′) ∈
[0,∞)× [0,∞)}, is called the first order modulus of smoothness of the function
f or the total modulus of continuity of the function f .

In order to get the rate of convergence and degree of approximation for the
operators Dµ,ν

n,m, we consider p1 = pn, p2 = pm and q1 = qn, q2 = qm such that
0 < qn < pn ≤ 1 and 0 < qm < pm ≤ 1 satisfying

lim
n→∞

qnn → a, lim
m→∞

qmm → b, lim
n→∞

pnn → c, lim
m→∞

pmm → d(14)

and

lim
n→∞

pn → 1, lim
m→∞

pm → 1, lim
n→∞

qn → 1, lim
m→∞

qm → 1,(15)

where 0 ≤ a, b < c, d < 1. Here, we recall the following result due to Volkov [14]:

Theorem 1.1. Let I and J be compact intervals of the real line. Let Ln,m :
C(I × J) → C(I × J), (n,m) ∈ N× N be linear positive operators. If

lim
n,m→∞

Ln,m(eij) = ex,y, (i, j) ∈ {(0, 0), (1, 0), (0, 1)}
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and

lim
n,m→∞

Ln,m(e20 + e02) = e20 + e02,

uniformly on I×J , then the sequence (Ln,mf) converges to f uniformly on I×J
for any f ∈ C(I × J).

Theorem 1.2. Let eij(t1, t2) = ti1t
j
2 (0 ≤ i+j ≤ 2, i, j ∈ N) be the test functions

defined on J1×J2 and (pn), (qn), (pm), (qm) be the sequences defined by (14) and
(15). If

lim
n,m→∞

(Dµ,ν
n,meij)(t1, t2) = eij(t1, t2), (i, j) ∈ {(0, 0), (1, 0), (0, 1)}

and

lim
n,m→∞

(Dµ,ν
n,m(e20 + e02)(t1, t2) = e20(t1, t2) + e02(t1, t2),

uniformly on J1 × J2, then

lim
n,m→∞

(Dµ,ν
n,mf)(t1, t2) = f(t1, t2),

uniformly for any f ∈ C(J1 × J2).

Proof. Using Lemma 1.2, it is obvious for i = j = 0

lim
n,m→∞

(Dµ,ν
n,me00)(t1, t2) = e00(t1, t2).

For i = 1 and j = 0, we have

lim
n,m→∞

(Dµ,ν
n,me10)(t1, t2) = t1,

lim
n,m→∞

(Dµ,ν
n,me10)(t1, t2) = e10(t1, t2),

For i = 0 and j = 1, we have

lim
n,m→∞

(Dµ,ν
n,me01)(t1, t2) = t2,

lim
n,m→∞

(Dµ,ν
n,me01)(t1, t2) = e01(t1, t2),

and

lim
n,m→∞

(Dµ,ν
n,m(e20 + e02)(t1, t2) = lim

n,m→∞

{
pn−1
1 bn
[n]p1,q1

x+
q1[n− 1]p1,q1

[n]p1,q1
x2

+
pm−1
2 bm
[m]p2,q2

y +
q2[m− 1]p2,q2

[n]p2,q2
y2

}
,

lim
n,m→∞

(Dµ,ν
n,m(e20 + e02)(x, y) = e20(x, y) + e02(x, y).

From Theorem 1.1, the proof of theorem 1.2 is completed.



APPROXIMATION PROPERTIES OF (p, q) BIVARIATE ... 393

Theorem 1.3 ([13]). Let L : C([0,∞) × [0,∞)) → B([0,∞) × [0,∞)) be a
linear positive operator. For any f ∈ C(X × Y ), any (x, y) ∈ X × Y and any
δ1, δ2 > 0, the following inequality

|(Lf)(x, y)− f(x, y)| ≤ |Le0,0(x, y)− 1||f(x, y)|+
[
Le0,0(x, y)

+ δ−1
1

√
Le0,0(x, y)(L(· − x))2(x, y)

+ δ−1
2

√
Le0,0(x, y)(L(∗ − y))2(x, y)

+ δ−1
1 δ−1

2

√
(Le0,0)2(x, y)(L(· − x))2(x, y)(L(∗ − y))2(x, y)

]
× ωtotal(f ; δ1, δ2),

holds.

Theorem 1.4. Let f ∈ C(J1 × J2) and (x, y) ∈ J1 × J2. Then, for (n,m) ∈ N
and for any δ1, δ2 > 0, we have

|(Cn,mf)(x, y)− f(x, y)| ≤ 4ωtotal(f ; δ1, δ2),

where δ1 =
√

Dµ,ν
n,m((t1 − x)2, x, y, p12, q12) and δ2 =

√
Dµ,ν

n,m((t2 − y)2, x, y, p12, q12).

Proof. From Theorem 1.3, we have

|(Dµ,ν
n,mf)(x, y)− f(x, y)| ≤

[
1 + +δ−1

1

√
Dµ,ν

n,m((t1 − x)2)(x, y))

+ δ−1
2

√
Dµ,ν

n,m((t2 − y)2)(x, y)

+ δ−1
1 δ−1

2

√
Dµ,ν

n,m((t1 − x)2)(x, y))Dµ,ν
n,m((t2 − y)2)(x, y)

]
× ωtotal(f ; δ1, δ2).

On choosing δ =
√

Dµ,ν
n,m((t1 − x)2)(x, y) and δ2 =

√
Dµ,ν

n,m((t2 − y)2)(x, y), we
get the required result.

Now, we shall investigate degree of approximation for the operators Cn,m in
Lipschitz class. We consider the Lipschitz class LipM (γ1, γ2) in terms of two
variables as follows:

|f(t1, t2)− f(x, y)| ≤ M |t1 − x|γ1 |t2 − y|γ2 ,

where M > 0, 0 < γ1, γ2 ≤ 1 and for any (t1, t2), (x, y) ∈ J1 × J2.

Theorem 1.5. For f ∈ LipM (γ1, γ2), we have

|Dµ,ν
n,m(f ; qn, qm, pn, pm;x, y)− f(x, y)| ≤ Mδγ1/2n (x)δγ2/2m (y),

where δn(x) = Dµ,ν
n,m((t1 − x)2; qn, qm, pn, pm;x, y) and

δm(y) = Dµ,ν
n,m((t2 − y)2; qn, qm, pn, pm;x, y).
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Proof. Since f ∈ LipM (γ1, γ2), we can write

|Dµ,ν
n,m(f ; qn, qm, pn, pm;x, y)− f(x, y)|

≤ Dµ,ν
n,m(|f(t1, t2)− f(x, y)|; qn, qm, pn, pm;x, y)

≤ MDµ,ν
n,m(|t1 − x|γ1 |t2 − y|γ2 ; qn, qm, pn, pm;x, y)

= MDµ,ν
n,m(|t1 − x|γ1 ; qn, qm, pn, pm;x, y)× (|t2 − y|γ2 ; qn, qm, pn, pm;x, y).

Using Hölder inequality with α1 = 2
γ1
, β1 = 2

2−γ1
and α2 = 2

γ2
, β2 = 2

2−γ2
,

respectively, we get

|Dµ,ν
n,m(f ; qn, qm, pn, pm;x, y)−f(x, y)| ≤

{
Dµ,ν

n,m((t1−x)2; qn, qm, pn, pm;x, y)
} γ1

2

×
{
Dµ,ν

n,m(1; qn, qm, pn, pm;x, y)
} 2

2−γ1

×
{
Dµ,ν

n,m((t2−x2)
2; qn, qm, pn, pm;x, y)

} γ2
2

×
{
Dµ,ν

n,m(1; qn, qn, pn, pm;x, y)
} 2

2−γ2

= Mδγ1/2n (x)δγ2/2m (y),

which completes the proof of Theorem 1.5.

Here, we discuss degree of approximation in weighted space for the operators
defined by (??). We recall some basic notions from [?] as follows

Bρ([0,∞) × [0,∞)) is the space of all functions defined on R2
+ = [0,∞) ×

[0,∞) with the condition |f(x, y)| ≤ Mfρ(x, y), where Mf is a positive constant
depending on f and ρ(x, y) = 1 + x2 + y2 is a weight function. Cρ([0,∞) ×
[0,∞)) = {f : f is a continuous function in to Bρ([0,∞) × [0,∞))} equipped

with the norm ∥f∥ρ = sup(x,y)∈R2
+

|f(x,y)|
ρ(x,y) and Ck

ρ ([0,∞)× [0,∞)) = {f : f ∈ Cρ

and limx,y→∞
|f(x,y)|
ρ(x,y) < k}. For all f ∈ Ck

ρ , the weighted modulus of continuity
is defined as

ωρ(f ; δ1, δ2) = sup
(x,y)∈R2

+

sup
|h1|≤δ1,|h2|≤δ2

|f(x+ h1, y + h2)− f(x, y)|
ρ(x, y)ρ(h1, h2)

and

|f(t1, t2)− f(x, y)| ≤ 8(1 + x2 + y2)ωρ(f ; δn, δm)

×
(
1 +

|t1 − x|
δn

)(
1 +

|t2 − y|
δm

)
(1 + (t1 − x)2)(1 + (t2 − y)2).(16)

Theorem 1.6. If the operators Dµ,ν
n,m(.; .) defined by (??) satisfying the condi-

tions

lim
n,m→∞

∥Dµ,ν
n,m(e0,0; .)− e0,0|∥ = 0,

lim
n,m→∞

∥Dµ,ν
n,m(e1,0; .)− e1,0|∥ = 0,

lim
n,m→∞

∥Dµ,ν
n,m(e0,1; .)− e0,1|∥ = 0,



APPROXIMATION PROPERTIES OF (p, q) BIVARIATE ... 395

and

lim
n,m→∞

∥Dµ,ν
n,m(e2,0 + e0,2; .)− (e2,0 + e0,2)|∥ = 0.

Then

lim
n,m→∞

∥Dµ,ν
n,m(f ; .)− f |∥ = 0,

for each f ∈ Ck
ρ ([0,∞)× [0,∞)).

Proof. In view of Lemma 1.2, we completes the proof of Theorem 1.6.

Theorem 1.7. Let f ∈ Ck
ρ ([0,∞)× [0,∞)). Then,

sup
(x,y)∈R2

+

|Dµ,ν
n,m(f ;x, y, pn, pm, qn, qm)− f(x, y)|

(1 + x2 + y2)3
≤ Kωρ(f ; δn, δm)

holds for large values of n,m, where

δn = o

(
[n]p1,q1

[n− 1]p1,q1

)
and δm = o

(
[m]p2,q2

[m− 1]p2,q2

)
.

Proof. From (16) and the operators (??), we have

|Dµ,ν
n,m(f ;x, y, pn, pm, qn, qm)− f(x, y)|

≤ 8(1 + x2 + y2)ωρ(f ; δn, δm)

×
(
1 +

Dµ,ν
n,m(|t1 − x|;x, y, pn, pm, qn, qm)

δn

)
×
(
1 +

Dµ,ν
n,m(|t2 − y|;x, y, pn, pm, qn, qm)

δm

)
× (1 +Dµ,ν

n,m((t1 − x)2;x, y, pn, pm, qn, qm))

× (1 +Dµ,ν
n,m((t2 − y)2;x, y, pn, pm, qn, qm)).

Applying the Cauchy-Schwarz inequality, we get

|Dµ,ν
n,m(f ;x, y, pn, pm, qn, qm)− f(x, y)|

≤ 8(1 + x2 + y2)ωρ(f ; δn, δm)

[
1 +Dµ,ν

n,m((t1 − x)2;x, y, pn, pm, qn, qm))√
Dµ,ν

n,m((t1 − x)2;x, y, pn, pm, qn, qm))

δn

×

√
Dµ,ν

n,m((t1 − x)2;
x, y, pn, pm, qn, qm))Dµ,ν

n,m((t1 − x)4;x, y, pn, pm, qn, qm))

δn

]
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×

[
1 +Dµ,ν

n,m((t2 − y)2;x, y, pn, pm, qn, qm))(17)

+

√
Dµ,ν

n,m((t2 − y)2;x, y, pn, pm, qn, qm))

δm

×

√
Dµ,ν

n,m((t2 − y)2;x, y, pn, pm, qn, qm))Dµ,ν
n,m((t2 − y)4;

x, y, pn, pm, qn, qm))

δm

]
.

From Lemma 1.2, we have

Dµ,ν
n,m((t1 − x); qn, qm, pn, pm, x, y) ≤o

(
[n]p1,q1

[n− 1]p1,q1

)
x,

Dµ,ν
n,m((t2 − y)2; qn, qm, pn, pm, x, y) ≤o

(
[m]p2,q2

[m− 1]p2,q2

)
y,

Dµ,ν
n,m((t1 − x)2; qn, qm, pn, pm, x, y) ≤o

(
[n]p1,q1

[n− 1]p1,q1

)
(x2 + x),(18)

Dµ,ν
n,m((t2 − x)2; qn, qm, pn, pm, x, y) ≤o

(
[m]p2,q2

[m− 1]p2,q2

)
(y2 + y).

Combining (17) and all identities in (18), we obtain

|Dµ,ν
n,m(f ;x, y, pn, pm, qn, qm)− f(x, y)|

≤ 8(1 + x2 + y2)ωρ(f ; δn, δm)

[
1 + o

(
[n]p1,q1

[n− 1]p1,q1

)
x

+

√
o

(
[n]p1,q1

[n− 1]p1,q1

)
x

δn
×

√
o

(
[n]p1,q1

[n− 1]p1,q1

)
xo () (x2 + x)

δn

]

×

[
1 + o

(
[m]p2,q2

[m− 1]p2,q2

)
y +

√
o

(
[m]p2,q2

[m− 1]p2,q2

)
y

δm

×

√
o

(
[m]p2,q2

[m− 1]p2,q2

)
yo

(
[m]p2,q2

[m− 1]p2,q2

)
(y2 + y)

δn

]
.

Choosing δn = o(
[n]p1,q1

[n−1]p1,q1
) and δm = o(

[m]p2,q2
[m−1]p2,q2

), we find

|Dµ,ν
n,m(f ;x, y, pn, pm, qn, qm)− f(x, y)|
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≤ 8(1 + x2 + y2)ωρ(f ; δn, δm)

[
1 + δnx+

√
x

√
x(x2 + x)

δn

]

×

[
1 + δmy +

√
y

√
y(y2 + y)

δn

]
.

For sufficiently large values of n and m, we have

sup
(x,y)∈R2

+

|Dµ,ν
n,m(f ;x, y, pn, pm, qn, qm)− f(x, y)|

(1 + x2 + y2)3
≤ Kωρ(f ; δn, δm),

where K is a positive constant independent of n, m and δn < 1, δm < 1.
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