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Abstract. In the present research article, we construct a new sequence of bivariate
(p, q) hybrid type operators using (p, ¢)— beta functions via Dunkl analogue. In the sub-
section sequence, we investigate the rate of convergence and the order of approximation
for these sequences positive linear operators. Further, we study local approximation re-
sults in various class of functions. In the last section, we give the global approximation
results using weight function.
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1. Introduction

The operator theory is an active research area for the last one century. Bern-
stein was the first who gave the first positive linear operator named as Bernstein
operator to approximate the class of continuous functions over [a, b]. The motive
of Bernstein was to give the elegant proof of Weierstrass approximation theorem
using binomial distribution as follows.

(1) B.(f(z);x) = bn 1 (2) f (),

*. Corresponding author
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n
k
C([0,1]). To improve the rate of convergence of the operators defined by (1), the
g-analogues of Bernstein operators were independently given by Lupas [19] and
Phillips [21] using quantum calculus. The (p, ¢)-analogue of Bernstein operators
was given by Mursaleen et al. [29] which improves the Bezier curves and radius
of convergence of the complex disk due to p-parametres (see Mursaleen and
Khan [26]), Khan and Lobiyal [27]. Recently, a Dunkl type generalization [17]
of Szész operators [24] via post-quantum calculus was studied by Alotaibi et al.
[15]. For more details and research motivation in Dunkl type generalizations,
we mention here some research articles [4, 11, 8, 12, 20, 22, 23, 28, 29, 30, 31].

Let f € C|0, 1] denote the space of all continuous functions on [0, 1]. For all
fecipo,l, =20, 7> —% and n € N, the (p,q)-Dunkl analogue of Szdsz
operators [15] (see also [11]) is defined as follows:

where by, () = 2F(1 — 2)" % and f is a bounded function defined in

e k: k:(k: ) k4+2u0y, _ k+2u05
(2) Dh(hs.p.q) = Z et g (e )
eu,p,q([ nlp,qu) Vup.a(F) PP —q™)
where [n], 4 is the (p, ¢)-integer defined as:
Pt —q"
, (p#a#1),
pP—q
3) Il =p" " T T =1
’ 1 Y (p = 1)7
—q
n, (p=q=1),

(n—k)(n—k—1) k(k—1) n _ _
(au+bo)p, = p 2 ¢ 2 [ L ] a" Rk,
p,q

n—1
. H(pjx—qjy), ifneN,

(T —y)pg = §=0
1, if n = 0.

The (p, q)-power basis is explained as

(@ v)p, = (u+v)(pu+qu)(P*u+¢*v) ... (P" T+ ¢" ).
Furthermore, the (p, ¢)-analogues of the exponential function are defined by
k

(o ¢] o
k(k—1) u k(k 1) u
ePyQ(u) = E :p 2 [k’} 1’ E q
k=0

p,q- k=0 pvq'

k
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Moreover, the (p, g)-Dunkl analogue of the exponential function is defined by

Kk
(4) on p 2 ,
ppalt Z ’ﬂwq(@

k

TR ey
=

i k1 j . .
(5)  aa(k) = @) L oY () — (6)i?)
Hspsq -

(p—q)k ’
QM(—l)k+1+1(p2u0k+1+k+1 _ q2N9k+1+k+1)
6 Vupglk +1) = Yupg(k),
(6) wpa(k+1) =0 upa(k)
0, fork=2m, m=0,1,2,...,
(7) O =
1, fork=2m+1, m=0,1,2,....

For m =0,1,2,...n, the number [%] denotes the greatest integer function.

In this section, we construct a class of (p, ¢)-Bivariate of Szdsz-beta operators
of second kind generated by an exponential function via Dunkl generalization
1.1. This type of the construction of operators are a generalized version of the
operators studied in [25].

Definition 1.1. Let f € C([0,1]) = {f(¢t) : f(t) = O(tP), t — o0, f €
C[0,00)} such as x € [0,00), p>n,m andn,m € N. Then for all0 < g <p =
1, pu>-— , v > —% and 0y, , 0, defined by (7), we define

Let I} x Iy = [0, Dy % [0, Dy,] and (x,y) € Iy X Iy. Then, for a function f €
C(I1 xIs), the (p, q)-Bivariate of Szdsz-beta operators of second kind generated by
an exponential function via Dunkl generalization 1.1, Dy (f;2,y,p1.2,q1,2) =
Dhm(f; 2,9, 01,02, q1,92) are defined as follows:

D“’V m(fix,y,p12,q1,2)

f1+2/1,0g1
il v,lo
(8) - Z Z P ,pl,th z)Qr, 71027!]2 / / f1+2u9@1+n+1
=04¢2=0 1 @pltl P1,q1
t@z+21/922
2
X l2+200p,+m+1 f(t1, t2)dp1¢11t17 dpz,qzt%
(1 ® p2t2)ps.g
where
1 ([n] x)él £9(1-1) 1
w,l _ pP1,91 2
73 7p117QI( ) -

€N7P1,q1([n]p1,q1m) Vp,p1,q1 (41) ! By, (61 + 2ub,, + 1, n)7
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1 ([Mppgey)® 203=0 1

otz () = :
bz ev.paa2 ([(Mp2,02T) Vopa,ga (b2) 2 Bpy g0 (2 + 200, +1,m)

and By, g, (01 + 210, +1,1), By, g, (b2 + 200, + 1,m) are the Beta functions of
second kind in post quantum calculus and is defined by

B [ele} ta—l

9 -/ 4 N

©) paln8) = [ ot @ BN

(10) By qla, B) = %Bpﬂ(a ~1,8+1), a, B N
p [ﬁ}p,q

Moreover, to obtain the basic estimates here we use the following relations:

(11) [0+ 14 276;)p.q = qll + 270]p 4 + p€+270€,
(12) [0+ 24270 p.q = 1+ 2700)p.q + (p + ¢)p* 270

For more related results on (p, ¢)-analogues, we prefer [1, 2, 3, 16, 18, 5, 10, 7, 6].
We have the following inequalities.

Lemma 1.1. Let f(t) = 1,t,t2. Then, the operators Di(-; -) refer to (2) satisfy
D (1;2,p,q) = 1 and the following inequalities hold:
(13)

[n]p, 1 _
[n _Ii]qp,qx " [n — 1]1»74’ for f(t) =1

[n]z%,q 2
[n —1pqln —2lpq

[n]pq
[ —1]pqgln —2pq

Dh o, q(fiz) =

+ (L+[2pg +[1+27]pq) 2

2], _
o Wl 2y for f(8) =
and
q[nlp, 1 _
ST e for f(t) =
g’ {"]Z,q 22

[n - 1]p7q[” - 2}10,(1

, q[n]p,

Dhpalli)2 3 g g (17

€r.p,q (ﬂ[n]p,qx)
+PTTL = 27],, b >a:
erpq([Mlpq)

2 o
T Tpaln — 2y for £ () = 2




386

SHUZAAT ALI KHAN, NADEEM RAO anp TAQSEER KHAN

Lemma 1.2. Let e;; = f(ti1,t2) = tit%,O < 4,7 < 2. Then, the operators
-) refer to (2?) satisfy Dpm(e0,0;,y,p12,q12) = 1 and the following

Do (-5
mequalities hold:

and

[n]p q 1
Dh(e105%,y,p12,q12) = Ly ;
[n - 1]P1,Q1 [n - 1]P1,Q1
[m]p q 1
Dh(eo1; .y, P12, q12) = iy + ,
[ - 1]p17q1 [n 1]1)1#11
Dl (€2,0;7,9,p1,2,q1,2)
2
[n]plm 2 [”]pwh
[n - 1]p17Q1 [n - 2]]?17111 [n - 1]]?17(11 [n - 2]]?1#11

(1+ [2]p1,q1 +[1+ 2N]p17q1) T+

[2]1717(11
[n - 1];01,(11 [n - 2]171#11

)

D“’ (€02 7,1, p12,q1,2)

- [m - 1]?2@2 [m - 2]1’2,(12

12)2 q2 2 [m} D2,92
) + )

Yy
[m - 1]?2@2 [m - 2]1’2,(12

[m]

2
(1+ [2]102,(12 +[1+ 21/]1,27(12) Y+ [ ]p2,f12

Dh(e10;7,y,p12,q12) 2 n

[m — 1]p2412 [n — 2]1”2#12

Wl 1

1]1)17611 [n — l]pmn ’
q2 [m]m q2 1
Dh(eo1;w,y,p12,q1,2) 2 ==y + ;
[m — 1]p27q2 [m — 1]p2,q2
Dhm(e2,057,9,p1,2,q1,2)
Z ql[ ]Pl#h mz + [2]1717111
[n - 1];017!11[ 2]?1%11 [n - 1]p1¢11 [TL - 2];01,111
+ q1 [n]phql

242
q1+ [Q]PMH +q M[l - 2:“’]1’1#11

[n - 1];017111 [n - 2]1017(11

qr
€up1,q1 <p1 [n]pl »q1 {E)
x?

€u,p1,q1 ( [n]pl a1 ™)

Dhm(eo2;7,9,p1,2,q1,2)

1\

_l’_

<q2 + [2]172,112 + q2+21,[1 - 2V]p2,q2

q2[ ]p2 q2 2 [2]1927112
Y-+
[m - 1]1727112 [m 2]1027(]2 [m - 1]1727112 [m - 2]102#12
q2 [m]p27QQ

[m - 1];02,(12 [m - 2];027!]2

€v,p2,q2 (;?TZ [m]p2,q2 y) >
Y.

€v,p2,q2 ([m]m,qz Y)
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Proof. To prove the results of this Lemma, we use (9)—(12). Take f(¢1,t2) = 1.
Then,

Dl (€0,0;7,Y,P1,2,G1,2)

€1+2M941
- z > Pt @00 [ [
=0£3=0 I@pit)pra |
tg2+2ugg2
X d t1d to
lo+20v0, +m+1 P1,91 P2,q2

(1 ©pata)pmg 2
_\ 1 ([Plpr®) 40 By, g, (61 + 200, +1,1m)

01—0 Crp1@1 (M1 ®) Yprar (1) " By, g (€1 + 2u0y, +1,m)

o0
% 1 ([771]172412?J)£22042([2 Y Bpy,go (b2 + 200, +1,m) _

— €v,pasaz ([Mp2,62 ) Vvip2,a2 (£2) By, g5 (b2 + 200, +1,m)

D (e1,0;7,9,p1,2,q1,2)

€1+2,u0@1+1
/’1‘711 VZQ
B Z Z P ,le x)Qy; 7p27qz / / 51+2u9£1+n+1
=0£2=0 (1@ piti)pra
t£2+2l/0£2
2

X

12 +21/9@2 +m+1 dpl 541 tl dp2 42 t2
(1@ pat2)pa,go

= Bpl#}l (El + 2:“*941 +2,n — 1) G BPQaQQ (62 + 2”‘952 +1, m)
BPLQI (El + 2N0€1 +1, n) (=0 szﬂz (52 + 2V9€2 +1, m)

¢1=0

q 1 1

= [01 4+ 206y, ] q+t——"7"7—
[ —1]p.q ZZ; 1420100, +1 PP pyn — Upr.ar

1 q1[nlp1 g Py
_ 2 _ 201—1
b1 [n 1]1)17(11 pT [n 1]171#11 01=0 P " (p? - Q?)
) ( 201 +142ub2¢, 41 q2€1+1+2u92e1+1>

q1[nlp1 a1 Py — 4
+ 90 Z 20
Py H[n - 1]p1411 £1=0 '

00 < 2£1+2u9251 q2€1+2,u,92(1
—q, )

py(P7 —at)

Clearly, we have

Dhr (€103, Y, P12, q12)

1 [e’s) €1+2,u9@1 21+2,u,€£1
> + q1 [n]plyth (pl -4 >
T 1pa = 1pa 41—0 P (0f — af)

1 q[n ]pl a1
= = C t

[n — 1]p17q1 " [n — 1]p1,q1 7p17q1( 57)

1 q1 [n]pwh

= +
[n — 1]p1,q1 [n — 1]p1,q1
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and 1 .
n
Dhm(t2,y,p2,q12) S + P1L,Q1
n=1pra [P = 1pra

D“’ (€015, Y, P1,2,q1,2)

€1+2M021
w1 v,lo
- Z Z P ,p17q1 Q 7172#12 / / 41_,_2#9@1_,_”_,_1
£1=0¢5=0 ]‘@pltl P1,91
téz+2u91;2+1
X

Gy 4200, +m+1 dpl a1 tldm,tn t2
(1 S p2t2)p2412

S szﬂh (22 + 2V9€2 +2,m— 1) - BPI:QI (fl + 2#941 +1, n)
BPQ,Ql (ZQ + 2’/942 +1, m) Bplﬂl (Zl + 2:“9@1 +1, n)

lo=0 1=0

qz 1 1
1}1’27612 EZ_O p§2+2u04 + b p2 [m - 1]p27Q2

V%) 2
P3N (ol — )

00 2£2+1+2V9252+1 2(2-{-1-&-21/92[24,1
n q2[m]ps g0 Z <p2 — 4 )
24-2v

25 [m - 1]1027‘]2 03=0

1 a2[m]p; g0
p2lm —1psg  D3[m —1py g, £5=0

00 < 2£2+21/9252 q2€2+2u92g2 )

20
P52 (py — q3")

Clearly, we have

Dhy (€015, Y, P12, G1.2)

1 o €2+2V942 €2+2l/922
> + q2 [m]pQ,QQ (pQ — Y9 >
T m—1lpyg M= 1pyg, 19— p§2 l(pgn —q5)
1 ga[m ]pQ 92
= + = Cm payg2 (12; Y
[m — 1]1?27112 [m — 1]1?27(12 map22 )
_ 1 + a2 [m]pzm
[m - 1]102412 [m - 1]p27Q2
and ) -
m
DH’ (tQa x,Y, pl 2, ql 2) é P29
[m — 1]p2,q2 [m — 1]p2,q2
Similarly for esg = f(t) = t3, we have
Dl (€205 7,9,p1,2,G1,2)
o) tél+2u9[l+2
- Z H77IlJ11,q1 / 0 +2u0,, +n+1 dpl,thtl
£1=0 0 (1 @pltl)pl,m !
_ - Bthl (El + 2:““951 +3,n — 2) - BPZ,QQ (£2 + 2V952 +1, m)
0,=0 Bpl,th (61 + 2/1’0[1 +1, TL) (5=0 sz,qz (£2 + 2’/0@2 +1, m)
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[e.9]

BPLQl (el + 2#9@1 +3,n — 2)
Bp17q1 (gl +2pbe, +1,n)

41=0

1 1
- [n=1pra[n = 2pra Z p3+2£1+4M9F +1 142100, + Uy an (142008, + 2y g
: A0 =0 Py

2 00 (142000, qfl +2p0¢, | 2
-q )

3
_ a7 [n]plm Z 1 <p1
(7 = 1py.g [0 = 2]py.an (=0 p?+4u0e1 :[étl_l(lfll —aqy)

0142168, 01+2p16,
q1(p1 + 2q1) [nlp, g Z 1 <p - 1>
4+

7 4
00\ (o — )

b

+
[n 1]?1 Ch[ 2]]01#11 £1=0 pl

(p1+aq1)
Pnp-1,
p‘?[n - 1];017!11[ 2]1017!11 Z " q1

Now, by separating it into even and odd terms and applying 6y, from (7), i.e.,
taking /1 = 2r and {1 = 2r + 1 for all r =0,1,2, ..., we have

3112 00 L1420, 014200, \ 2
n —
Dl (tea0; 2,y p12,q12) 2 1%[ b 2 (p -1 n(h n )
[n — ]pl»(h [n — ]p1,q1 01=0 Y2 (pl —q )

q(q1 + [2]17141)["]171«11 V4

00 < €1+2p,9g1 q31+2u951
- q >

+

[n - 1]191,(11 [n - 2]1717(11 (=0 pil 1(]7? - qln)
+ [2]101#11

[n - 1]171 q1 [n - 2]171,(12

(h[ ]pl a1 2 (g + [2]191 q1)[ ]Pl @

- : C ) ) (t ; )+ : : C B 3 (t17 )

[n — 1]p17q1 [n — 2]1717611 P [n— 1]p1411 [n — 2]131 @ e
e o

[n — 1]1)17111 [n — 2]191#11
Similarly,

Dhm(€2,0;7,y,p1.2,q1,2) = "l C (13 x)
9 9 = n,pi, 9
[ - 1]1’1#]1 [n - 2]?14]1 pra
1+12 2
i (1 + [2lp1.g) [Mpran Cruprar (t17) + 2lp1.a1 '
[n - 1]?1411 [n - 2]:01,111 [TL - 1]P1¢]1 [n - 2]P17¢I1
Similarly, for ego = f(t) = t3, we have
o0 00 t62+21/9[2+2

, v,l

Dy (eo2i 4,y P12, q12) = Y Q2. . (y) / R e N
£y=0 0 (1 S p2t2)p2,q2

o0

Bp%qz (52 +2v6, + 3,m — 2)
BPQ,% <€2 + 2V9f2 +1, m)

£2=0
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o= Bpy.go (b2 + 200, + 3,m — 2)
Bp2,q2 (62 + 2’/052 +1, m)
1 > 1

N [m = 1]psg:[M—2]ps g Z p3+2£2+4u9e2+1 [l242000, + 1]ps 2
) ) 62:0 P

[62 + 2’/052 + 2]]’2#]2

l2=0

£2+2V9g2 q52+21/952

q;[ml; — 1 -
_ 117" pa,g2 Z <p2 2 >
[m - 1]p2,q2 {m 2]:02,CI2 13—0 p2+41j9[2 pg271(p72ﬂ - qgn)

q2(p2 + 2q2)[M]py g0
+ Z 4+2V9[2

f2+21/9g2 f2+2119@2
2 )

[m 1]102 q2 [m — 2] pz,qz p’érl(pé” - q%”)
(p2 + q2)
+ Prp—2.q0(Y)
p% [m - 1];027!12 [m - 2]102412 222_:0 P

Now, by separating it into even and odd terms and applying 6y, from (7), i.e.,
taking fo = 2r and fo =2r + 1 for all r =0,1,2,..., we have

3 (o]
[m — 1]p2¢12 [m — 2]p2,q2 = p22 (pE” _ q§”)

[e's) < EQ +21/9£2 qég +21/9@2
2 )

2 £2+2V952 €2+2I/942 2
ds )

92(92 + [2]ps,02) [M]ps,00

+
[m — 1]21#12 [m - 2]])2#2 (=0 p§2 1(]731 - CIE")
+ [2]]?2,‘12
[m — 1]172 a2 [m — 2]p2,q2
q2[ ]pQ q2 2
- ’ C P2, (t 7$)y)
[m - 1]102,(12[ 2];027!12 TP

q2(q2 + [2]ps.42) [M]ps.g0 c, (t2;y)
m,pa,q2 (123

+
[m = 1py,q0[M = 2] 00
o Pl
[m - 1]?2,!12 [m - 2][’24]2
Similarly,
[ml;

Dh(e02;,y,p1.2,q12) = e C t2:y
( ) [ — 1]p27q2 [m _ 2]p2’q2 m,pz,qz( 2 9)
142 m 2

n ( [2]ps,42) [ ps g2 Conponas (t2:9) + [2]p2.g2 '

[m — 1]1)2,(12 [m — 2]p2,q2

[m — 1]1327(12 [m — 2]1)2,92

This completes the proof of Lemma 1.2.
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Lemma 1.3. Let U, j = (t1 —x)'(ta — )’ fori,j = 1,2, then we have following
inequalities:
L Dy (Yi0;2,9,p12,q12) = (
for n>1, neN
1
2. Dh (Yo7, 9,p12,41,2) §< p2’q2 —1>y+[,
m—
1

Ups.q
for n>1, meN

2
3. DI (Vs ,, P12, q12) p1,q1 _ [Mp1.a1 + 1) 72
p1 (J1 2]}01,(11 [TL - 1]p1,tI1
1 []p,,
+ [n _ 1]p . ([n ]321]51(1 ( + [2]171,111 [1 + 2N]p1,q1) 2)$
1,41 1,491
+ [2]171,(11 ’ for n> 2’ ne N.
[n - 1]P1¢11 [n - 2]1)1741
[m]; 2[m]
4. puu (‘IIOQ,IE Y, P1.2; 1, 2) § < P2,92 _ P2,92 +1 y2
[m — 1]172,@ [m — 2]1)27(12 [m — 1]p2,qz
1 (1] pg g
b (B (14 Rl + [0+ 2) 2
2
n [2]ps.q o m>2 meN.

[m — 1]p2,q2 [m — 2]1?2412

Definition 1.2. Let X, Y C R be any two given intervals and the set B(X X
Y)={f: XxY — R|f is bounded on X xY'}. For f € B(X xY), let the func-
tion wiotal(f;+, %) 1 [0,00) X [0,00) = R, defined for any (41, d2) € [0,00) x [0, c0)
by Wtotal(f; o1, 52) = Sup|zfx’|§§1,|y7y’|§§2{|f(337 y) - f(xla y/)’ : (ZE, y)v (wla y/) €
[0,00) x [0,00)}, is called the first order modulus of smoothness of the function
f or the total modulus of continuity of the function f.

In order to get the rate of convergence and degree of approximation for the
operators Dh'p,, we consider p; = pn, p2 = pm and ¢1 = ¢n, g2 = ¢y such that
0<qn<pp<1landO0< gy <pm <1 satisfying

09 i B g bl fim ol d
and
(15) lim p, — 1, lim p, — 1, lim ¢, — 1, lim ¢, — 1,

where 0 < a,b < ¢,d < 1. Here, we recall the following result due to Volkov [14]:

Theorem 1.1. Let I and J be compact intervals of the real line. Let Ly, ., :
C(IxJ)—CxJ),(n,m)e€NxN be linear positive operators. If

lim Lpm(eij) = exy,(4,7) € {(0,0),(1,0),(0,1)}

n,Mm—00
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and

lim Ly m(e20 +e02) = ez + eo2,
n,m—00

uniformly on I x J, then the sequence (Lypm f) converges to f uniformly on I x J
forany fe C(I x J).

Theorem 1.2. Let e;(t1,t2) = t’ité (0<i+j<2,i,5 €N) be the test functions
defined on Jy x Jo and (pn), (qn), (Pm), (¢m) be the sequences defined by (14) and
(15). If

lim (,DZ%@eij)(tlﬂtz) = eij(tlth)v (%]) € {(070)7 (170)7 (07 1)}

n,Mm—00

and

lim (DL, (e20 + eo2)(t1, t2) = e2o(t1, t2) + eo2(t1, t2),

n,Mm—00

uniformly on J1 X Ja, then

lim (Dhy f)(t,t2) = f(t1,t2),

n,m—00
uniformly for any f € C(J; x Ja).

Proof. Using Lemma 1.2, it is obvious for i = j =0

lim ('DZ:Z@(BOQ)(h, tg) = 600(t1, tg).

n,Mm—00

For ¢ =1 and j = 0, we have

lim ('Dﬁ:;’nelo)(tl,tﬂ == tb
n,m—00

lim (D7 e1)(t t2) = enolts,ta),
n,m—00

For + =0 and j = 1, we have

lim (IDZ:ZzeOI)(th tQ) = tQ,
n,M—00
lim (IDZ:ZzeOI)(tlv t2) = €n1 (tl, tg),
n,M—00
and
—1
. . p? bn qi[n — 1]171 q .2
| DH-r ti,t = 1 :
"’WILIEOO( n7m(€20 +eo)(tn t2) ”’"}brgoo { ["]p1.01 v []p1.01 !
—1
4 p;n b + q2 [m - 1][’2#12 yz
[m]p2.q2 (1] 2.2
lim (Dyyy,(e20 + eo2)(z,y) = ean(w,y) + eo2(z,y).
n,m—00

From Theorem 1.1, the proof of theorem 1.2 is completed. O



APPROXIMATION PROPERTIES OF (p,q) BIVARIATE ... 393

Theorem 1.3 ([13]). Let L : C(]0,00) x [0,00)) — B([0,00) x [0,00)) be a
linear positive operator. For any f € C(X xY), any (xz,y) € X XY and any
01,02 > 0, the following inequality

(L)) — f@.y)]| < |Leoo(.y) — 1| f(z.y)| + [Leoo(z.v)
67" Leno(a.y)(L(- — 2)*(x,y)
+ 651/ Leo (@, y) (L — 9))2(z,v)

+ 51_152_1\/@60,0)2(% Y)(L(- = ) (2, y) (L(x — y))*(z,y)
X wtotal(f; 517 52)a

holds.

Theorem 1.4. Let f € C(J; x J2) and (x,y) € J1 X Jo. Then, for (n,m) € N
and for any 1,92 > 0, we have

‘(Cn,mf)(xvy) - f(a;, y)| S 4wtotal(f; 61752)7

where 01 = /D ((t1 — )2, 2, y, P12, 12) and 62 = /D ((t2 — y)2, 7, y, P12, q12)-

Proof. From Theorem 1.3, we have

(Dl ) y) = F )] < [1+ 467 Dl — )2z, 9))
+ 65 \/D ((t2 — v)?)(x,y)
+ 0 ta ! mzm((tl = )2) (@, y)Dhia(t2 = )?)(@.9)]| X Wrota(/361,62).

On choosing § = /Dhm((t1 — 2)2)(z,y) and 52 = /D ((t2 — v)2) (=, y), we
get the required result. O

Now, we shall investigate degree of approximation for the operators Cy, ,, in
Lipschitz class. We consider the Lipschitz class Lipys(7y1,72) in terms of two
variables as follows:

|f(t1,t2) = fz,y)| < Mty — [ |t2 — y|7,
where M >0, 0 < 1,72 <1 and for any (t1,t2), (x,y) € J1 X Ja.

Theorem 1.5. For f € Lipy(y1,72), we have
[ Diei(f5 G Qs P i 7,9) = f, )| < M6 ()83 (y),
where 8,(x) = Diym((t1 — )} qn, G, Py P T, y) and

Sm(y) = D ((ta — Y)%5 dns Gos P P T, Y).-
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Proof. Since f € Lipps(71,72), we can write

|Di (F5 Gns s Py s ,y) — f(,9)]

< D“” m([f(t1,t2) = f(2,y)]; ans Gms Prs P @, Y)

<MDy (It — =" [t — Y175 G, Gms Py P T, Y)

= MDDy (It — 2™ qns G Py Pms 5 9) X ([t2 = Y1725 @ns G Prs P 2, 9)-

Using Hélder inequality with a1 = %, b1 = ﬁ and ag = %, By = g
respectively, we get

2 1
tl_w) y4ns Qms Py Pmiy O, y)} 2

2

m((
x {D’”( S Qns Qs Py P T, Y) } 200
x { Dl ((t2— )% Qo G Prs P 0 9) } 2
x {Dpv (1,qn,qn,pn,pm;w,y)}2*2”2
= M8} (2)672/% (),
which completes the proof of Theorem 1.5. O

Here, we discuss degree of approximation in weighted space for the operators
defined by (??). We recall some basic notions from [?] as follows

B,([0,00) x [0,00)) is the space of all functions defined on R% = [0,00) x
[0, 00) with the condition |f(x,y)| < M¢p(x,y), where My is a positive constant
depending on f and p(z,y) = 1+ 2% 4+ y? is a weight function. C,([0,00) x
[0,00)) = {f : f is a continuous function in to B,([0,00) x [0,00))} equipped
with the norm || f||, = sup,, y)eR? Hew)l 4ng Ck([O 00) x [0,00)) ={f:feC,

plzy)
and limg 00 ‘f; éiz IS k}. For all f € C%, the weighted modulus of continuity
is defined as
Wp(f;51752) = sup sup |f($+hlvy+h2)_f(1:ay)|
(z,y)ERZ |h1|<81,|h2|<2 p(@,y)p(h1, he)
and
|f(t1,2) — f (2, 9)] < 8(1+ 2% + y*)w,(f; 0n, Om)
t —
(16) <1+ i 5 ””') (1+ | ’ y') (1+ (t1 — 2)?)(1+ (82— 9)?).
Theorem 1.6. If the operators Dy (.; ) defined by (?7?) satisfying the condi-
tions
4 MV . _ .
ol (|7 (eo05 ) — eoolll =0,
4 MV . _ —
n,rlrlLIEoo HDn,m(eLm ) 6170‘ H =0,
lim ||Dh (eo,15-) — eonlll =0,

n,m—00
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and
lim [|Dhy (e2,0 + €0,2;-) — (e2,0 + eo2)||| = 0.
n,m—00
Then
lim [Py (f5.) — fIll =0,
,M—00

for each f € C’/j([O,oo) x [0,00)).

Proof. In view of Lemma 1.2, we completes the proof of Theorem 1.6.

Theorem 1.7. Let f € C’;,C([O,oo) x [0,00)). Then,

’D#:TVn(f; T, Y, PnyPmy dn, Qm) - f(x,y)\
sup

< Kw (f7 6n75m
o (L + 22+ ) ’ )

holds for large values of n, m, where

671, —0 < [n]PhQI ) and 5m —0 < [m]anQQ ) )
[n - 1];01,(11 [m - 1];02:(12
Proof. From (16) and the operators (??), we have

’D’r/i:?l;’b(f7m7 yvpﬂnpmv q’n7 q’n‘L) - f(may)’
< 8(1+2* + y*)w,(f: 0ns )
« (14 Dty — 52,9, P, P Gns Gm)
On
Diim([t2 — vl 2, Y, Py Pms G, @)

% 1 + 5 sy Y 9 ) 9

( i )
)

x (1+ Dhy ((tr — )52, Yy Py Prs s @)
x (14D ((t2 = )% 2, Y, Prs Py G Gim)-

Applying the Cauchy-Schwarz inequality, we get
Db (52,9, P Pins Gy @) — f(,9)|

< 8(1+ 2 4+ y*)wy(f3 6, Om)

VDR (t — )22, Y, Py Pms Qs Gim))
on

Dhim((t1 — )%
T, Y, Prs Py G @) ) D (81 — )% 2, Y, Dy Py Gy Gim) )

X 5

1+ D ((t = )%, Y, Prs P Gns Gm)

395
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(17) I+ Dg;:n((tQ - y)2§ T, Y, P> Pms Gns Gm))

N VD ((t2 — 4)%52, Y, Do, P Gns Gm))
Om
\/Dﬁ%((tz — )52, Y, Py Py Gns @) ) D ((t2 — y) 4
x??/’pnapﬂhqnvqm))]

X

Om

From Lemma 1.2, we have

Dﬁ:%((tl _ﬂf)QQnanaPum,x,y) p1,q1 > z,
p1741

Dl ((t2 = ¥)*; Gns Gms Prs Py T, 1) ( pm ) ”

p2:f12

(18)  DEL((tr — )2 dus Gons Pos P 22 ) ph“ ) 2+ ),

p1741

Dﬁ:;/n((tz_x)2;Qn7Qm7pn,pm7$ay) P27QQ > y +y

pza(h

Combining (17) and all identities in (18), we obtain

‘D (f z,Y, p?’wpmaq”,v%ﬂ) - f(l‘,y)!

o)

N \/0([71[”]1?11];1,@) \/ ( pl’;iql)xo() (22 + )

< 8(1+ 2% + y*)wp(f; 60 Iim)

on
\/ p27QQ >y
1+o< [ pz,qz p27q2
[m — pz,qz
0< [m]pz,qz >y0< [m]pz,qz >(y2+y)
" [m — 1]p2,qz [m — 1]:02412

On

Choosing §,, = o([n[i’]%) and 0, = o(m), we find

P1,91 [m_l}P2,q2

Db (f5 2,9, Prs P Gy Gm) — f(2,9)]
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< 8(1+ 2% + yH)w,o(f; 0, 6m)

VY +y)

On

/ 2
1+%x+¢x:m§+x)

For sufficiently large values of n and m, we have

D/J'ay . _
sup | n,m(fvxa%pmp;naQnéq?) f($ay)| < Kwp(f§5na5m),
(z.0)eR?, (1422 +y?)

where K is a positive constant independent of n, m and 9, < 1, d,,, < 1.
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