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1. Introduction

The purpose of this paper is to provide an illustration of an interesting and
nontrivial interaction between analytic and geometric properties of a group. We
provide approximation property of operator algebras associated with discrete
groups. There are various notions of finite dimensional approximation prop-
erties for C*— algebras and more generally operator algebras. Some of these
(approximation properties) notations will be defined in this paper, the reader
is referred to [2], [3], [4], [7], [10], [11], [12], [13], and [15] for these beautiful
concepts: Haagerup discovery that the reduced C*— algebra IF,, has the metric
approximation property, Higson and Kasparov’s resolution of the Baum-connes
conjecture for the Haagerup groups. We study analytic techniques from opera-
tor theory that encapsulate geometric properties of a group. The approximation
properties of group C*— algebra are everywhere; it is powerful, important, back-
bone of countless breakthroughs.

Roe considered the discrete group of the reduced group C*— algebra of
C}(G) is the fixed point algebra {Adp(t) : t € G} acting on the uniform Roe
algebra C(G) [14]. A discrete group G has natural coarse structure which
allows us to define the the uniform Roe algebra, C(G) [14]. We say that the
uniform Roe algebra, C(G), is the C*— algebra completion of the algebra of
bounded operators on £2(X) which have finite propagation. The reduced C*—
algebra C(G) is naturally contained in C}(G) [14]. According to [Roe] [14], G
has the invariant approximation property (IAP) if

CX(G) = CH(G)“.
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2. Preliminaries

In this section we shall establish the basic definitions and notations for the
category of coarse metric spaces. Coarse geometry is the study of the large
scale properties of spaces. The notion of large scale is quantified by means of a
coarse structure.

Example 2.1 ([14]). Let G be a finitely generated group. Then the bounded
coarse structure associated to any word metric on G is generated by the diagonals

Ay ={(h,hg) : h € G}.

We next recall some basic fact about uniform Roe algebra and metric prop-
erty of a discrete group. Next we recall the following definitions; Let X be a
discrete metric space.

Definition 2.2 ([14]). We say that discrete metric space X has bounded geom-
etry if for all R there exists N in N such that for all x € X , |Bgr(z)| < N,
where B(z,r) = {z € X : d(y,z) <r}.

Definition 2.3 ([14]). A kernel ¢ : X x X — C:
e is bounded if there, exists M > 0such that |¢(s,t)| < M for all s,t € X

e has finite propagation if there exists R > 0 such that ¢(s,t) = 0 if
d(s,t) > R.

Let B(X) be a set of bounded finite propagation kernels on X x X. Each
such ¢ defines a bounded operator on £2(X) via the usual formula for matrix
multiplication

¢ C(s) =) _d(s,1)¢(r) for ¢ € 2(X).

reG

We shall denote the finite propagation kernels on X by A% (X).

Definition 2.4 ([14]). The uniform Roe algebra of a metric space X is the
closure of A®°(X) in the algebra B(¢2(X)) of bounded operators on X.

If a discrete group G is equipped with its bounded coarse structure intro-
duced in Example 2.1, then one can associate with its uniform Roe algebra
C}(G) by repeating the above. A discrete group G has a natural coarse struc-
ture which allows us to define the uniform Roe algebra C}(G). A group G can
be equipped with either the left or right-invariant of the metric. A choice of one
of the determines whether C§(G) or C}(G) is a sublagebra of the uniform Roe
algebra C7(G) of G.

Hence, any element of C[G] will give the finite propagation and this assign-
ment extends to an inclusion

CA(G) = Cyu(G).
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Next, if the metric on G is left-invariant then
C’;(G) C CH Q).
Let dq be the left-invariant metric on G

di(z,y) = di(gz,g9y) Vg € G.

Now, we choose a right invariant metric for G so that C}(G) — C;:(G). The
right regular representation p gives the adjoint action on C}(G) defined by

Adp(9)T = p(g)Tp(9)* = p(9)Tp(g) ",

forall t € G, T € C;(G). Our remarks above show that the elements of C}(G)
are invariant with respect to this action and so C}(G) is contained in invariant
subalgebra C7(G)C.

Lemma 2.5. IfT € C}(G) has kernel A(x,y), then Adp(t)T has kernel A(xt,yt)
Proof. We have that:
(Adp(t)TC)(s) = p)(Tp(t)"C)(s)
= Tp(t)"C(st)
= D A(st,z)(p(t) " O)(x)

zeG

= ) A(st,x)((at™h).

zeG

Now, A(st,z) is non-zero whenever x,y,t € G such that y = xt~!,
so x = yt and we have

(Adp(t)TC)(s) = Y Alst, yt)((y)

zeG
Thus, Adp(t)T has kernel A(st,yt). O

In general, if T € C;;(X), then V z,y € G-

(Ad(p(t))Ts, 5y> = <p(t)Tp(t_1)(5m, 6y>
= (Tp(t™")8u, p(t™1)dy)
— <T6xt, 5yt> .
So, the operator T is Adp— invariant if and only if
Va,ye XVt e G (Toy,by) = (Tz,0y) .
We now define the invariant approximation: property (IAP).

Definition 2.6 ([14]). We say that G has the invariant approzimation prop-
erty(IAP) if
CA(G) = CH(@)°.
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3. The TAP passes to extensions with a finite quotient

In this section, we show that the invariant approximation property passes to
extensions. For details of extensions see [15] . Consider two groups H and N,
and let G be an extension of H by N where N = G/H. Let

1 HSG ™ G/H 1

be an exact sequence.

Let G be the set G = H x N and i : H — G be given by i(a) = (a,e)
(for any a € H), with 7 : G — N given by 7(a,vy) = v (for any (a,v) € G).
We choose a set-theoretic cross-section ¢ : N — G, 1 —— 1 of ¢ such that
moo = Idg . We define

fiNxXN—G

by
f(nl,ng) :J(nl)J(TLQ)U(nan)_l, an, Nno € N.

Let p(7) be the conjugation by o(v) in H:

p(7)(h) = a(V)ho ().

For a € N,

Ad(a) : N — N and v — aya™ b

Then, the function f and p are related as follows [5]:

(3.1) p(B)p(y) = Ad(f(B,7))p(B7),

and

(3.2) v, v2) fF(nves v3) = p(n) f (2, v3) f (1, 7273)-
Since

Ad(f(B,7))p(BY) = f(B,1)F(B,7) " p(B7) = p(B)p(7)

and

fr ) fnre,vs) = aln)o(e)o(nre) to(nrz)o(vs)o(viveys)
= o(m)o(v2)o(y3)o(y17273)
= o(m)lo(m) to(n)o(re)o(vs)o(r1vevs) !

) ro(n)o(v2ys)o (71y273) T
Y2)o(y3)o(3) o (r2) o (n)o(v2vs)o(11y2ys) T
72)0(13)0 (7273) "o (1) (v2y3)o (1172ys) !

Y2, 7v3) f (71, 7273)

[
S

I
)
-2
=
Q
—~ o~~~
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The set group law is given by (h1,71)(h2,72) = (h1p(71)(h2) f(71,72): 7172). Let
G be a group. Now, we choose a set-theoretic section in

1 HSG ™ G/H 1

is the same as to choose coset representatives in G/H: ry,--- ,r,. G/H is a
group, but it is not true in general that

riri € R = {set of coset representatives}

since r;r; is product in G, there is a new product on R (which is a product on
G/H). Let r1xr9 € G such that 71 xre = 1 «~ the choosen coset representatives
of [ri72]. And, also

(Hr1)(Hry) = Hriyro = H (7‘17“2 (rq * 7“2)71) (r1%m2),

and (ri7ma(ry *72)~1) € H. So, r * 72 is the product in G/H. To choose coset
representatives, we have a set-theoretic identification:

G = H x G/H (This is called Jolissaint product).
We assume that there is a bijective
¢:G— HxG/H,

g = hgrg — (hg,7g).

Where ¢ is a group isomorphism if H x G/H is equipped with the Jolissaint
product. Coset representation, Vg € G, 3 hy € H, ry € G/H such that g = hgry
and Vg’ € G, 3 hy € H, ry € G/H such that ¢’ = hyry. Since H is normal
subgroup of G, so Hg = gH. Right G action on H x G/H. Consider

99 = (hgrg) (hg"“g’)
= hg ( h / g_l) Tg’l"g/
h

'I"g g T
g (rghg"'"g_l) TgTy (7"9 * 7“9/)71 (rg * 7"9’) )

where 7y 7y € R and hg(rghg/rgl) € H. rg*xry and rygry determine the same
coset, so 3 s € H such that s(ryxry) =rgry,

5 = rgry (rg * Tg’)_l :
To show that ¢ is a group homomorphism we compute:

99— {hg (Tghg/rg_l) TgTg (rg * 7“9’)71 ) (7"9 * 7“9/)}
= (hg’ rg) * (hg/,Tg/)
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but
hg (T‘ghg/rgl) TgTq (rg * rg/)_l € H.

Since ¢ becomes a group isomorphism ¢ : G — H x G/H, when the space on
the left is equipped with the product

(hgsrg)(hgsTg) = {hg (Tghg/rg_l) TgTg (7”9 * 7"9’)_1 »Tg * 711’} .

Therefore H x G/H is a group. While H is a subgroup of G, N is not subgroup
of G, since, for example if ry = ry = e, then (hg,e)(hy,e) = (hghg,e) or if
hg = hg = e, then

(e,rg)(e,rg) = {Tgrg/ (rg * Tg’) yTg * rg’} .

Next, we consider the left G action on
G = G/H x H (This is called Jolissaint product)

We assume that there is a bijective ¢ : G — G/H x H. This is a group
isomorphism when the right hand side is equipped with the Jolissaint product
g = rghg — (r4, hg). Coset representation, Vg € G 3 hy € H, ry € G/H such
that g = r4hy and V¢’ € G I hy € H, ry € G/H such that ¢’ = ryhy. To
show that ¢ is a group homomorphism, we compute:
99 = (rghg) (rg'hy)
= Tyry (T;1h9T91> hg
-1 _1

= (7"9 * 7“9/) (7“9 * Tg’) TgTy' (Tg’ hgrg/) hgt.

We have
99" = (rg,hg) * (rgr, hy) -

Since ¢ becomes a group isomorphism ¢ : G — G/H x H, when the space on
the right is equipped with the product

(rg: hg)(rg, hy') = {(rg * Tg’) ’ (Tg * 7’9’)

Therefore, G/H x H is a group.
While H is a subgroup of G, G/H is not subgroup of G, since, for example

. I
if rg =7y, =e, then

(e;hg)(e hy) = {(e we),(exe) ! (ee’)(e)_lhgehg/} = {e,hghy }

or if hy = hy = e, then

(rgrg/)(rg/)*lhgrg/hg/} .

(rg,e)(rg,e) = {(rg *1g), (rg rg/)_l (rgrg/)(rg/)*lrg/}
{
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G/H is a subgroup when the assignment [r] — r € R C G is a group
homormophsim, i.e., when 7y xrg = rgry.
Next, we show that the main result of this Chapter:

Theorem 3.1. Let G be a discrete group. If H is a finite index normal subgroup
of G with IAP, and

0— H -5 G— G/H—0,

then G has IAP.

Proof. Since ¢ : G =G /H x H, which is a fact becomes a group isomorphism
when the space on the right is equipped with Jolissaint product [5]. We want
to understand if there is an isomorphism

CH@)Y = CHG/H x H)G/HxH,
Since N
¢:G— G/H x H,

we have

CLHG) = C(G/H x H).

We need to show that
Ci(G)° = C3(G).

The left coset decomposition of G
G= H rH,

where R is the set of left coset representatives. This space has a natural right
multiplication action by H, as it preserves left cosets. R can be made into a
group (R C G, a subset of G) with the *— product and R is not a subgroup of
G. It follows that there is a corresponding action on

(@) =P (rH),
re€R

where (2 (rH) is invariant under p(H). That is: For every r € R is the set of
left coset representatives

¢*>(rH) =span{d,, | "€ R, h € H},

we have s € H, p(s)8,;, = 6,ns € £? (rH). On the other hand, the bijection ¢
gives a Hilbert spaces isomorphism ¢2 (G) = (2 (G/H) ® ¢2(H). But G/H is
finite, so this is just

*(G)=C"@*(H),n=|R| =P rH

reER
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where @, ¢ (H) is the n copies of ¢*(H). The isomorphism ¢ works by
means of unitary maps

V, : 2(rH) — (*(H),
Opp > On,

the inverse map

V* i 2(H) — P(rH),
On = Orn,

On /2 (G) we can define a family of projections Py : £2(G) — (*(sH),s € H.
Using the decomposition
G= H rH.

We can represent each function ¢ € £2(G) as a linear combination ¢ = Y, . G,
where (. € (?(rH) (this is understood as a subspace of £2(G) so that ¢, is a
function on ¢?(G) which vanishes outside rH) Ps(¢) = (s (it seems that this
works for infinite G/H as well). Note that Ps commutes with p(h), h € H
s € R. So:

p(R)C(H) = D Golth).

reR

We have (Psp(h)C)(t) = p(h)¢s(t) = Cs(th) = (p(h)PsC)(t). Now, take T' €
C}(G). With respect to the decomposition

G:HrH,

this can be represented as

T= > PTP.
rr’'€ER

where P, TP, : *(rH) — (?(r'H). In other words, T can be represented as
matrix

P, TP,

The points is that this decomposition is invariant with respect to the action of

p(H):
V h,h' € H P.p(h)Tp(h)P, = p(h")P.TP,p(h).

Note that in particular P.T'P, : C;(G) — C;(G) and is a conditional expec-
tation. Note also that Vs € R, the unitary operator V; : (2(sH) — ¢*(H)
commute with p(H)

Vs
p(h')ds, = Os(nnry = Opp = p(R')Vidsh.
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We want to understand the right regular representation p of H in terms of the
bijection G — G/H x H or G — H x G/H. If we use left cosets of G, then

¢»:G— G/H x H.
Now, we call the isomorphism @ : C(G) = CHG/H)® Cx(H) given by

©:T= )Y PTPir— Y E@V,PRTPV;,
r,sER r,sER

where
V. 2(rH) — (*(H)
and

P (G) = P P(rH) — (*(rH).
re€ER

This commutes with the action of p(H). Note that H is a subgroup of G/H x H
h+— (e, h).
We have
(r,h)(e,B') = ((r*e), (r*e)"t(re)(e) theh!) = (r,r~rhh') = (r, hH).

So, (e,h') acts trivially on the first factor in G/H x H. Next, we show the
following important proposition, which is used for the main result (Theorem
3.1) of this Chapter.

Proposition 3.2. The isomorphism ® commutes with the adjoint action Adp
of H.

Proof. Vhe H

O(Adp(h)T) = ®( > P.Adp(h)TP;)
r,sER
= Y (B @ VP Adp(h)TPVY)
r,s€ER

= Y E..® Adp(h) (V; P,TPV;)
r,sER

= Adp(h) | Y E.@V,P.TPV;
r,sER
= Adp(h)®(T).
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Conclusion 3.3. Since G/H x H is the right equipped with Jolissaint product
[5], taking the induce action of H on both side, we have

crHf =2coxG/H x P = o (q/H) o ¢ (G)H
So, if H has the IAP:
Ca(G)" = Ci(G/H) ® CL(H) = M,(C5(H)),

then, we know
Ci(G)E € CH(G)T C My (CX(H)).

Proposition 3.4. If T' € C;(G) is H— invariant then ) . p Adp(r)T is a G—
tmoariant .

Proof. Take g € G, such that g = r4hg, where ry € R and hy € H. We have

Adp(g (ZAdp ) = D> gtrTr g

reR reR
= Z (rghyg) rTr_l(Tghg)_l
reR
= ngh rlr™ 1 *1
reR

If we take hyr € G 3s € R, h € H such that hyr = sh. Then

Adp(g (ZAdp ) = ngh rTr th; 17“;1

reR reR
_ —1;-1.-1-1
= E rgshTr="h™"s Ty
reR
_ —-1.-1,.—1
= E rgsTr™"s Ty
reR

We need to claim that 74s runs through R and hgr = r(r~thyr). So:

Adp(g (Z Adp(r ) = Z rghngrflhglrgfl

reR reR

= Z Tgr(r_lhgr)Tr_lhglrg_l

re€ER

= ngrT(rgr) 1

reER

= Z(rg $7)(rg 1) LrgrT(rgr) " g * 1) (rg x 1)t
reR

= Z(rg 1)1 (1rg * r)~1

reER

= Z reTr;t. O

sER
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When we define C(G)Y, we consider the right action of G' on ¢2(G) which
induces the Adp— action on C;(G). Take g € G, such that g = rghy, where
rg € Rand hy € H

Adp(9)T=p(rghg)Tp(rghg)*=p(rg)p(he)Tp(hg) ' p(re) "' =Adp(ry)(Adp(hy)T).

G/H (

It seems that when T € (C3(G)") which still needs to be defined) then

Adp(hg)T =T, and Adp(ry) (Adp(he)T) =T.
So, Adp(g)T = T. Consider C}(G)H. Take r,t € R, T € C}(G)H. We have

Adp(rt)T = Ad (p(rxt)(r=t)"'rt) T
= Adp(r «t) (Ad(p(r «t)"'rt)T)
= Adp(r=t)T.

Conclusion 3.5. We seem to have an R— action G/H on C}(G)H. If this is
so, this could imply that

Ci(@) = ()™

We define (CZ(G)H)G/H:a possible action of R on C(G)”. R C G, so it
makes sense to consider Adp(r)T, for any r € R, T' € C}(G), where p is the
right regular representation of G. Since p(r)p(s) # p(r x s)r,s € R, then for

T € C:(G)H, we have:
Adp(r)Adp(s)T = Adp(r) (Adp(s)T)
= p(r) (p(s)Tp(s)™") p(r) ™"
= p(rs)Tp(rs)™"
= plrxs)p ((rxs)7rs) Tp ((rx ) Mrs) " plrss)™!
= Adp(r*s)T.

We obtain the following important proposition, which is used for the main result
(Theorem 3.1) of this Chapter.

Proposition 3.6. The group (R,*) = G/H acts on C;(G)!, and the action is
induced by the right reqular representation p of G.

We need to show that
Cu(@)? = )"y

IfT e (CZ(G)H)G/H, then T € C}(G)%. Since for every g € G, such that g =
rghg and

Adp(rghg)T = Adp(ry)Adp(hy)T =T
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So, (Cx(G)H) ™ C C*(G)C. We also have C(G)E C CX(G)H. I T € C(G)®

then T € C:(G). Since, for every g € G, g = rghy. Then Adp(h,)T = T. We
have Adp(rg)(Adp(hg)T) = p(re)(p(hgTp(hy )p(rg) ™" = p(rghg)Tp(rghg)~" =
Adp(g)T. So, C3(G)“ C (C;(G)H)G/H. Which would give

C(@)C = (Ce)h)

Next, we need to show that:

G/

(cate/m e cumy™ ) = e/ mo e oo™,

We denote by P; the projection onto ¢£2(H3i);
P; - 12(G) — (2(Hi).

For every r € R, there is also a unitary isomorphism V; : ¢?(Hi) — (?(H),
induced by the map hi — h,Vh € H. We have

(Pip(r))(Pip(r))* = Pip(r)p(r)* P = PP = P,

and
p(s)P; : (*(Hr) — 2(H(r * 5)),

()P (p(5) ) = P p(r) plr) Py = PY Py = P = i,
we get the unitary isomorphsim P;p(r)* : Hs = Hi,i=s%r"'. Then

() (PVETV; P p(r)* 02(Hs) 25 2y 2 2 () L5

AHD "8 2H ).

Thus
p(r)(PV;TViPy)p(r)* : (*(Hs) — (2(H (i x 7).

We get Ejyr jsr = Adpg/HEi,j- Then T'® E; j — T' ® Ejsr jsr. Therefore,

G/

(s @ cxmy™) ™ = cuG/meM o cum?.

We know that the isomorphsim
®: C*(G) — CH(G/H) ® C:(H)
is H— equivariant so that
CxHH = (G/H x H)! = C:(G/H) @ C:(H)H.

The isomorphsim uses that H is a subgroup of G/H x H and acts trivially on
G/H. We now need to understand the action pg pxpg on Cy(G/H) @ C;(H).
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We obtain the following: we want to understand the right regular representation
p of G in terms of the bijection G — G/H x H or G — H x G/H, we have

ci@’ = (cueym”

= (Cu(G/H)® Cy(H)T) ™™
Taking invariants with respect to G/H.

G/H

1

(caermy e cuen™) "
Ci(G/H)M @ Cp(H)H.

(@)

12

Since H has IAP. Then
Ci(G/H)H @ Ci(H)T = C3(G/H)M @ C5(H).

Since G/ H is finite group, every finite group is amenable group. Roe shows that
the amenable group has IAP [14]. Thus,

G/H

1%

Ci(G) (Cae)™)
Ci(G/H)H & 5 (H)!

= CX(G/H) @ C{(H).

1

Next, we need to show that the following Proposition:

Proposition 3.7. The left reqular representation \g on £?(G) is isomorphic to
the left regular representation Ag @ Ag/g on (*(H) ® (*(G/H).

Proof. Let R be the set of right coset representation. We have a bijection

G:HHT

reR

which induces the Hilbert space isomorphism

(@) =[] ).

reR

We denote by P, the projection onto £2(Hr);
P : 03(G) — *(Hr).

For every r € R there is also a unitary isomorphism V, : (2(Hr) — (*(H),
induced by the map hr — h,Vh € H. As we have seen before, the coset
decomposition of G induces a bijection

¢:G— HxG/H



358 KANKEYANATHAN KANNAN

and a Hilbert space isomorphism ¢*(G) — (*(H) ® (*(G/H). This gives a rise
to the C*— algebra isomorphism

®: C*(G) = C*(H)® C*(G/H)

given by
T— Y VuP/TPV'® By,
r' reR

The direct sum decomposition of £2(G) allows one to respect it operators in
C}(G) as matrices of size |R| x |R| whose entries are operators

?(Hr) — (*(Hy'), for ', r € R.

This induces an analogous matrix decomposition of element of C5(G), and we
shall now use this representation to constrict an isomorphism Ag = Ay ® Ag/ -
We have a bijection

sHr = (sHs Ysr(s+r)" ' = H(s*7),

Vs, € R, oa(s,r): H— (sHs sr(sxr)" € H
h— (shs™')sr(sxr)~L.

This is a bijection, which induces a unitary isomorphism
Un(s,ry - C(H) — ¢*(H)
given by (Uy(s,§)(t) = §(a(s, r)t). We extend it to a map
H(s*r) — H(sx*r),

h(s*r)+— (a(s,r)h)(s*1).

We have
(a(s,r)H)(s*r) = sHr,

where a(s,r) is a composition of ad(s) with p(sr(s*r)~1),
ad(s): H— H

is a group isomorphism. And ad(s)(h) = shs™! and p(h')(h) = hh'. ad(s)H is
an isomorphism of H, while p(h') commutes with the left action of H.

Let g = hs € G, where h € H, s € R. When restricted to ¢2(Hr)(
by means of projection P, ), Ag(hs) can be explicitly computed as follows :
Thanks to isomorphism ¢*(G) — (*(H) ® (*(G/H). We know that the set of
linear combinations of functions on G of the form 7y, where n € ¢? (H) and
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v € 2(G/H) is dense in £*(G). We can therefore assume that ¢ € £2(G) is of
the form ¢ = ny. Then, for every t € H r € R and ¢ € £2(Hr).

Dalhsg(tr) = € (s~h )
= ¢ (s_l(h_lt ssTlr(sTlxr) (s x 7))
= ¢
n

Now, the operator of multiplication on the left by a(s~!,r) € H induces a
unitary isomorphism
Un(s,ry : CC(H) — €*(H)
given by
n— (Ua(s—l,r)n)(t) = 77(04(5_1’7")’5)~
Thus, we have (Ag(hs)é(tr)) = (Ag(h)Us-1,yn) (£)(Ag/m(s)y). Next, we need

to show that the following Lemma:

Lemma 3.8. With the above notations Mg (h)Uqy(sr) = Uqg(sryAn(ad(s)h).

Proof.

A (R)Upn(s)C) (1) = Un(snC(h™'t)

= ((afs,r)(h7'1))
C(s(htt)s tsr(s ) 7h)
C(s(hts™H)sts tsr(s 1) 71)
¢(ad(s) (P (s, r)(t))
Uu(sm A ((ad(s)h™1)71¢) (1)
= Uys,mu ((ad(s)h)Q) (2).

We have Ay (h)Uq(s-1,9C = (Ug(s—1,mAm(ad(s)h))C. O

Here the Lemma:

Lemma 3.9. The following diagram commutes: r,s € R

(@) — C(H)® #(G/H)

s~ Llur

P _1,.Aa(hs)P: )\H(h)U(s_l,r)®)\G/H(h)

Pg) —— P(H)® C(G/H)

T

Proof. Since we have s,r € R

At (M) Up(s1,9C = (Ua(s™,r)Ag (ad(s)h))C.
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The following diagram commutes
(H)® (*(G/H) A (*(H)® (*(G/H) — (*(H) ® (*(G/H)

S *T

A (R)U (s~ ) @AG  (h) U(s™h ) (ad(s)h) @G m (s) | A (ad(s™ ) ®AG m (s)

(H) ® (*(G/H) — (*(H)® (*(G/H) —~ (*(H) ® (*(G/H)

We have proved:

P.1,Ac(hs)P, Aa(WU (7', 1) @ Ag/m(h)
U(s™,r)Ag(ad(s)h) ® Ag/m(h)

Ay (ad(s™Hh) @ Ag/u(s). O

1%

I

On the other hand, next we need to find (e,s)~! € H x G/H: The inverse
of s € R~ G/H will be denoted by s. If (e, s) and (h,s) € H x G/H: we have
(e,s)* (h,5) = {(shs_l)(SE)(s %35)7L, (s x5)}.

If (e,s)~! = (h,3), then

{(shs™)(s3)(sx3) "1, (s x3)} = (e,e).
If s¥5=e=35%s, then 5= s"'t, for some t € H +<= s5 =t and

(shs Wt=e<=t' =shs =t =sh's7},

thus s = s 1t = hls7! <= h = (85)7!. Thus (e,s)"! = (h,3) = ((8s5)71,5). If
(e,s) and (h,r) € H x G/H and ¢ € (?(H) ® (*(G/H):

()‘HXG/H(67 5)6) (h7 T) = ¢ ((67 S)il(hc k/))
= £((Gs)713)(h, 1))
= £ {(55)_1(§h§_1)(§r)(§ * 7“)_1, (5 * 7‘)} ,
but (5hs 1) (3r)(5 *r)~! is an automorphism of H and s € R+ 3s € H. But,

then Ag(hs)¢?(Hr) will be isomorphic to Ag(h) @ Ag/p(s) acting on (2(H) @
¢*(G/H) via the composition of the map ¢ with the isomorphism. We have the

isomorphism C}(H) ® CX(G/H) = C{(G). O

We already proved C}(G)Y = C;(H)® C;(G/H). By using Proposition 3.7,
Ci(G)Y = C3(H x G/H) = C}(G). Therefore, G has IAP. O
References

[1] J. Brodzki, G. A. Niblo, N. Wright, Property A, partial translation struc-
tures, and uniform embeddings in groups, J. Lond. Math. Soc., 76 (2007),
479-497.



INVARIANT APPROXIMATION PROPERTY UNDER GROUP PASSES ... 361

[2] N.P.Brown, N. Ozawa, C*-algebras and finite-dimensional approzimations,
Graduate Studies in Mathematics, vol. 88, American Mathematical Society,
Providence, RI, 2008.

[3] K.R. Davidson, C*-algebra by example, Field Institute Monographs, Amer-
ican Mathematical Soc. Providence, RI, 6 (1986).

[4] U. Haagerup, J. Kraus, Approzimation properties for group C*-algebras
and group von Neumann algebras, Trans. Amer. Math. Soc., 344 (1994),
667-699.

[5] P. Jolissaint, Rapidly decreasing functions in reduced C*-algebras of groups,
Trans. Amer. Math. Soc., 317 (1990), 167-196.

[6] K. Kannan, Strong invariant approzimation property for Discrete groups,
International Journal of Pure and Applied Mathematics, 85 (2013), 1075-
1086.

[7] K. Kannan, Amenable action and invariant mean, International Journal of
Pure and Applied Mathematics, 99 (2015), 227-244.

[8] K. Kannan, The stability properties of strong invariant approzimation prop-
erty, International Journal of Pure and Applied Mathematics, 88 (2013),
557-567.

[9] K. Kannan, Rapid decay and invariant approzimation property, Mathema-
tical Reports, 18 (2016), 261-278.

[10] K. Kannan, A discrete Heisenberg group which is not a weakly amenable,
Int. Journal of Math. Analysis, 8 (2014), 317-327

[11] K. Kannan, The crystallographic groups and weakly amenable groups, In-
ternational Journal of Mathematical Analysis, 8 (2014), 2055-206.

[12] K. Kannan, On the invariant uniform Roe algebras as crossed product, In-
ternational Science Index, 7 (2013), 1458-1464.

[13] K. Kannan, Invariant approzimation property for direct product with a finite
group, Advances in Mathematics: Scientific Journal, 9 (2020), 7783-779.

[14] Roe, Lectures on coarse geometry, University Lecture Series, vol. 31, Amer-
ican Mathematical Society, Providence, RI, 2003.

[15] J. Zacharias, On the invariant translation approzimation property for dis-
crete groups, Proc. Amer. Math. Soc., 134 (2006), 1909-1916.

Accepted: March 4, 2021



