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Abstract. In this manuscript, we develop a bi-variate extension of hybrid type op-
erators. We discuss the order of approximation via modulus of continuity, Peetre’s
K-functional,the rate of convergence, Lipschitz maximal functions and Voronovskaja
type result. In addition to this, we investigate global approximation results. In the
last section, we study the approximation properties of the operators in Bogel-spaces in

terms of mixed-modulus of continuity.
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1. Introduction

Approximation theory is an important part of mathematical analysis where the
main purpose of investigation is to approximate a delicate, difficult and sophis-
ticated function with the help of simple and smooth function. Karl Weierstrass
(1885) developed an elegant theorem called as Weierstrass approximation the-
orem [25] which is widely known and accepted that all types of algebraic poly-
nomial in the category of continuous real valued function on closed interval are
dense. Among these, S. N. Bernstein (1912)[4] introduced the polynomials via
binomial distribution to give the simplest and easiest proof of this celebrated
theorem as follows:

W me ( >n€N

where py, ,(z) = (})2”(1—2)"“and  f € [0,1]. He established that B, (f;z) =
f for each f € C|0, 1] where = holds for uniform convergence. Szasz [1] gener-
alized the operators defined by (1) on unbounded interval, i.e. on [0, 00) as

(2) Sn(fﬂ)—e‘”i%f(i), neN.

Several generalizations studied for (2) to yield the convergence properties by
these sequences on [0,00). Operators (1) and (2) are limited for continuous
functions only. Durrmeyer [2] suggested for an integral modification of Bernstein
operators (1) on an interval [0,1] to study the approximation properties for
Lebsgue integrable functions given by

(3) anu / P () f(1)dL.

With the help of the Bézier bases and shape parameter A € [1,—1], Cai et. al.
[14] obtained a generalization of classical Bernstein operators. In the sequence,
Cai [10], Srivastava et al. [23] and Ozger ([18], [19]) constructed Stancu, Shurer
and Kantorovich variants of A-Bernstein operators. Motivated with the idea of
A-Bernstein polynomials, Acu et al. [26] introduced a new family of modified
UJ, operators and the operator is denoted by Uf:l’ y- Recently, Rao et al [6],
introduced a new sequence of Hybrid type operators as:

e nkt+A+1

(4) A* Z e / tk+)\+1efntdt
- T(k+A+1)
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where

nk(®) = g +x;)_nl+k1 { 1a+x:c (n +llz ) 1> ~{-a)liva) (n ZE; 3)

+ (1—a)x<n+l]:_1)}

with (":23) = (”:12) = 0, and the gamma function

I'n = / " e ™dr, Tz=(z—1)I(z—1)=(z—1).
0

2. Construction of bivariate extension of A\-hybrid type operators
and their basic estimates

Let 72 = {(uy,u2) : 0 < uy < 00, 0 < ug < oo} and C (IQ) be the class of all
continuous functions on Z? equipped with the norm

||9HC(I2): sup  |g(u1,uz2)|-
(u1,u2)€T?

Then, for all f € C (IQ) and ni,ne € N, we construct a new sequences of
bi-variate extension of A-Hybrid type operators as follow:

Bnl na (f3u1,u2) = Z Z P iy ey (u1) Py g s (2)

k1=0ko=0

(5) . /0 * /0 G )G () f (b1, ) d .

where
ki—1
. u;™ au; (n; +k; —1
P ;) =
z,n,k(ul) (1 + ui)m-‘rku—l { 14+, ( k; )

_(1—a)(1+uz')<ni;;:]ii;3> +(1_a)u1<m’;ki>}

k it +1 i . ot i
and G (u;) = m I tkitAitlemnitige, for i = 1,2.

Lemma 2.1 ([6]). For the operators defined by (4) and e;(x) = z*,i € {0, 1,2},
test function, we have the following identities:

A;’a(eo;x) = 1,
2 A+1
AX (e;z) = Zla—1
nale;m) a:—i—n(oz )xr + p_
4o — 3 20+3 4da—14 2+ 3 —1
Aj o(e2;z) = $2<1+ = >—|—a:< ro, il 2+ (o )>
' n n n
A2 43X\ +2
4 AEeAt2

n2
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where n € N, and o € [-1,1].

Lemma 2.2 ([6]). Let n;j(z) = (t — z)7, je {0,1,2} be the central moments.
Then for the operator Aj, ,(;.), given by (4), we have the following equalities:

A a(nosz) = 1,
N 20—z A+1
An,a(nl;‘r) = ( ) + )

n n

1
A almsz) = O(ﬂ) (2*+z+1).

Lemma 2.3. Let ¢;; = ui'ug?. Then, for the operator By, ,,.(.;.), we have

By ., (€005 ut,u2) =1,

n1,n2
2 A+ 1
Bffl n2(€1 05U, U2) = Ul + — nl (= Duy + -
A+1
B’?Ifl ng(eo,l; uy, U2) = U2 + ;2(@ — 1)U2 + - s
2 A+1 2 A+1
By np (€115 01, u2) = (Ulnl(a —Dur + TL1> <u2 + 772(& = Dug + - > ;
4o — 3 20+3  da—4+(2A+3)(a—1)
B €2,05 U1, U2 =u2(1+ )+U ( +
T A 2
A2 43N +2
n? ’
4a—3 20+3  da—4+(22+3)(a—1
le n2(€0,2;u1uu2) (1+ >—|-UQ< - + ( 2 )( ))
n2 2 5
F+3r+2
Proof. In the light of lemma (2.1) and linearly property, we have
By no(€005ut,u2) = By, (eo;ur,u2) By . (€05 u1, ug),
m nns (€105, u2) = Bpo (e1;u1,u2) By 2(6 Uy, uz),
m nns (€05 UL, u2) = BR o (eo;u1, u2) By, (e1;u1,u2),
nl no (61,1; ur, u 2) = Bsth (el;ulv 2) 2(6 Uy, u 2)5
nl n2(€2 05U, U 2) = le,n2(627u17 2) 2((3 U, U 2)’
nl n2(€0 2,U1,U2) = Bﬁl,m(eo;uhw) (62,U1,U2),
which proves Lemma (2.3). ]

Lemma 2.4. Let U/ (t,5) = 1;(t,5) = (t —u1)*(s —u2)?, 1,5 € {0,1,2} be
the central moments. Then from the operators BS .) defined by (5) satisfies

ni ng(
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the following identities

By, ny (Moo ut,u2) = 1,

Bgl,nz (mo;ur,uz) = 201 ;11)u1 + )\:1 1,

By (o ut,ug) = 202 ;;Ml + /\; L

By ny (mpsun, ug) = . ;11)1” + AT: 120: ;21)“1 + Antl,
By n(m20iut,u2) = O <:L> (uf +ur +1),

1
By no(mo2iur,u2) = O <n> (u3 +us +1).

Proof. Using lemma (2.2) and linearly property, we have

B no(Moo;ut,u2) = By, (nosut, u2) By, o, (105 u1, u2),
By my(mosut,u2) = By, (mun, uz) By 2(77 ut, u2),
n1n2(770,1;u1, 2) = mng(n ui,u 2) 2(77 ui,u 2),
By o (muui,u2) = By (miun,ug) By, (015 w1, u2),
n1n2(7720;u1> ug) = nm(?? u1, u2) By, o, (N05 U1, uz),
By s (Mo2sui,ug) = By o (nosut, u2) By, o, (23 u1, uz),

which proves Lemma 2.4. ]

Lemma 2.5. For all ui,us € Z? and sufficiently large ni,ne € N the operators
(o3 ) satisfy following

n1,m2
(1) By, n2(\1131 ups UL, u2) = O (nll> uy + 1 < Ci(ug + 1)2 asni,ng — 00,
(2) Bg,. m(\lfgl ups UL, u2) = O <nl2> ug + 1 < Cy(ug + 1)2 asni,ng — 00,
(3) Bn,. m(‘l’ﬁ1 ups U1, U2) = O <nl%> u1 + 1 < Cs(uy + 1)4 as ni,ng — 00,

(4) By (\1/04 sug,uz) = O <n2> (ug + 1) < Cylug + 1)4 as ni,ng — 00.

n1,M2\ T UL,u2’?
2

3. Some approximation results in weighted space and their degree
of convergence

Let ¢ be weight function such that ¢(uj,uz) = 1+ u? + u3 and satisfying
B, (12) ={g:| g(u1,u2) |< Cyp(ur,uz), C4 >0}, where B, (12) is the set of
all bounded function on Z? = [0, 00) x [0, 00). Suppose C(™) (Z?) be the m-times
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continuously differentiable functions defined on Z? = {(uy,u2) € Z? : uj,us €

[0,00)}. The equipped norm on B, defined by | g ||,= SUDy,, upeT? %

Moreover, we have classified here some classes of function as follows:

,_.
23
)
N

2 Q(U
cy (I) {g geC, ( ) such that ul}gn oo<p(u1,u2) —k:g<oo},

C’S, (12) = {f fedy (IQ) ;  such that lim g((

(u1,u2)—00 @

SS
§»§
I
—

Cy (I?) ={g9:9€ B,NC, (T°)}.

Suppose w,(g;d1,02) is the weighted modulus of continuity for all g € C’g (Iz)
and 61,9 > 0, defined by

| g(u1+61, ua+02)—g(ur, u) |
(6) wy(g;01,02)=  sup sup
v (u1,u2)€[0,1] 0<|01] <61 ,0<|02| <62 p(u1,u2)p(01,02)

For any 71,12 > 0 one has
we(gi M1, m2da) < A(1+m)(1+12)(1+ 07) (1 + 63)wy(g; 61, 2),

| 9(t;8) = gur, uz) [< p(ur, ug)p ([t —wr |, s —uz Jwp (g [ ¢ —ur || s —ua )
< (L4 uf +ud)(1+ (8= w)?) 1+ (s —u2))wp (g5 [t —wr |, [ s —uz ).

Theorem 3.1. Let g € Cg (12) , then for sufficiently large ni,ne € N operator
By, 1, (. .) satisfying the inequality

| Bnl,ng(gvulvu2) - 9(”17102) |
(14 uf +u3)

< Wy (1 +0 (ni") > <1 +0 (ny") )ww <g;0 (nf;> , <n2_5> >

where Wy, uy = (14 (u1 +1) + O (w1 +1)% 4+ /O3 (ur +1)3) (1 + (uz + 1) + Ca(ug +
1)2 + vCy(ug + 1)3) and Ci,Cy,C3,Cy > 0.

Proof. For all 4,,,0,, > 0 we have

[ 9(t,5) — g(un, u2) [< (1 + ul + UQ) (1 + (¢t — U1)2) (1 + (s — u2)2)
( tful > (1 + |35n“2|> (1+02)(1+ 62, )we (g3 Oy s Ony)
= 4(1 +u1 + ug)(l +62)(1+02)

(e e e )

S—u S — U
( plotel 2' @—ug?+'52Ns—wﬁ>wwwﬁmﬁmy
n2
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Applying BY .) both the sides and then using Cauchy-Schwarz inequality,

ni, ’n2(

| BY, oy (g3 u1,u2) — g(ur, ug) | <BG, ., (1 9(, ) —g(ur, ug) | u, ug) 4(1+uf+uj)

t—u
x B2 <1+|51’+(t—u1)2+ [t —u | (t—u1)2;u1,u2>

ni1,n2 n 6n1
S — Uy S — Uy
XBngLz( +| 5 ‘+(5_u2)2+| o, |(5_U2)23U1au2>
2 2

X (1 +52 )(1 +522)W¢ (g;é’nlué’nz)
= 4(1+uf +ud) (14 02) (1 +02)wy (g5 0ny s Ons)

(HBSMU s wg) + By (¢ — ), )
—l—TBf{l ny (| T — 1 | (t—ul)Z;UhUQ)
X < (51 B, no (| s —u2 [jur,u2) + By, o, ((s — u2)?%; uy, ug)
+57le na (| 8 —u2 | (5—U2)2;u1,u2>;

| By o (9501, u2) = g(ur,u2) |< 4(1 + uf +u)(1+ 67, ) (1 + 67, )y (95 6y Onz)

|:1+5\/Bn1 ng t_ul)Z;ulvUQ)"_B% nz(( U1)2;U1,U2)
ni

+7\/Bn1n2 t—ul) U1, Ul \/Bnlng t—u1)4;u1,uQ)]

[ 5 B = ) un) 4 B, (5 — e

+ 7\/Bn1 ng S*Ug) ul’UQ \/Bnl ng u2)4;u17u2):|-

_1 1
In view of Lemma 2.5 and choose 6,, = O(n; ?) and 6,, = O(n, ?), then

| By, na (9301, u2) = g(u, uz) |< AL+ uf +ud)(1+67,) (1 + 03, )w (95 0n, 5 Ong)

[i+ ¢ (L) oeeo( L) e
+ 5?11 0 (é) (w1 + 1)2\/0 <nll) (ur + 1)4]
e ¢O (L)t s120(L) sy
4 5711 0 (;) (uz + 1)2\/0 (;) (uz + 1)4]
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| B, ny (g3 u1,u2) — g(ur, up) |< 41+ uf +u3)(1+ 65 )(1+ 62, we (3 0y » Ony)

X |1+ (uy +1) + Cr(ur +1)* + /Calur + 1)3} [1 + (u2 +1)
+ C3(uz +1)% + /Cy(uz + 1)3} :

Which completes the proof. O

Lemma 3.1 ([38, 39]). For the positive sequence of operators { Ly, n, }ny na>1,
which acting C, — B, defined earlier then there exists some positive K such
that

” mez(‘ﬁ?”h“?) ||<p§ K.

Theorem 3.2 ([38, 39]). For the positive sequence of operators {Ln, ny }nino>1
acting C, — By, defined earlier satisfying the following conditions

(1) m}ggoo | Loy ny (L un,u9) =1 |, = 0,
(2) m}IizH_lmo | Loy ny (01, u2) —ug |, = 0,
(3) m}ggoo | Ly oy (85u1,u2) —ug ||, = 0,
() T Lo+ 201, 09) — (6 +3) o = O

ni,na—00

Then, for all g € C'g,

im || Loy n,g — 9 Hsﬂz 0

n1,m2—00

and there exists another function f € Cy '\ C’g, such that

m || Lo f = f [0 1.

ni,max—0o0

Theorem 3.3. If g € CS, (IQ) then, we have

lim || By, ,,(9) — g [l,=0.

ni,mo—r00 n1,n2
Proof.

| By iy (1 + uf + ufsug, u) |
B~ SUL, U = su L2
H nn2 (‘P ! 2) HS& (ul,ugl))EIQ 1+ u% + ’U,%

(1 © B () + BY (i, u2>) H

1
=14 sup [
(u1,u2)€Z? 1+ u% + u%
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2

4o — 3 uj

ni

sup

B® . (p:iun,un) [lo=1+ |1+ S
I B8, (i) o= 14| I

22+3  da—4+ 22+ 3)(a—-1) Uy
+ + 5 sup ———5——
n ny (u1,u2)€T? 1+ uj + uj
N A2 43N +2 1
n% (u1,u2)€Z? 1+ u% + u%
4o — 3 u3
+ 1+ sup ———5——
n9 (w1 ,uz)ET2 14+ uy +us
204+3  da—4+ 2N +3)(a—1 U
NESEN @3- e
n2 ny (uuz)ez? 1+ ui +uj
N A2 £33N +2 . 1
I E— up 55>
n3 (urun)ez? 1+ ui +uj

da—3 2204+ 3 4da—44+(2X+3 -1

n,n2 ny ny n?
A2 43N +2 4o — 3
’2 +|1+
ni ny
22 +3  da—4+2A+3)(a—1) A2 4+3)0+2
+ + 3 + 5 .
n9 ns ns

Now, for all n1,ne € N\ {1, 2}, there exists a positive constant K such that

| By, ny (05 u1,u2) (o< K.

ni,n2

Therefore, in order to prove Theorem 3.3 it is sufficient from the Lemma 3.1
and Theorem 3.2. Thus we arrive at the prove of Theorem 3.3. ]

For any g € C(Z?) and 6 > 0 modulus of continuity of order second is given
by
w (ga 577,17 5n2) = Sup{‘ g(tv 5) - g(u17u2) |: (t7 8)7 (Ul,Ug) € IZ}

with | t — w1 |< 6py, | § — u2 |< dp, with the partial modulus of continuity
defined as:

wi(g;0) = sup  sup {|g(x1,u2) — g(z2,u2) |},
0<ua<1 |21 —z2|<é

wo(g;0) = sup  sup {| g(ur,u1) — g(u1,uz) [}.
0<u1 <1 |uy —u2|<o

Theorem 3.4. For any g € C(Z?), we have

| Bgl,n2(9§ulau2) - g(ul7u2) |S 2<w1(9;5uhn1) +w2(955n2,u2)>-
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Proof. In order to give the prove of Theorem 3.4, in general we use well-known
Cauchy-Schwarz inequality. Thus, we see that

| Bﬁl n2(95U17U2) —g(u1,uz) |< Bnl,ng (| g(t,s) — g(u1,u2) |;u1,us2)

< Bp, o, (L 9(t,8) — g(ua, s) [sur, u2)
+ By ny ([ 9(u1, ) — g(ua, ug) [ur, u2)
< By ny Wilgs [t = [);ur,u2) + By, (w2(g; | s — u2 [); u1, u2)
< wi g, nl) (1 + (5 1Bg1 n2(| t—up ’7U1,U,2))
+w2(ga nz) (1+5 lB'rCzyl n2(| — U2 ‘.ulaUQ))

)

< wi(g; 0ny <1+\/Bn1n2 uy)? u1>u2)>
+ wa(g; On, ( -l-i\/an2 S—u2)2;ul,U2)).

If we choose 672 = 67 ., = BY, ,, ((t—u1)*u1,up) and 67, = 62, .. = BE, ., ((s—
ug)?; uy, ug), then we easily to reach our desired results. O

Here, we find convergence in terms of the Lipschitz class for bivariate func-
tion. For M > 0 and p1,p2 € [0,1], Lipschitz maximal function space on
E x E C I? defined by

Lo p(ExXE) = {9 sup(1 + )P (14 8)72 (gpy 05 (, 8) = Gpy o (U1, u2))

< M L L ,
- (1 + ul)Pl (1 + UQ)'DQ
where ¢ is continuous and bounded on Z?, and

| g(t,s) — g(ur,u2) |

2
|t —uy |P1] s —ug |2 (t,s), (u1,uz) € I

(7) gphp?(t’S) 9p1, 02(U17U2)

Theorem 3.5. Let g € L, ,(E x E), then for any p1,p2 € [0,1], there exists
M > 0 such that

| Bgl,ng (g5u1,u2) — g(ui,u2) |

< M{ ( (s, B + (83,,) % ) <<d<“2’E>> () )

T (d(ur, )" (d(uz, ) }

where 0p, w, and dp, 4, defined by Theorem 3.4.

Proof. Take | u1 — zg |= d(uy, F) and | ug — yo |= d(ug, E). For any (u1,us) €
72, and (z0,40) € E x E we let d(u1, E) = inf{| u1 — us |: ug € E}. Thus, we
can write here

(8) gt s) —glur,u2) |< M| g(t,s) — g(xo,yo) | + | g(w0,90) — g(u1,u2) | .
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Apply By, ,,, we obtain

(67

| By na (951, u2) — g(ua, ug) [< By, (| 9(ur, u2) = g(2o, yo) |

+ [ g(x0,0) — g(u1,u2) |)
< MB%

s (L= 20 [P1] 8 —yo [?;u1, u2)

+ M [ur —zo || uz —yo |7
For all A, B > 0 and p € [0, 1] we know inequality (A + B)? < AP 4+ B”, thus
‘t—xo |p1§\t—u1 |'D1 +’ul—$0 ‘pl,

|s—yo |""<|s—wug |P?+ |us—yo | .

Therefore,

| By, ny (g3 u1,u2) — g(ua,ug) | < MBR o (|6 —ua [P s — ug P25 u1, ug)

ni,ng

+ M | ug — o | By o, (| s — ug |P?;uy, usz)

+ M | uz —yo |7 By, n, (It — w1 [Pr5u1,u2)
+2M | ur—z0 [P ua—yo |** By, 5, (10,05 u1,u2) -

«
ni,n2’

On apply Holder inequality on B we get

By (|t —uy [Pt s —ua |P?5u1,u9)

ni,n2
=U (= [P un,u) V2 (| s — ug 75w, un)
o 2 % a ElN
< (B (| t = ur [%5u1,u2)) 2 (B, (10,05 U1, u2)) 2
p 2-p2

X (Bgl,ngﬂ §— U2 |2;U1,U2))7 (Bgl,m(ﬂo,O;UlaW)) 2

Thus, we can obtain

\ Bffl,m (g5u1,u2) — g(ur, uz) |
P2

<M (02 )7 (82,,.) % +2M (d(ur, E))" (d(ug, E))*

ni,ul n?;“? by ) o
+ M (d(ul’ E))pl (5n2,u2) 2 + L (d(u2’ E))p2 (57L1,U1) 2
We have complete the proof. O

Theorem 3.6. If g € C'(I?), then for all (u1,uz) € I?, operator B, ., satis-
fying

N

1
’ le,ng(g; ula“?) - g(ulauz) ’SH Guy HC’(IQ) (572Ll,u1)2 + || Gus HC(IQ) (532@2) )

where 0p, w, and dp, 4, are defined by Theorem 3.4.
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Proof. Let g € C'(Z?), and for any fixed (u1,us) € Z? we have

g(t,s) — gur,uz) = /gg(gas)d9+/sgu(ulvﬂ)d/"

1 u2

a
ni,n2

On apply B
By, iy (9(t, 8);u1,u2) — g(ur, up)

t s
9) =B (/ 9o(0: S)dQ§U1aU2) + By, s (/ gu(u1, p)dp; mmz) :
u u

1 2
From the sup-norm on Z? we can see that

t t
(10) I/ gg(w)d@\é/ | 900, 8)de [<]| guy lle@z)l t —ur |,
ul u

1

s

(11) !/ gu(uhu)dulé/ | gp(ur, ) |<I| Guy [lo@2)l s —u2 |-
u2 U

2

In the view of (9), (10) and (11) we can obtain

| le,ng (g(ulau2);ulyu2) - g(U]_,’LLQ) |
t

S B’?Ifl7n2 < / g@(ga S)dQ ;U1,U2>
ul
;U17U2>

+Bg1,n2 <‘/ Qu(uhﬂ)du
u2

<Nl 9ur llez2y By, (It — 1wt [;u1,u2)

+ 11 9us o) Bayn, (I8 = w2 [;u1,uz)

N

SH Guy HC(I2) (Bgl,ng((t - ul)z;ulaUQ)Bgl,ng(l;u17u2))

N

+ 1l gus llo@y (Bayny (s — ug)?sur, ug) By, o, (1 ur,u2))
1 1
:H gul ”C(IQ) (57211,u1) ? + || qu HC(I2) (57%2,112) 2 : D

Theorem 3.7. For any f € C(I?), if we define an auziliary operator such that

R%i:sg (f7 ui, UQ) = Bflfl,ng(g; U]_,UQ) + f(u17u2)

—f (Us‘f’k(m,o; ut,u2), V2 (po,1; ut, u2)> ,

where, from Lemma 2.4, Ugllk(ﬂl,o;ul,UQ) = % + /\TJrll,nl > 1 and
200 =1 Uy A+1
VS;J(MO’l;Ul,’LLz) = ( ) + , 12 > 1.

n2 n2
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Then, for all g € C'(T%), Raln? satisfying

ni ni

2
200 — 1Du A+1
n <( Ju | —U2> }ngucz(p).
ng T2

Proof. In the light of operator Rpinz(f;u1,u2) and Lemma 2.4, we obtain
Roinz(Lug,ug) = 1, Ralmz(t — ugsui,ug) = 0 and Rpinz(s — ug;ug,ug) = 0.
For any g € C'(Z?) the Taylor series give us:

2
20— 1Du A+1
Ryima(git,s) — g(ur,u) < {5,211@1—1—6,21”2 ( ( ) L+ —u1>

13 2
g<t78)_g(u1>u2) = W(t_UI)+/(t_A)WdA
0 , s 92g(u.
v )+ [ P,

aq,002

On apply Rn;n,, we see that

ROél 2 ( (ta S), Uy, ’UQ) Ra17a2 ( (Ul, UQ)

ni,n9 ni,n2
t 07g(\, uz)
= ROz ( (t — /\)’d/\;u1,uz>
e \ N2
s 0%g(u1,v)
+ Ry (/ (s = ¥)—75—ddjur, up
1,12 s 81/}2
t 97g(\, u2)
—- B> ( (t— )\)’d)\;ul,ug)
1,12 w O\2
s 0%g(u1,v)
+ By (/ (s — @Z})’d?/)%ulm)
1,Nn2 o 3¢2
TR (20- 0w a1 (P
uy m " N

2T (20\ “Duy A+l ¢> Pg(ur¥) 4,

ua n2 n2 3@02

From hypothesis we easily obtain

[ A)32g§§;“2)dA' < / t

1 1

s 82 52 (Ulv
[ =0T < [0S

ST (2()\ “Dur A1 /\) 9”g(\, u2)

9%g(\, up)

(=2 N2

dx\ <l g lens, (¢ —w)?,

dw\ <1l g lena, (s — u)?,

dA
ul ni niy 6/\2 ‘
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2
20 —Dur  A+1
<l g lexezy <( ~ L A —ul>

‘/2“”2{)“1#? (2(/\— Dur  A+1 _¢> del
u2

n9 na2 8¢2

2
20 —=1Du;  A+1
<l g llc2(z2) ( : nz) -+ —u2> :

ng
Thus,
| Rpinz (g;t,s) — glur, uz) |

< {Bffl,m((t — 1) ur,u2) + BE (s — u2)?;ur, ug)

2
2\ — 1 A+ 1
+ ( A= Du —-u1>

nq ni

2
oA — 1) A+1
+ + — U Il g llc2ez2y -

n2 n2

We complete the proof of desired Theorem 3.7. O

4. Some approximation results in Bogel space

Take any function g : Z; x Zo — R for a real compact intervals of Z; x Zy. For
all (t,s), (ui,u2) € Z; x Zy suppose A?ts)g(Ul,UQ) denotes the bivariate mixed
difference operators defined as follows:

Al 9(ur,u2) = g(t, s) — g(t,u2) — g(w1, s) + g(u1, u2).

If at any point (uj,us) € Z; X Zy the function g : 73 x Zo — R defined on
Ty x I, then lim o) (u; u0) Az‘tvs)g(ul,w) = 0. If set of all the space of all
Bogel-continuous(B-continuous) denoted by Cp(Z; X Zs) on (uy,us) € I x Iy
and be defined such that Cg(Z; x Zs) = {g, such that g : Z; xZy - Ris g, B—
bounded on Z; xZy}. Next, the Bogel-differentiable function on (u1, us) € Z1 xZs
be g : 71 X Iy — R and limit exists finite defined by

1
li (A* ) =D , < 0.
(t,s)—)(ul,uzlgltyéuh sF#u2 (t — ul)(s — UQ) (ts) BQ(U1 UQ) o

Let the classes of all Bogel-differentiable function denoted by Dy,g(u1,u2) and be
Dy(Iy x Iy) = {g, such that g : 7y x Iy — R is g, B—differentiable on Z; x Z»}.
Suppose the function g is B-bounded on D and be g : 73 x 7o — R, then
for all (¢,s), (ui,u2) € I; X Iy there exists positive constant M such that
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‘ A7 t,s)
bou(nded on Iy x Iy, whene 7 x Iy is compact subset. Let B,(Z; x Z3) denote
the classes of all B-bounded function defined on Z; x Zs which equipped the
norm on B as || g ||B= Sub(t ) (uyun)ezixz, | By 59U, u2) | As we know to
approximate the degree for a set of all B-continuous function on positive linear
operators, it is essential to use the properties of mixed-modulus of continuity.
So we let for all (¢,s), (u1,u2) € Zy x Iy and g € B,(Z,,,), the mixed-modulus
of continuity of function g bt wp : [0,00) x [0,00) — R and be defined such as:

g(ui,u2) |< M. The classes of all B-continuous function is called a B-

wp(g;01,02) = sup{A(  g(ur,u) :| t —wy [< 61, [ s —up [< 62}

For any Z? = [0,1] x [0, 1], we suppose the classes of all B-continuous function
defined on Z? denoted by C,(Z?). Moreover, let set of all ordinary continuous
function defined on Z2 be C(Z?) . For further details on space of Bogel functions
related to this paper we propose the article [35, 36].

Let (u1,u2) € Z? and n1,ny € N then for all g € C(Z?) we define the GBS

type operators for the positive linear operators By, ,,,. Thus we suppose

(12> Kglh'r?; ( (t7 5); ’U,l,UQ) = B'rolll,ng (g(t,m) + g(u17 S) - g(t7 3);U1,U2> .

More precisely, the generalized GBS operator for bivariate function is defined
as follows:

Kooz (g(t, s); u1,uz2)

ni,ng

13 = Qi un)Q(na, ) | [ Pitmn Py ),

k,l=0
where Py, u,(t,s) = (g(t,u2) + g(ui, s) — g(t, s)).
Theorem 4.1. For all g € C,(Z?), it follows that
| Knime (9(t,8);ur, ug) — glur, uz) [< 4wp (95 0n ur s Ong,us) »
where Op, u, and dp, 4, are defined by Theorem 3.4.

Proof. Let (t,s), (u1,us) € Z?. For all ny,ny € N and d,,,0,, > 0, it follows
that

| Al un)9(8) | < wp (gt —ur|[s—uzl)

(1 + t_U1> <1+ S_UQ> WRB (g§5n175n2)’
On,y Ongy

IN
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From (12) and well-known Cauchy-Schwarz inequality, we easily conclude that

|K7?1177(322( (tvs);u17u2) _g(ulau2) ’S n1 ng (| A (u1 u2) (t,S) |;U1,U2>

N|=

1
< <Bﬁl,n2(¢o,o;u1,uz) + — (B, ., ((t = u1)?s ur, up))

On,y
1 N ) 1
+ a (Bnl nz(( - UQ) ;u17u2))
2
1 o ) 1
+ a (Bn1 ng(( - ul) ;’U;1,’U,2))
1
1 o ) 1
X a (Bnth((S—uQ) ;u17u2)) wB (g;5n1,5n2).
2
In the view of Theorem 3.4 we easily get our results. ]

If we let © = (¢,5), y = (uy,u2) € Z?, then the Lipschitz function in terms
of B-continuous functions defined by

Ligfy, = {g € O(T%) | Al dlery) 1< M | 2~y | }

where M is a positive constant, 0 < £ < 1, and Euclidean norm || z — y ||=

\/(t —u1)? 4 (s — ug)?.

Theorem 4.2. For all g € szM operator Knin? satisfying

| K92 (g(x,y);un,uz) — g(ur, ug) |[< M{SE ., + 6n,. m}?
where O, u, and Oy, ., are defined by Theorem 3.4.
Proof. We easily see that
Kolns (9(@,y)iu,u2) = By, (9(u1,y) + g(z, u2) — g(@, s); u1, uz)

= B% N2 ( (u1,u) — A?ul,ug)g(xﬂ s); u1, UQ)
= g(ula ’UQ) - thnZ (A?ul,uQ)g(‘/E7 5)5 uy, Ug) .

Therefore,

| Katz (9w, y)iun, u2) = g(un,uz) 1< B,y (| Al 9(@:9) o)

< M B¢ (Hx—y”f;ul,ug)

n1,m2
£
< M{Bnl no (H r—=y HQ;UMUQ)}Q

£
< M{By, ., ((t— u1)?;ur, ug) + By, (s — us)®;ur, ug) b 2.
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Theorem 4.3. If g € D,(Z?) and Dpg € B(Z?), then
| Kpln2 (g5 u1,uz) — g(u, ug) |

< 0{3 | DBY |loo +@mized (DBY; Ony, Ons) }(Ul +1)(uz +1)

+ {1 +V/Co(uy +1) + /Cy(ug + 1)}
X Wmized (DBYG; Ony s Ony) (w1 + 1) (ug + 1),
where 0y, Opn, defined by Theorem 3.4 and C is any positive constant.
Proof. Suppose p € (u1,t), £ € (ug,s) and
Alyyun9(t,8) = (t —u1)(s —u2)Dpg(p, §),
Dpg(p,€) = Aly, unDB9(p,€) + Dpg(p,y) + Dpg(z,§) — Dpg(ur, uz).

For all Dgg € B(Z?), it follows that

| Kons <A>(ku1,u2)g(t7 8)9U1au2> |=| Kplms (¢ —u1)(s —u2)Dpg(p, €); ur, uz) |

ni,n2

< Koo (| t—uy || s —ug A?u17u2)DBg(p,f) |;U1,UQ)

ni,n2

+K35:3;( = |5 —us | (| Daglp,us) |

| Dpg(ur,€) | + | Dpglur, us) |>;u1,u2)

ni,n2

SKo‘l’O‘?(\t—ule—uﬂ

X Doized (D5g: | p— ur |, € — uz |>;u1,u2)

+3 1 Dg lleo Kyiing (1T —ua [[s —ug |su1, ug).

ni,n2

Here, @w,ized, is mixed-modulus of continuity and it follows that

Wmixed (DBg; | P — U ’, ‘ & —ug ’)
< Wmized (DBg; ’ t—uy |,| S — Uy D
<46t t—ur]) (14070 | 5 —us |) Dmized (DBG; | s Ons) -

Therefore, it is obvious that

| K,y (g5 w1, u2) — glun, ug) [=] A, p09(t s);ut, up |
1

2
<3| Dpg |l <Kﬁf:£i‘§ (¢ — w)(s - u2>2;u1,uQ))
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T (K::;;ﬁ; (= ||'s—us Jsuru)

LA RO ((t—wn)® | s — un | u, ) )

+ 57;21}—(7?11:7?22 (| t— U | (S - 'LLQ)Q; u17u2)

+ 6 1oL gora2 ((t - u1)2(s — uQ)2; u1, uz) Wmized (DBY; Ony  Ony) ;

ny "n2 ni,n2

| Koy ns (9501, u2) — g(un, uz) [=[ AG, ) 9(E s);ur, uz |

1
2
<3 DB llo <Kﬁf,’3§ (‘I’iﬁw;m,uz)>
1
2

1,02 2,2 .
+ { <Kn17n2 (\I,U17U2’ U1, u2) )

—1 aq,02 4,2 —1 aq,00 24 .
+ 5n1 <Knlvn2 (\Ilul,uwul’UQ) + 5n2 <Kn1,n2 (\I/u17u2,u1,u2)>

ol
Wl

+ 57:1161;211{311:322 (‘113’12@2; uy, u2> }wmixed (DBQ; 67117 577,2) .
Which follows that

| K’;;lﬂ'LQ (g;u17u2) - g(U1,U2) |

[NIES

=3 DB llee (Kﬁf:ﬁ‘f (Wil ugs ut, uz) Kl (‘I’?L’ﬁuz;m,uz))

ol

1,02 20 . 1,02 0,2 .
(R 200 ) K (9250, ) )

o=

-1 aq,002 4,0 . 1,009 0,2 .
*om (Knhn? (\I’ulﬂm’ U1, u2) K, (\IIU17U2’ u1, u2)>

SIS

-1 aq,0 20 . 1,02 04 .
—ls—1lgraa (2,0 . ap,az (0,2 .
0, Oy K07 (W3 s un) K02 (W7, 5w, up) }
X Wmized (DBQ; 5n1 ) (5112) .
From Lemma (2.5), we demonstrate

| Ky ony (9501, u2) = g(u1,u2) |[< 3 ]| Dpg [l (@(ul + 1) (ug + 1)>
+ { (\/ C1Cy(uy + 1) (ug + 1)>
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+o,! <\/52, e <;> (ur + 1)%(ug + 1))
+ o) <\ﬂ, e <le> (ug + 1)%(uy + 1)>
cartait (Yo (1) yfo (&) + v+ n))

X Wmized (DBg; 57117 6712) :

Which complete the proof of Theorem 4.3. O

5. Conclusion and remarks

These types of generalization, that is, Bivariate Szasz operators is a new gener-
alization. In this, manuscript our investigation is to generalize the Szasz Dur-
rmeyer operators based on Dunkl analogue [41] by introducing the bivariate
functions. We study the bivariate properties of Szdsz Durrmeyer operators with
the help of modulus of continuity, mixed-modulus of continuity and then find
the approximation results in Peetre’s K-functional, Voronovskaja type theo-
rem and Lipschitz maximal functions for these bivariate operators. Next, we
also construct the GBS type operator of these generalized operators and study
approximation in Bbgel continuous functions by use of mixed-modulus of conti-
nuity.
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