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Abstract. In this manuscript, we develop a bi-variate extension of hybrid type op-
erators. We discuss the order of approximation via modulus of continuity, Peetre’s
K-functional,the rate of convergence, Lipschitz maximal functions and Voronovskaja
type result. In addition to this, we investigate global approximation results. In the
last section, we study the approximation properties of the operators in Bögel-spaces in
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1. Introduction

Approximation theory is an important part of mathematical analysis where the
main purpose of investigation is to approximate a delicate, difficult and sophis-
ticated function with the help of simple and smooth function. Karl Weierstrass
(1885) developed an elegant theorem called as Weierstrass approximation the-
orem [25] which is widely known and accepted that all types of algebraic poly-
nomial in the category of continuous real valued function on closed interval are
dense. Among these, S. N. Bernstein (1912)[4] introduced the polynomials via
binomial distribution to give the simplest and easiest proof of this celebrated
theorem as follows:

(1) Bn(f ;x) =

n∑
ν=0

pn,ν(x)f

(
ν

n

)
, n ∈ N,

where pn,ν(x) =
(
n
k

)
xν(1−x)n−ν and f ∈ [0, 1]. He established thatBn(f ;x) ⇒

f for each f ∈ C[0, 1] where ⇒ holds for uniform convergence. Szász [1] gener-
alized the operators defined by (1) on unbounded interval, i.e. on [0,∞) as

Sn(f ;x) = e−nx
∞∑
ν=0

(nx)ν

ν!
f

(
ν

n

)
, n ∈ N.(2)

Several generalizations studied for (2) to yield the convergence properties by
these sequences on [0,∞). Operators (1) and (2) are limited for continuous
functions only. Durrmeyer [2] suggested for an integral modification of Bernstein
operators (1) on an interval [0,1] to study the approximation properties for
Lebsgue integrable functions given by

Dn(f ;x) =
n∑

ν=0

pn,ν(x)

∫ 1

0
pn,ν(t)f(t)dt.(3)

With the help of the Bézier bases and shape parameter λ ∈ [1,−1], Cai et. al.
[14] obtained a generalization of classical Bernstein operators. In the sequence,
Cai [10], Srivastava et al. [23] and Ozger ([18], [19]) constructed Stancu, Shurer
and Kantorovich variants of λ-Bernstein operators. Motivated with the idea of
λ-Bernstein polynomials, Acu et al. [26] introduced a new family of modified
Uρ
m operators and the operator is denoted by Uρ

m,λ. Recently, Rao et al [6],
introduced a new sequence of Hybrid type operators as:

A∗
n,α(f ;x) =

∞∑
k=0

Pα
n,k(x)

nk+λ+1

Γ(k + λ+ 1)

∫ ∞

0
tk+λ+1e−ntdt(4)
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where

Pα
n,k(x) =

xk−1

(1 + x)n+k−1

{
αx

1 + x

(
n+ k − 1

k

)
− (1− α)(1 + x)

(
n+ k − 3

k − 2

)

+ (1− α)x

(
n+ k − 1

k

)}
with

(
n−3
−2

)
=
(
n−2
−1

)
= 0, and the gamma function

Γn =

∫ ∞

0
xn−1e−xdx, Γz = (z − 1)Γ(z − 1) = (z − 1)!.

2. Construction of bivariate extension of λ-hybrid type operators
and their basic estimates

Let I2 = {(u1, u2) : 0 ≤ u1 < ∞, 0 ≤ u2 < ∞} and C
(
I2
)
be the class of all

continuous functions on I2 equipped with the norm

∥g∥C(I2) = sup
(u1,u2)∈I2

|g(u1, u2)|.

Then, for all f ∈ C
(
I2
)
and n1, n2 ∈ N, we construct a new sequences of

bi-variate extension of λ-Hybrid type operators as follow:

Bα
n1,n2

(f ;u1, u2) =
∞∑

k1=0

∞∑
k2=0

P1,n1,k1(u1)P2,n2,k2(u2)

·
∫ ∞

0

∫ ∞

0
G∗

1
(u1)G

∗
2
(u2)f(t1, t2)dt1dt2.(5)

where

P ∗
i,n,k(ui) =

ui
ki−1

(1 + ui)
ni+kν−1

{
αui

1 + ui

(
ni + ki − 1

ki

)

− (1− α)(1 + ui)

(
ni + ki − 3

ki − 2

)
+ (1− α)u1

(
ni + ki
ki

)}
and G∗

i (ui) =
ni

ki+λi+1

Γ(ki+λi+1)

∫∞
0 ti

ki+λi+1e−nitidti for i = 1, 2.

Lemma 2.1 ([6]). For the operators defined by (4) and ei(x) = xi, i ∈ {0, 1, 2},
test function, we have the following identities:

A∗
n,α(e0;x) = 1,

A∗
n,α(e1;x) = x+

2

n
(α− 1)x+

λ+ 1

n
,

A∗
n,α(e2;x) = x2

(
1 +

4α− 3

n

)
+ x

(
2λ+ 3

n
+

4α− 4 + (2λ+ 3)(α− 1)

n2

)
+

λ2 + 3λ+ 2

n2
,
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where n ∈ N, and α ∈ [−1, 1].

Lemma 2.2 ([6]). Let ηj(x) = (t − x)j, j∈ {0, 1, 2} be the central moments.
Then for the operator A∗

n,α(.; .), given by (4), we have the following equalities:

A∗
n,α(η0;x) = 1,

A∗
n,α(η1;x) =

2(λ− 1)x

n
+
λ+ 1

n
,

A∗
n,α(η2;x) = O

(
1

n

)(
x2 + x+ 1

)
.

Lemma 2.3. Let ei,j = u1
iu2

j. Then, for the operator Bα
n1,n2

(.; .), we have

Bα
n1,n2

(e0,0;u1, u2) = 1,

Bα
n1,n2

(e1,0;u1, u2) = u1 +
2

n1
(α− 1)u1 +

λ+ 1

n1
,

Bα
n1,n2

(e0,1;u1, u2) = u2 +
2

n2
(α− 1)u2 +

λ+ 1

n2
,

Bα
n1,n2

(e1,1;u1, u2) =

(
u1

2

n1
(α− 1)u1 +

λ+ 1

n1

)(
u2 +

2

n2
(α− 1)u2 +

λ+ 1

n2

)
,

Bα
n1,n2

(e2,0;u1, u2) = u21

(
1+

4α− 3

n1

)
+u1

(
2λ+3

n1
+
4α−4+(2λ+3)(α−1)

n21

)
+
λ2 + 3λ+ 2

n21
,

Bα
n1,n2

(e0,2;u1, u2) = u22

(
1+

4α−3

n2

)
+u2

(
2λ+3

n2
+
4α−4+(2λ+3)(α−1)

n22

)
+
λ2 + 3λ+ 2

n22
.

Proof. In the light of lemma (2.1) and linearly property, we have

Bα
n1,n2

(e0,0;u1, u2) = Bα
n1,n2

(e0;u1, u2)B
α
n1,n2

(e0;u1, u2),

Bα
n1,n2

(e1,0;u1, u2) = Bα
n1,n2

(e1;u1, u2)B
α
n1,n2

(e0;u1, u2),

Bα
n1,n2

(e0,1;u1, u2) = Bα
n1,n2

(e0;u1, u2)B
α
n1,n2

(e1;u1, u2),

Bα
n1,n2

(e1,1;u1, u2) = Bα
n1,n2

(e1;u1, u2)B
α
n1,n2

(e1;u1, u2),

Bα
n1,n2

(e2,0;u1, u2) = Bα
n1,n2

(e2;u1, u2)B
α
n1,n2

(e0;u1, u2),

Bα
n1,n2

(e0,2;u1, u2) = Bα
n1,n2

(e0;u1, u2)B
α
n1,n2

(e2;u1, u2),

which proves Lemma (2.3).

Lemma 2.4. Let Ψu1,u2
i,j (t, s) = ηi,j(t, s) = (t−u1)i(s−u2)j , i, j ∈ {0, 1, 2} be

the central moments. Then from the operators Bα
n1,n2

(.; .) defined by (5) satisfies
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the following identities

Bα
n1,n2

(η0,0;u1, u2) = 1,

Bα
n1,n2

(η1,0;u1, u2) =
2(λ− 1)u1

n1
+
λ+ 1

n1
,

Bα
n1,n2

(η0,1;u1, u2) =
2(λ− 1)u1

n2
+
λ+ 1

n2
,

Bα
n1,n2

(η1,1;u1, u2) =
2(λ− 1)u1

n1
+
λ+ 1

n1

2(λ− 1)u1
n2

+
λ+ 1

n2
,

Bα
n1,n2

(η2,0;u1, u2) = O

(
1

n

)(
u21 + u1 + 1

)
,

Bα
n1,n2

(η0,2;u1, u2) = O

(
1

n

)(
u22 + u2 + 1

)
.

Proof. Using lemma (2.2) and linearly property, we have

Bα
n1,n2

(η0,0;u1, u2) = Bα
n1,n2

(η0;u1, u2)B
α
n1,n2

(η0;u1, u2),

Bα
n1,n2

(η1,0;u1, u2) = Bα
n1,n2

(η1;u1, u2)B
α
n1,n2

(η0;u1, u2),

Bα
n1,n2

(η0,1;u1, u2) = Bα
n1,n2

(η0;u1, u2)B
α
n1,n2

(η1;u1, u2),

Bα
n1,n2

(η1,1;u1, u2) = Bα
n1,n2

(η1;u1, u2)B
α
n1,n2

(η1;u1, u2),

Bα
n1,n2

(η2,0;u1, u2) = Bα
n1,n2

(η2;u1, u2)B
α
n1,n2

(η0;u1, u2),

Bα
n1,n2

(η0,2;u1, u2) = Bα
n1,n2

(η0;u1, u2)B
α
n1,n2

(η2;u1, u2),

which proves Lemma 2.4.

Lemma 2.5. For all u1, u2 ∈ I2 and sufficiently large n1, n2 ∈ N the operators
H∗

n1,n2
(. ; .) satisfy following

(1) Bα
n1,n2

(Ψ2,0
u1,u2

;u1, u2) = O

(
1

n1

)
(u1 + 1)2 ≤ C1(u1 + 1)2 as n1, n2 → ∞,

(2) Bα
n1,n2

(Ψ0,2
u1,u2

;u1, u2) = O

(
1

n2

)
(u2 + 1)2 ≤ C2(u2 + 1)2 as n1, n2 → ∞,

(3) Bα
n1,n2

(Ψ4,0
u1,u2

;u1, u2) = O

(
1

n21

)
(u1 + 1)4 ≤ C3(u1 + 1)4 as n1, n2 → ∞,

(4) Bα
n1,n2

(Ψ0,4
u1,u2

;u1, u2) = O

(
1

n22

)
(u2 + 1)4 ≤ C4(u2 + 1)4 as n1, n2 → ∞.

3. Some approximation results in weighted space and their degree
of convergence

Let φ be weight function such that φ(u1, u2) = 1 + u21 + u22 and satisfying
Bφ

(
I2
)
= {g :| g(u1, u2) |≤ Cgφ(u1, u2), Cg > 0}, where Bφ

(
I2
)
is the set of

all bounded function on I2 = [0,∞)×[0,∞). Suppose C(m)
(
I2
)
be them-times
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continuously differentiable functions defined on I2 = {(u1, u2) ∈ I2 : u1, u2 ∈
[0,∞)}. The equipped norm on Bφ defined by ∥ g ∥φ= supu1,u2∈I2

|g(u1,u2)|
φ(u1,u2)

.
Moreover, we have classified here some classes of function as follows:

Cm
φ

(
I2
)
=

{
g : g ∈ Cφ

(
I2
)
; such that lim

(u1,u2)→∞

g(u1, u2)

φ(u1, u2)
= kg <∞

}
,

C0
φ

(
I2
)
=

{
f : f ∈ Cm

φ

(
I2
)
; such that lim

(u1,u2)→∞

g(u1, u2)

φ(u1, u2)
= 0

}
,

Cφ

(
I2
)
= {g : g ∈ Bφ ∩ Cφ

(
I2
)
}.

Suppose ωφ(g; δ1, δ2) is the weighted modulus of continuity for all g ∈ C0
φ

(
I2
)

and δ1, δ2 > 0, defined by

(6) ωφ(g; δ1, δ2)= sup
(u1,u2)∈[0,1]

sup
0≤|θ1|≤δ1,0≤|θ2|≤δ2

| g(u1+θ1, u2+θ2)−g(u1, u2) |
φ(u1, u2)φ(θ1, θ2)

.

For any η1, η2 > 0 one has

ωφ(g; η1δ1, η2δ2) ≤ 4(1 + η1)(1 + η2)(1 + δ21)(1 + δ22)ωφ(g; δ1, δ2),

| g(t, s)− g(u1, u2) |≤ φ(u1, u2)φ (| t− u1 |, | s− u2 |)ωφ (g; | t− u1 |, | s− u2 |)
≤ (1 + u21 + u22)(1 + (t− u1)

2)(1 + (s− u2)
2)ωφ (g; | t− u1 |, | s− u2 |) .

Theorem 3.1. Let g ∈ C0
φ

(
I2
)
, then for sufficiently large n1, n2 ∈ N operator

Bα
n1,n2

(.; .) satisfying the inequality

| Bα
n1,n2

(g;u1, u2)− g(u1, u2) |
(1 + u21 + u22)

≤ Ψu1,u2

(
1 +O

(
n−1
1

))(
1 +O

(
n−1
2

))
ωφ

(
g;O

(
n
− 1

2
1

)
,

(
n
− 1

2
2

))
,

where Ψu1,u2 = (1+(u1+1)+C1(u1+1)2+
√
C3(u1+1)3)(1+(u2+1)+C2(u2+

1)2 +
√
C4(u2 + 1)3) and C1, C2, C3, C4 > 0.

Proof. For all δn1 , δn2 > 0 we have

| g(t, s)− g(u1, u2) |≤ 4(1 + u21 + u22)
(
1 + (t− u1)

2
) (

1 + (s− u2)
2
)

×
(
1 +

| t− u1 |
δn1

)(
1 +

| s− u2 |
δn2

)
(1 + δ2n1

)(1 + δ2n2
)ωφ (g; δn1 , δn2)

= 4(1 + u21 + u22)(1 + δ2n1
)(1 + δ2n2

)

×
(
1 +

| t− u1 |
δn1

+ (t− u1)
2 +

1

δn1

| t− u1 | (t− u1)
2

)
×
(
1 +

| s− u2 |
δn2

+ (s− u2)
2 +

| s− u2 |
δn2

(s− u2)
2

)
ωφ (g; δn1 , δn2) .
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Applying Bα
n1,n2

(.; .) both the sides and then using Cauchy-Schwarz inequality,

| Bα
n1,n2

(g;u1, u2)− g(u1, u2) | ≤Bα
n1,n2

(| g(., .)−g(u1, u2) |;u1, u2) 4(1+u21+u22)

×Bα
n1,n2

(
1 +

| t− u1 |
δn1

+ (t− u1)
2 +

1

δn1

| t− u1 | (t− u1)
2;u1, u2

)
×Bα

n1,n2

(
1 +

| s− u2 |
δn2

+ (s− u2)
2 +

| s− u2 |
δn2

(s− u2)
2;u1, u2

)
× (1 + δ2n1

)(1 + δ2n2
)ωφ (g; δn1 , δn2)

= 4(1 + u21 + u22)(1 + δ2n1
)(1 + δ2n2

)ωφ (g; δn1 , δn2)

×
(
1 +

1

δn1

Bα
n1,n2

(| t− u1 |;u1, u2) +Bα
n1,n2

((t− u1)
2;u1, u2)

+
1

δn1

Bα
n1,n2

(| t− u1 | (t− u1)
2;u1, u2

)
×
(
1 +

1

δn2

Bα
n1,n2

(| s− u2 |;u1, u2) +Bα
n1,n2

((s− u2)
2;u1, u2)

+
1

δn2

Bα
n1,n2

(| s− u2 | (s− u2)
2;u1, u2

)
;

| Bα
n1,n2

(g;u1, u2)− g(u1, u2) |≤ 4(1 + u21 + u22)(1 + δ2n1
)(1 + δ2n2

)ωφ (g; δn1 , δn2)

×
[
1 +

1

δn1

√
Bα

n1,n2
((t− u1)2;u1, u2) +Bα

n1,n2
((t− u1)

2;u1, u2)

+
1

δn1

√
Bα

n1,n2
((t− u1)2;u1, u2)

√
Bα

n1,n2
((t− u1)4;u1, u2)

]
×
[
1 +

1

δn2

√
Bα

n1,n2
((s− u2)2;u1, u2) +Bα

n1,n2
((s− u2)

2;u1, u2)

+
1

δn2

√
Bα

n1,n2
((s− u2)2;u1, u2)

√
Bα

n1,n2
((s− u2)4;u1, u2)

]
.

In view of Lemma 2.5 and choose δn1 = O(n
− 1

2
1 ) and δn2 = O(n

− 1
2

2 ), then

| Bα
n1,n2

(g;u1, u2)− g(u1, u2) |≤ 4(1 + u21 + u22)(1 + δ2n1
)(1 + δ2n2

)ωφ (g; δn1 , δn2)

×
[
1 +

1

δn1

√
O

(
1

n1

)
(u1 + 1)2 +O

(
1

n1

)
(u1 + 1)2

+
1

δn1

√
O

(
1

n1

)
(u1 + 1)2

√
O

(
1

n1

)
(u1 + 1)4

]

×
[
1 +

1

δn2

√
O

(
1

n2

)
(u2 + 1)2 +O

(
1

n2

)
(u2 + 1)2

+
1

δn2

√
O

(
1

n2

)
(u2 + 1)2

√
O

(
1

n2

)
(u2 + 1)4

]
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| Bα
n1,n2

(g;u1, u2)− g(u1, u2) |≤ 4(1 + u21 + u22)(1 + δ2n1
)(1 + δ2n2

)ωφ (g; δn1 , δn2)

×
[
1 + (u1 + 1) + C1(u1 + 1)2 +

√
C2(u1 + 1)3

][
1 + (u2 + 1)

+ C3(u2 + 1)2 +
√
C4(u2 + 1)3

]
.

Which completes the proof.

Lemma 3.1 ([38, 39]). For the positive sequence of operators {Ln1,n2}n1,n2≥1,
which acting Cφ → Bφ defined earlier then there exists some positive K such
that

∥ Ln1,n2(φ;u1, u2) ∥φ≤ K.

Theorem 3.2 ([38, 39]). For the positive sequence of operators {Ln1,n2}n1,n2≥1

acting Cφ → Bφ defined earlier satisfying the following conditions

(1) lim
n1,n2→∞

∥ Ln1,n2(1;u1, u2)− 1 ∥φ = 0,

(2) lim
n1,n2→∞

∥ Ln1,n2(t;u1, u2)− u1 ∥φ = 0,

(3) lim
n1,n2→∞

∥ Ln1,n2(s;u1, u2)− u2 ∥φ = 0,

(4) lim
n1,n2→∞

∥ Ln1,n2((t
2 + s2);u1, u2)− (u21 + u22) ∥φ = 0.

Then, for all g ∈ C0
φ,

lim
n1,n2→∞

∥ Ln1,n2g − g ∥φ= 0

and there exists another function f ∈ Cφ \ C0
φ, such that

lim
n1,n2→∞

∥ Ln1,n2f − f ∥φ≥ 1.

Theorem 3.3. If g ∈ C0
φ

(
I2
)
then, we have

lim
n1,n2→∞

∥ Bα
n1,n2

(g)− g ∥φ= 0.

Proof.

∥ Bα
n1,n2

(φ;u1, u2) ∥φ= sup
(u1,u2)∈I2

| Bα
n1,n2

(1 + u21 + u22;u1, u2) |
1 + u21 + u22

= 1 + sup
(u1,u2)∈I2

[
1

1 + u21 + u22

∣∣∣∣(1 +Bα
n1,n2

(u21;u1, u2) +Bα
n1,n2

(u22;u1, u2)

)∣∣∣∣]
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∥ Bα
n1,n2

(φ;u1, u2) ∥φ= 1 +

∣∣∣∣1 + 4α− 3

n1

∣∣∣∣ sup
(u1,u2)∈I2

u21
1 + u21 + u22

+

∣∣∣∣2λ+ 3

n1
+

4α− 4 + (2λ+ 3)(α− 1)

n21

∣∣∣∣ sup
(u1,u2)∈I2

u1
1 + u21 + u22

+

∣∣∣∣λ2 + 3λ+ 2

n21

∣∣∣∣ sup
(u1,u2)∈I2

1

1 + u21 + u22

+

∣∣∣∣1 + 4α− 3

n2

∣∣∣∣ sup
(u1,u2)∈I2

u22
1 + u21 + u22

+

∣∣∣∣2λ+ 3

n2
+

4α− 4 + (2λ+ 3)(α− 1)

n22

∣∣∣∣ sup
(u1,u2)∈I2

u2
1 + u21 + u22

+

∣∣∣∣λ2 + 3λ+ 2

n22

∣∣∣∣ sup
(u1,u2)∈I2

1

1 + u21 + u22
,

∥ Bα
n1,n2

(φ;u1, u2) ∥φ≤ 1+

∣∣∣∣1+4α− 3

n1

∣∣∣∣+∣∣∣∣2λ+ 3

n1
+
4α− 4+(2λ+ 3)(α− 1)

n21

∣∣∣∣
+

∣∣∣∣λ2 + 3λ+ 2

n21

∣∣∣∣+ ∣∣∣∣1 + 4α− 3

n2

∣∣∣∣
+

∣∣∣∣2λ+ 3

n2
+

4α− 4 + (2λ+ 3)(α− 1)

n22

∣∣∣∣+ ∣∣∣∣λ2 + 3λ+ 2

n22

∣∣∣∣.
Now, for all n1, n2 ∈ N \ {1, 2}, there exists a positive constant K such that

∥ Bα
n1,n2

(φ;u1, u2) ∥φ≤ K.

Therefore, in order to prove Theorem 3.3 it is sufficient from the Lemma 3.1
and Theorem 3.2. Thus we arrive at the prove of Theorem 3.3.

For any g ∈ C(I2) and δ > 0 modulus of continuity of order second is given
by

ω (g; δn1 , δn2) = sup{| g(t, s)− g(u1, u2) |: (t, s), (u1, u2) ∈ I2}

with | t − u1 |≤ δn1 , | s − u2 |≤ δn2 with the partial modulus of continuity
defined as:

ω1 (g; δ) = sup
0≤u2≤1

sup
|x1−x2|≤δ

{| g(x1, u2)− g(x2, u2) |},

ω2 (g; δ) = sup
0≤u1≤1

sup
|u1−u2|≤δ

{| g(u1, u1)− g(u1, u2) |}.

Theorem 3.4. For any g ∈ C(I2), we have

| Bα
n1,n2

(g;u1, u2)− g(u1, u2) |≤ 2

(
ω1(g; δu1,n1) + ω2(g; δn2,u2)

)
.
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Proof. In order to give the prove of Theorem 3.4, in general we use well-known
Cauchy-Schwarz inequality. Thus, we see that

| Bα
n1,n2

(g;u1, u2)− g(u1, u2) |≤ Bα
n1,n2

(| g(t, s)− g(u1, u2) |;u1, u2)
≤ Bα

n1,n2
(| g(t, s)− g(u1, s) |;u1, u2)

+Bα
n1,n2

(| g(u1, s)− g(u1, u2) |;u1, u2)
≤ Bα

n1,n2
(ω1(g; | t− u1 |);u1, u2) +Bα

n1,n2
(ω2(g; | s− u2 |);u1, u2)

≤ ω1(g; δn1)
(
1 + δ−1

n1
Bα

n1,n2
(| t− u1 |;u1, u2)

)
+ ω2(g; δn2)

(
1 + δ−1

n2
Bα

n1,n2
(| s− u2 |;u1, u2)

)
≤ ω1(g; δn1)

(
1 +

1

δn1

√
Bα

n1,n2
((t− u1)2;u1, u2)

)
+ ω2(g; δn2)

(
1 +

1

δn2

√
Bα

n1,n2
((s− u2)2;u1, u2)

)
.

If we choose δ2n1
= δ2n1,u1

= Bα
n1,n2

((t−u1)2;u1, u2) and δ2n2
= δ2n2,u2

= Bα
n1,n2

((s−
u2)

2;u1, u2), then we easily to reach our desired results.

Here, we find convergence in terms of the Lipschitz class for bivariate func-
tion. For M > 0 and ρ1, ρ2 ∈ [0, 1], Lipschitz maximal function space on
E × E ⊂ I2 defined by

Lρ1,ρ2(E × E) =

{
g : sup(1 + t)ρ1(1 + s)ρ2 (gρ1,ρ2(t, s)− gρ1,ρ2(u1, u2))

≤ M
1

(1 + u1)ρ1
1

(1 + u2)ρ2

}
,

where g is continuous and bounded on I2, and

(7) gρ1,ρ2(t, s)− gρ1,ρ2(u1, u2) =
| g(t, s)− g(u1, u2) |
| t− u1 |ρ1 | s− u2 |ρ2

; (t, s), (u1, u2) ∈ I2.

Theorem 3.5. Let g ∈ Lρ1,ρ2(E × E), then for any ρ1, ρ2 ∈ [0, 1], there exists
M > 0 such that

| Bα
n1,n2

(g;u1, u2)− g(u1, u2) |

≤M

{(
(d(u1, E))ρ1 +

(
δ2n1,u1

) ρ1
2

)(
(d(u2, E))ρ2 +

(
δ2n2,u2

) ρ2
2

)
+ (d(u1, E))ρ1 (d(u2, E))ρ2

}
,

where δn1,u1 and δn2,u2 defined by Theorem 3.4.

Proof. Take | u1 − x0 |= d(u1, E) and | u2 − y0 |= d(u2, E). For any (u1, u2) ∈
I2, and (x0, y0) ∈ E × E we let d(u1, E) = inf{| u1 − u2 |: u2 ∈ E}. Thus, we
can write here

(8) | g(t, s)− g(u1, u2) |≤M | g(t, s)− g(x0, y0) | + | g(x0, y0)− g(u1, u2) | .



BIVARIATE EXTENSION OF λ-HYBRID TYPE OPERATORS 281

Apply Bα
n1,n2

, we obtain

| Bα
n1,n2

(g;u1, u2)− g(u1, u2) |≤ Bα
n1,n2

(| g(u1, u2)− g(x0, y0) |
+ | g(x0, y0)− g(u1, u2) |)
≤MBα

n1,n2
(| t− x0 |ρ1 | s− y0 |ρ2 ;u1, u2)

+M | u1 − x0 |ρ1 | u2 − y0 |ρ2 .

For all A,B ≥ 0 and ρ ∈ [0, 1] we know inequality (A+B)ρ ≤ Aρ +Bρ, thus

| t− x0 |ρ1≤| t− u1 |ρ1 + | u1 − x0 |ρ1 ,

| s− y0 |ρ1≤| s− u2 |ρ2 + | u2 − y0 |ρ2 .

Therefore,

| Bα
n1,n2

(g;u1, u2)− g(u1, u2) | ≤MBα
n1,n2

(| t− u1 |ρ1 | s− u2 |ρ2 ;u1, u2)
+M | u1 − x0 |ρ1 Bα

n1,n2
(| s− u2 |ρ2 ;u1, u2)

+M | u2 − y0 |ρ2 Bα
n1,n2

(| t− u1 |ρ1 ;u1, u2)
+ 2M | u1−x0 |ρ1 | u2−y0 |ρ2 Bα

n1,n2
(µ0,0;u1, u2) .

On apply Hölder inequality on Bα
n1,n2

, we get

Bα
n1,n2

(| t− u1 |ρ1 | s− u2 |ρ2 ;u1, u2)
= Uα1

n1,k
(| t− u1 |ρ1 ;u1, u2)Vα2

n2,l
(| s− u2 |ρ2 ;u1, u2)

≤
(
Bα

n1,n2
(| t− u1 |2;u1, u2)

) ρ1
2
(
Bα

n1,n2
(µ0,0;u1, u2)

) 2−ρ1
2

×
(
Bα

n1,n2
(| s− u2 |2;u1, u2)

) ρ2
2
(
Bα

n1,n2
(µ0,0;u1, u2)

) 2−ρ2
2 .

Thus, we can obtain

| Bα
n1,n2

(g;u1, u2)− g(u1, u2) |

≤M
(
δ2n1,u1

) ρ1
2
(
δ2n2,u2

) ρ2
2 + 2M (d(u1, E))ρ1 (d(u2, E))ρ2

+M (d(u1, E))ρ1
(
δ2n2,u2

) ρ2
2 + L (d(u2, E))ρ2

(
δ2n1,u1

) ρ1
2 .

We have complete the proof.

Theorem 3.6. If g ∈ C ′(I2), then for all (u1, u2) ∈ I2, operator Bα
n1,n2

satis-
fying

| Bα
n1,n2

(g;u1, u2)− g(u1, u2) |≤∥ gu1 ∥C(I2)

(
δ2n1,u1

) 1
2 + ∥ gu2 ∥C(I2)

(
δ2n2,u2

) 1
2 ,

where δn1,u1 and δn2,u2 are defined by Theorem 3.4.
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Proof. Let g ∈ C ′(I2), and for any fixed (u1, u2) ∈ I2 we have

g(t, s)− g(u1, u2) =

∫ t

u1

gϱ(ϱ, s)dϱ+

∫ s

u2

gµ(u1, µ)dµ.

On apply Bα
n1,n2

Bα
n1,n2

(g(t, s);u1, u2)− g(u1, u2)

= Bα
n1,n2

(∫ t

u1

gϱ(ϱ, s)dϱ;u1, u2

)
+Bα

n1,n2

(∫ s

u2

gµ(u1, µ)dµ;u1, u2

)
.(9)

From the sup-norm on I2 we can see that

(10) |
∫ t

u1

gϱ(ϱ, s)dϱ |≤
∫ t

u1

| gϱ(ϱ, s)dϱ |≤∥ gu1 ∥C(I2)| t− u1 |,

(11) |
∫ s

u2

gµ(u1, µ)dµ |≤
∫ s

u2

| gµ(u1, µ)dµ |≤∥ gu2 ∥C(I2)| s− u2 | .

In the view of (9), (10) and (11) we can obtain

| Bα
n1,n2

(g(u1, u2);u1, u2)− g(u1, u2) |

≤ Bα
n1,n2

(∣∣∣∣ ∫ t

u1

gϱ(ϱ, s)dϱ

∣∣∣∣;u1, u2)
+Bα

n1,n2

(∣∣∣∣ ∫ s

u2

gµ(u1, µ)dµ

∣∣∣∣;u1, u2)
≤∥ gu1 ∥C(I2) B

α
n1,n2

(| t− u1 |;u1, u2)
+ ∥ gu2 ∥C(I2) B

α
n1,n2

(| s− u2 |;u1, u2)

≤∥ gu1 ∥C(I2)

(
Bα

n1,n2
((t− u1)

2;u1, u2)B
α
n1,n2

(1;u1, u2)
) 1

2

+ ∥ gu2 ∥C(I2)

(
Bα

n1,n2
((s− u2)

2;u1, u2)B
α
n1,n2

(1;u1, u2)
) 1

2

=∥ gu1 ∥C(I2)

(
δ2n1,u1

) 1
2 + ∥ gu2 ∥C(I2)

(
δ2n2,u2

) 1
2 .

Theorem 3.7. For any f ∈ C(I2), if we define an auxiliary operator such that

Rα1,α2
n1,n2

(f ;u1, u2) = Bα
n1,n2

(g;u1, u2) + f(u1, u2)

− f

(
Uα1
n1,k

(µ1,0;u1, u2),Vα2
n2,l

(µ0,1;u1, u2)

)
,

where, from Lemma 2.4, Uα1
n1,k

(µ1,0;u1, u2) =
2(λ−1)u1

n1
+ λ+1

n1
, n1 > 1 and

Vα2
n2,l

(µ0,1;u1, u2) =
2(λ− 1)u1

n2
+
λ+ 1

n2
, n2 > 1.
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Then, for all g ∈ C ′(I2), Rα1,α2
n1,n2 satisfying

Rα1,α2
n1,n2

(g; t, s)− g(u1, u2) ≤

{
δ2n1,u1

+ δ2n2,u2
+

(
2(λ− 1)u1

n1
+
λ+ 1

n1
− u1

)2

+

(
2(λ− 1)u1

n2
+
λ+ 1

n2
− u2

)2}
∥ g ∥C2(I2) .

Proof. In the light of operator Rα1,α2
n1,n2 (f ;u1, u2) and Lemma 2.4, we obtain

Rα1,α2
n1,n2 (1;u1, u2) = 1, Rα1,α2

n1,n2 (t − u1;u1, u2) = 0 and Rα1,α2
n1,n2 (s − u2;u1, u2) = 0.

For any g ∈ C ′(I2) the Taylor series give us:

g(t, s)− g(u1, u2) =
∂g(u1, u2)

∂u1
(t− u1) +

∫ t

u1

(t− λ)
∂2g(λ, u2)

∂λ2
dλ

+
∂g(u1, u2)

∂u2
(s− u2) +

∫ s

u2

(s− ψ)
∂2g(u1, ψ)

∂ψ2
dψ.

On apply Rα1,α2
n1,n2 , we see that

Rα1,α2
n1,n2

(g(t, s);u1, u2)−Rα1,α2
n1,n2

(g(u1, u2)

= Rα1,α2
n1,n2

(∫ t

u1

(t− λ)
∂2g(λ, u2)

∂λ2
dλ;u1, u2

)
+Rα1,α2

n1,n2

(∫ s

u2

(s− ψ)
∂2g(u1, ψ)

∂ψ2
dψ;u1, u2

)
= Bα

n1,n2

(∫ t

u1

(t− λ)
∂2g(λ, u2)

∂λ2
dλ;u1, u2

)
+Bα

n1,n2

(∫ s

u2

(s− ψ)
∂2g(u1, ψ)

∂ψ2
dψ;u1, u2

)
−
∫ 2(λ−1)u1

n1
+λ+1

n1

u1

(
2(λ− 1)u1

n1
+
λ+ 1

n1
− λ

)
∂2g(λ, u2)

∂λ2
dλ

−
∫ 2(λ−1)u1

n2
+λ+1

n2

u2

(
2(λ− 1)u1

n2
+
λ+ 1

n2
− ψ

)
∂2g(u1, ψ)

∂ψ2
dψ.

From hypothesis we easily obtain∣∣∣∣ ∫ t

u1

(t− λ)
∂2g(λ, u2)

∂λ2
dλ

∣∣∣∣ ≤ ∫ t

u1

∣∣∣∣(t− λ)
∂2g(λ, u2)

∂λ2
dλ

∣∣∣∣ ≤∥ g ∥C2(I2) (t− u1)
2,∣∣∣∣ ∫ s

u2

(s− ψ)
∂2g(u1, ψ)

∂ψ2
dψ

∣∣∣∣ ≤ ∫ s

u2

∣∣∣∣(s− ψ)
∂2g(u1, ψ)

∂ψ2
dψ

∣∣∣∣ ≤∥ g ∥C2(I2) (s− u2)
2,∣∣∣∣ ∫ 2(λ−1)u1

n1
+λ+1

n1

u1

(
2(λ− 1)u1

n1
+
λ+ 1

n1
− λ

)
∂2g(λ, u2)

∂λ2
dλ

∣∣∣∣
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≤∥ g ∥C2(I2)

(
2(λ− 1)u1

n1
+
λ+ 1

n1
− u1

)2

∣∣∣∣ ∫ 2(λ−1)u1
n2

+λ+1
n2

u2

(
2(λ− 1)u1

n2
+
λ+ 1

n2
− ψ

)
∂2g(u1, ψ)

∂ψ2
dψ

∣∣∣∣
≤∥ g ∥C2(I2)

(
2(λ− 1)u1

n2
+
λ+ 1

n2
− u2

)2

.

Thus,

| Rα1,α2
n1,n2

(g; t, s)− g(u1, u2) |

≤

{
Bα

n1,n2
((t− u1)

2;u1, u2) +Bα
n1,n2

((s− u2)
2;u1, u2)

+

(
2(λ− 1)u1

n1
+
λ+ 1

n1
− u1

)2

+

(
2(λ− 1)u1

n2
+
λ+ 1

n2
− u2

)2}
∥ g ∥C2(I2) .

We complete the proof of desired Theorem 3.7.

4. Some approximation results in Bögel space

Take any function g : I1 × I2 → R for a real compact intervals of I1 × I2. For
all (t, s), (u1, u2) ∈ I1 × I2 suppose ∆∗

(t,s)g(u1, u2) denotes the bivariate mixed
difference operators defined as follows:

∆∗
(t,s)g(u1, u2) = g(t, s)− g(t, u2)− g(u1, s) + g(u1, u2).

If at any point (u1, u2) ∈ I1 × I2 the function g : I1 × I2 → R defined on
I1 × I2, then lim(t,s)→(u1,u2)∆

∗
(t,s)g(u1, u2) = 0. If set of all the space of all

Bögel-continuous(B-continuous) denoted by CB(I1 × I2) on (u1, u2) ∈ I1 × I2
and be defined such that CB(I1×I2) = {g, such that g : I1×I2 → R is g, B−
bounded on I1×I2}. Next, the Bögel-differentiable function on (u1, u2) ∈ I1×I2
be g : I1 × I2 → R and limit exists finite defined by

lim
(t,s)→(u1,u2), t ̸=u1, s ̸=u2

1

(t− u1)(s− u2)

(
∆∗

(t,s)

)
= DBg(u1, u2) <∞.

Let the classes of all Bögel-differentiable function denoted byDφg(u1, u2) and be
Dφ(I1 × I2) = {g, such that g : I1 × I2 → R is g, B−differentiable on I1 × I2}.
Suppose the function g is B-bounded on D and be g : I1 × I2 → R, then
for all (t, s), (u1, u2) ∈ I1 × I2 there exists positive constant M such that
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| ∆∗
(t,s)g(u1, u2) |≤ M . The classes of all B-continuous function is called a B-

bounded on I1 × I2, whene I1 × I2 is compact subset. Let Bφ(I1 × I2) denote
the classes of all B-bounded function defined on I1 × I2 which equipped the
norm on B as ∥ g ∥B= sup(t,s),(u1,u2)∈I1×I2 | ∆∗

(t,s)g(u1, u2) |. As we know to
approximate the degree for a set of all B-continuous function on positive linear
operators, it is essential to use the properties of mixed-modulus of continuity.
So we let for all (t, s), (u1, u2) ∈ I1 × I2 and g ∈ Bφ(Iαn), the mixed-modulus
of continuity of function g bt ωB : [0,∞)× [0,∞) → R and be defined such as:

ωB(g; δ1, δ2) = sup{∆∗
(t,s)g(u1, u2) :| t− u1 |≤ δ1, | s− u2 |≤ δ2}.

For any I2 = [0, 1] × [0, 1], we suppose the classes of all B-continuous function
defined on I2 denoted by Cφ(I2). Moreover, let set of all ordinary continuous
function defined on I2 be C(I2) . For further details on space of Bögel functions
related to this paper we propose the article [35, 36].

Let (u1, u2) ∈ I2 and n1, n2 ∈ N then for all g ∈ C(I2) we define the GBS
type operators for the positive linear operators Bα

n1,n2
. Thus we suppose

(12) Kα1,α2
n1,n2

(g(t, s);u1, u2) = Bα
n1,n2

(
g(t, u2) + g(u1, s)− g(t, s);u1, u2

)
.

More precisely, the generalized GBS operator for bivariate function is defined
as follows:

Kα1,α2
n1,n2

(g(t, s);u1, u2)

=
∞∑

k,l=0

Q∗
1(n1, u1)Q∗

2(n2, u2)

∫ ∞

0

∫ ∞

0
P∗
1 (n1, u1)P

∗
2 (n2, u2),(13)

where Pu1,u2(t, s) =
(
g(t, u2) + g(u1, s)− g(t, s)

)
.

Theorem 4.1. For all g ∈ Cφ(I2), it follows that

| Kα1,α2
n1,n2

(g(t, s);u1, u2)− g(u1, u2) |≤ 4ωB (g; δn1,u1 , δn2,u2) ,

where δn1,u1 and δn2,u2 are defined by Theorem 3.4.

Proof. Let (t, s), (u1, u2) ∈ I2. For all n1, n2 ∈ N and δn1 , δn2 > 0, it follows
that

| ∆∗
(u1,u2)

g(t, s) | ≤ ωB (g; | t− u1 | | s− u2 |)

≤
(
1 +

t− u1
δn1

)(
1 +

s− u2
δn2

)
ωB (g; δn1 , δn2) .
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From (12) and well-known Cauchy-Schwarz inequality, we easily conclude that

| Kα1,α2
n1,n2

(g(t, s);u1, u2)− g(u1, u2) |≤ Bα
n1,n2

(
| ∆∗

(u1,u2)
g(t, s) |;u1, u2

)
≤
(
Bα

n1,n2
(ϕ0,0;u1, u2) +

1

δn1

(
Bα

n1,n2
((t− u1)

2;u1, u2)
) 1

2

+
1

δn2

(
Bα

n1,n2
((s− u2)

2;u1, u2)
) 1

2

+
1

δn1

(
Bα

n1,n2
((t− u1)

2;u1, u2)
) 1

2

× 1

δn2

(
Bα

n1,n2
((s− u2)

2;u1, u2)
) 1

2

)
ωB (g; δn1 , δn2) .

In the view of Theorem 3.4 we easily get our results.

If we let x = (t, s), y = (u1, u2) ∈ I2, then the Lipschitz function in terms
of B-continuous functions defined by

LipξM =

{
g ∈ C(I2) :| ∆∗

(u1,u2)
g(x, y) |≤M ∥ x− y ∥ξ

}
,

where M is a positive constant, 0 < ξ ≤ 1, and Euclidean norm ∥ x − y ∥=√
(t− u1)2 + (s− u2)2.

Theorem 4.2. For all g ∈ LipξM operator Kα1,α2
n1,n2 satisfying

| Kα1,α2
n1,n2

(g(x, y);u1, u2)− g(u1, u2) |≤M{δ2n1,u1
+ δ2n2,u2

}
ξ
2 ,

where δn1,u1 and δn2,u2 are defined by Theorem 3.4.

Proof. We easily see that

Kα1,α2
n1,n2

(g(x, y);u1, u2) = Bα
n1,n2

(g(u1, y) + g(x, u2)− g(x, s);u1, u2)

= Bα
n1,n2

(
g(u1, u2)−∆∗

(u1,u2)
g(x, s);u1, u2

)
= g(u1, u2)−Bα

n1,n2

(
∆∗

(u1,u2)
g(x, s);u1, u2

)
.

Therefore,

| Kα1,α2
n1,n2

(g(x, y);u1, u2)− g(u1, u2) |≤ Bα
n1,n2

(
| ∆∗

(u1,u2)
g(x, y) |;u1, u2

)
≤MBα

n1,n2

(
∥ x− y ∥ξ;u1, u2

)
≤M{Bα

n1,n2

(
∥ x− y ∥2;u1, u2

)
}

ξ
2

≤M{Bα
n1,n2

(
(t− u1)

2;u1, u2
)
+Bα

n1,n2

(
(s− u2)

2;u1, u2
)
}

ξ
2 .
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Theorem 4.3. If g ∈ Dφ(I2) and DBg ∈ B(I2), then

| Kα1,α2
n1,n2

(g;u1, u2)− g(u1, u2) |

≤ C

{
3 ∥ DBg ∥∞ +ϖmixed (DBg; δn1 , δn2)

}
(u1 + 1)(u2 + 1)

+

{
1 +

√
C2(u1 + 1) +

√
C1(u2 + 1)

}
×ϖmixed (DBg; δn1 , δn2) (u1 + 1)(u2 + 1),

where δn1 , δn2 defined by Theorem 3.4 and C is any positive constant.

Proof. Suppose ρ ∈ (u1, t), ξ ∈ (u2, s) and

∆∗
(u1,u2)

g(t, s) = (t− u1)(s− u2)DBg(ρ, ξ),

DBg(ρ, ξ) = ∆∗
(u1,u2)

DBg(ρ, ξ) +DBg(ρ, y) +DBg(x, ξ)−DBg(u1, u2).

For all DBg ∈ B(I2), it follows that

| Kα1,α2
n1,n2

(
∆∗

(u1,u2)
g(t, s);u1, u2

)
|=| Kα1,α2

n1,n2
((t− u1)(s− u2)DBg(ρ, ξ);u1, u2) |

≤ Kα1,α2
n1,n2

(
| t− u1 || s− u2 || ∆∗

(u1,u2)
DBg(ρ, ξ) |;u1, u2

)
+Kα1,α2

n1,n2

(
| t− u1 || s− u2 | (| DBg(ρ, u2) |

+ | DBg(u1, ξ) | + | DBg(u1, u2) |);u1, u2
)

≤ Kα1,α2
n1,n2

(
| t− u1 || s− u2 |

×ϖmixed (DBg; | ρ− u1 |, | ξ − u2 |) ;u1, u2
)

+ 3 ∥ DBg ∥∞ Kα1,α2
n1,n2

(| t− u1 || s− u2 |;u1, u2) .

Here, ϖmixed, is mixed-modulus of continuity and it follows that

ϖmixed (DBg; | ρ− u1 |, | ξ − u2 |)
≤ ϖmixed (DBg; | t− u1 |, | s− u2 |)
≤
(
1 + δ−1

n1
| t− u1 |

) (
1 + δ−1

n2
| s− u2 |

)
ϖmixed (DBg; | δn1 , δn2) .

Therefore, it is obvious that

| K∗
n1,n2

(g;u1, u2)− g(u1, u2) |=| ∆∗
(u1,u2)

g(t, s);u1, u2 |

≤ 3 ∥ DBg ∥∞
(
Kα1,α2

n1,n2

(
(t− u1)

2(s− u2)
2;u1, u2

)) 1
2
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+

(
Kα1,α2

n1,n2
(| t− u1 || s− u2 |;u1, u2)

+ δ−1
n1
Kα1,α2

n1,n2

(
(t− u1)

2 | s− u2 |;u1, u2
))

+ δ−1
n2
Kα1,α2

n1,n2

(
| t− u1 | (s− u2)

2;u1, u2
)

+ δ−1
n1
δ−1
n2
Kα1,α2

n1,n2

(
(t− u1)

2(s− u2)
2;u1, u2

)
ϖmixed (DBg; δn1 , δn2) ;

| K∗
n1,n2

(g;u1, u2)− g(u1, u2) |=| ∆∗
(u1,u2)

g(t, s);u1, u2 |

≤ 3 ∥ DBg ∥∞
(
Kα1,α2

n1,n2

(
Ψ2,2

u1,u2
;u1, u2

)) 1
2

+

{(
Kα1,α2

n1,n2

(
Ψ2,2

u1,u2
;u1, u2

)) 1
2

+ δ−1
n1

(
Kα1,α2

n1,n2

(
Ψ4,2

u1,u2
;u1, u2

)) 1
2

+ δ−1
n2

(
Kα1,α2

n1,n2

(
Ψ2,4

u1,u2
;u1, u2

)) 1
2

+ δ−1
n1
δ−1
n2
Kα1,α2

n1,n2

(
Ψ2,2

u1,u2
;u1, u2

)}
ϖmixed (DBg; δn1 , δn2) .

Which follows that

| K∗
n1,n2

(g;u1, u2)− g(u1, u2) |

= 3 ∥ DBg ∥∞
(
Kα1,α2

n1,n2

(
Ψ2,0

u1,u2
;u1, u2

)
Kα1,α2

n1,n2

(
Ψ0,2

u1,u2
;u1, u2

)) 1
2

+

{(
Kα1,α2

n1,n2

(
Ψ2,0

u1,u2
;u1, u2

)
Kα1,α2

n1,n2

(
Ψ0,2

u1,u2
;u1, u2

)) 1
2

+ δ−1
n1

(
Kα1,α2

n1,n2

(
Ψ4,0

u1,u2
;u1, u2

)
Kα1,α2

n1,n2

(
Ψ0,2

u1,u2
;u1, u2

)) 1
2

+ δ−1
n2

(
Kα1,α2

n1,n2

(
Ψ2,0

u1,u2
;u1, u2

)
Kα1,α2

n1,n2

(
Ψ0,4

u1,u2
;u1, u2

)) 1
2

+ δ−1
n1
δ−1
n2
Kα1,α2

n1,n2

(
Ψ2,0

u1,u2
;u1, u2

)
Kα1,α2

n1,n2

(
Ψ0,2

u1,u2
;u1, u2

)}
×ϖmixed (DBg; δn1 , δn2) .

From Lemma (2.5), we demonstrate

| K∗
n1,n2

(g;u1, u2)− g(u1, u2) |≤ 3 ∥ DBg ∥∞
(√

C1C2(u1 + 1)(u2 + 1)

)
+

{(√
C1C2(u1 + 1)(u2 + 1)

)
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+ δ−1
n1

(√
C2

√
O

(
1

n1

)
(u1 + 1)2(u2 + 1)

)

+ δ−1
n2

(√
C1

√
O

(
1

n2

)
(u2 + 1)2(u1 + 1)

)

+ δ−1
n1
δ−1
n2

(√
O

(
1

n1

)√
O

(
1

n2

)
(u1 + 1)(u2 + 1)

)}
×ϖmixed (DBg; δn1 , δn2) .

Which complete the proof of Theorem 4.3.

5. Conclusion and remarks

These types of generalization, that is, Bivariate Szász operators is a new gener-
alization. In this, manuscript our investigation is to generalize the Szász Dur-
rmeyer operators based on Dunkl analogue [41] by introducing the bivariate
functions. We study the bivariate properties of Szász Durrmeyer operators with
the help of modulus of continuity, mixed-modulus of continuity and then find
the approximation results in Peetre’s K-functional, Voronovskaja type theo-
rem and Lipschitz maximal functions for these bivariate operators. Next, we
also construct the GBS type operator of these generalized operators and study
approximation in Bögel continuous functions by use of mixed-modulus of conti-
nuity.
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