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Abstract. The quasi frame is an alternate frame to the Frenet-Serret frame but it
is defined when the second derivative of the curve vanishes. It has the same behavior
as a parallel transport frame but is easier in computation and has the same accuracy.
In this paper, we investigate the quasi frame and equations of non-lightlike curves
in 3-dimensional Minkowski space E} and in 4-dimensional Minkowski space-time Ef.
Furthermore, we show the quasi frame can be considered as a generalization of Bishop
frame in E} and Ef.
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1. Introduction

The Frenet frame was created to study the behavior of curves. The two curva-
tures {x;(s) |i = 1,2} in E? (the three curvatures {x;(s) |i = 1,2,3} in E*) play
an effective role to identify the shape and size of the curve. The main disad-
vantage that appeared on this frame is when the second derivative in E3 (one of
the curvatures {r;(s) |i = 1,2,3} in E*) of a curve vanishes i.e. if the curve was
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a straight line or at an inflection point, the Frenet frame in these cases becomes
undefined [1].

In 1975, R. Bishop created a frame that called an alternative frame or parallel
transport frame that is well defined when the second derivative in E? (one of the
curvatures {x;(s) |i = 1,2,3} in E?) is zero. This frame was known as Bishop
frame [1]. The idea of Bishop in E? (E*) based on the observation of a tangent
vector field takes place in the same direction and the other vector fields take
place in a plane perpendicular to the tangent vector field so, their derivatives
take the same direction of the tangent vector field.

In 1983, Bishop and Hanson gave the advantages of a parallel transport frame
[7] and regarded it as a developed frame of the Frenet frame. Many researchers
have been using Bishop’s concepts. In Euclidean space, see [3, 6]; in Minkowski
space, see [2, 12]; In dual space, see [9] and this frame is developed to study of
canal and tubular surfaces, see [8].

In 2015, C. Ekici and H. Tozak [4] defined a framing alternative to the
Frenet-Serret frame called the quasi frame. The behavior of the quasi frame
is similar to Bishop Frame but it is easier in computing, although both frames
have similar accuracy. In 2020, M. Khalifa and R. A. Abdel-Baky used the quasi
frame to study the skew ruled surfaces in Euclidean space[10].

In this paper, we investigate the quasi frame and equations of non-lightlike
curves in 3-dimensional Minkowski space E? and in 4-dimensional Minkowski
space-time Ef. Furthermore, we show the quasi frame can be considered as a
generalization of Bishop frame in E$ and E‘ll. This paper is organized as follows:
In section 2, some basic definitions of the frame and equations of Frenet are
presented in 3-dimensional Minkowski space E} and 4-dimensional Minkowski
space-time E}. In section 3, we investigate the quasi equations in 3-dimensional
Minkowski space [E$ in the three different cases of a non-lightlike curve by using
the transformation matrix between the quasi and Frenet frames. In section 4,
we investigate the quasi equations in 4-dimensional Minkowski space Ef in the
four different cases of a non-lightlike curve by using the transformation matrices
between the quasi and Frenet frames.

2. Preliminaries

The Minkowski space E? is the space R? with a metric g, where g is defined by
g = —da? + da3 + da?, where (r1,29,73) is a coordinate system of Ej. If
v € E} then, the vector v is called a spacelike, a timelike or a lightlike(null), if
g(v,v) >0, g(v,v) <0 or g(v,v) =0 and v # 0, respectively. In particular, the
vector v = ( is a spacelike.

Let a(s) be any curve in Minkowski E$, then frenet equations are given by

T/ 0 K1 0 T
(1) N, = €1Kk1 0 €2K9 N
B’ 0 €3K2 0 B
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elf g = —1 and ¢, = 1 for (i = 2,3) then, the curve is spacelike with
spacelike principal normal.

o Ife; = 1for (i = 1,2,3) then, the curve is spacelike with spacelike binormal.

o If e =—1and ¢ =1 for (i = 1,2) then, the curve is timelike.

The Minkowski space Ef is the space R* with a metric g, where g is defined
by
g = —da? + dz} + dx3 + dx3, where (21,2, 23,74) is a coordinate system of Ef.
If v € E{ then, the vector v is called a spacelike, a timelike or a lightlike(null),
if g(v,v) > 0, g(v,v) < 0 or g(v,v) = 0 and v # 0, respectively. In particular,
the vector v = 0 is a spacelike.

Let a(s) be any curve in Minkowski E} then, Frenet equations are given by

T 0 K1 0 0 T
(2) N/ _ €1R1 0 €2KR2 0 N
B’1 0  e3ko 0  e4kg B,
B/2 0 0 €5K3 0 B2

elfeg =es=—-1lande; =1 for (i =2,4,5) then, the curve is spacelike
with spacelike principal normal with spacelike principal first binormal.

elfe; =e5 = —1and ¢ =1 for (i = 2,3,4) then, the curve is spacelike with
spacelike principal normal with spacelike principal second binormal.

elfes =—1and ¢ =1 for (i = 1,2,3,4) then, the curve is spacelike with
spacelike principal first and second binormals.

elfes=€e5=—1and¢ =1 for (i = 1,2,4) then, the curve is timelike.

In E3, let a(s) be a curve, quasi frame depends on three orthonormal vectors,
T(s) is the tangent vector, Ng(s) is the quasi normal and Bg(s) is the quasi
binormal vector. The quasi frame {T(s), N,(s), B4(s)} is given by

o T x k

3 T= ——— = — B, =T xN
) To T No=oaep BTN

where k is the projection vector.

For our calculations, we have chosen k = (0,0, 1) in this paper. In all cases
that T and k are parallel then, the quasi frame is singular. Thus, in those cases
k can be chosen as k = (0,1,0) or k = (1,0,0).

Let T(s),N(s),B(s)} be the Frenet-Serret frame vectors and 6(s) is an Eu-
clidean angle between principal normal N(s) and quasi normal N, (s) then, we
obtain

N, = cost N + sinf B,

@ o
q = —sind N + cost B.

e Let us consider a line curve parametrized by

alt) = (t,t,0).
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Easily, we see the Frenet frame is not suitable for this curve, while the quasi
frame is given by
T(t) = (1/v2,1/v2,0),
Nq(t) = (1/\/57 _1/\/57 0)7
BQ(t) = (07 07 1)

Which indicates that the quasi frame is better than Frenet frame.
e Let us consider a curve parametrized by

aft) = (t,t,1).

Easily, we get

72V/2
") = G saoy

Since 7 = 0 then, the angle between the Bishop frame and the Frenet frame is
constant, therefore the Bishop frame is also not suitable for this curve, while
the quasi frame is given by

T(t) =0.

o (1,1,9¢%)
T() = V2 + 81¢16°
No(t) = 5 (V2 V2,0,
(9v/2t8,9v/2t8, —21/2)
2v/2 + 81¢16 '

e Let us consider the curve parametrized by

Bq(t) -

alt) = (2t,t%,13/3).

The quasi and Bishop frames of the curve have the same behavior but, the
computing of the Bishop frame along the curve is difficult, although both of the
frames have similar accuracy.

In E*, let a(s) be a curve, quasi frame depends on four orthonormal vec-
tors, T(s) is the tangent vector, Ng(s) is the quasi normal, By4(s) is the quasi
first binormal vector and Bg,(s) is the second binormal. The quasi frame
{T(s),Ny(s),Big(s), Bag(s)} is given by

. o . TXk1Xk2
a7 7 [T x ki x ko ||’

T x N, x o
5 By, = q
(5) 24 C\|T><Nq><a”’||’

qu = CBQq x T x :[\Iq7

where k; and ko are the projection vectors and ¢ is +1 where the determinant
of matrix is equal to 1.
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For simplicity, we choose k; = (0,0,0,1) and ko = (0,0,1,0) in our calcula-
tions. However, the quasi frame is singular when T and k; or T and ks or k;
and ko are parallel and in those cases we may change our projection vectors.

Let {T(s),N(s),B1(s),Ba(s)} are the Frenet-Serret frame vectors, where
T(s), N(s), Bi(s) and Ba(s) are tangent, principal normal, first and second
binormal vector fields, respectively and 0(s) is an Euclidean angle between prin-
cipal normal N(s) and quasi normal N(s) then, we obtain

Ny =cosf cost) N+ (—cos¢ sint) +sinf sing cosy)By
+ (sin¢ sinty + cos ¢ sinf cos)By
By =cosf sinty N+ (cos¢ costp +sinf sin¢ siny)By
(6) + (—sin¢ cosy) + cos¢ sinf sin))By
By, =sinf N + cosf sin¢ By + cosf cos¢ Ba.

3. Quasi equations in Ei’

In this section, we investigate quasi equations in 3-dimensional Minkowski space
[E3 in the three different cases of a non-lightlike curve by using the transformation
matrix between quasi and Frenet-Serret frames. Furthermore, we introduce the
quasi curvatures in Minkowski 3-space.

Theorem 3.1. If a(s) is a spacelike curve with a quasi spacelike normal vector
filed Ny(s) and a quasi timelike binormal vector field By(s) then, the quasi
equations are given by

T 0 K, —Ky T
(7) N, |=| -Ki 0 Kz N, |,
B, ~K» K3 0 B,

where K1 = k1 coshf, Ky = k1 sinh 6 and K3 = ko + 6.

Proof 3.1. Let the transformation matrix is given by

T 1 0 0 T
(8) Ny, | =] 0 coshf sinhf N
B, 0 sinhf® coshf B

By using Equation (1), we obtain
9) T' = k1 N = k1 coshf N, — k1 sinhé B,

Since Ny = cosh @ N +sinh § B, B, = sinh ¢ T + cosh ¢ B and by differentiating
with respect to arc length s, we get

N, = —r1 cosh® T + (k2 +0') B,

(10) , , :
B, = —k1 sinh 6 T + (k2 +60') Ny.

Therefore, the proof is completed.
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Corollary 3.1. If a(s) is a spacelike curve with a quasi spacelike normal vector
filed Ny(s) and a quasi timelike binormal vector field B,(s) then, quasi curvatures
{K;|li =1,2,3} can be determined by

K1 =g(T,Ny) = —g(Ny, T),
(11) Ky = g(T7 Bq) = _g(pr 1),

K3 = —g(Ny, Bg) = g(By, Ng).

Corollary 3.2. If we put (ko = —6) in Equation (7), we get the same results
as Bishop frame.

The next two theorems can be proved analogously so, we omit their proofs.

Theorem 3.2. If a(s) be a curve is a spacelike curve with a quasi timelike
normal vector filed Ny(s) and a quasi spacelike binormal vector field By(s) then,
quasi equations is given by

T 0 Ki —K T
(12) N, |=| Ki 0 K3 Ny |
B, Ky K3 0 B,

where K1 = k1 coshf, Ko = k1 sinhf and K3 = ko + 6.

Corollary 3.3. If a(s) be a curve is a spacelike curve with a quasi timelike
normal vector filed Ny(s) and a quasi spacelike binormal vector field By(s) then,
quasi curvatures {K;|i = 1,2,3} can be determined by

Ky = _g(TaNq) = g(Ni], 1),
(13) Ky = _g(Tu Bq) = g(B:p T)v
K3 == g(N.:p Bq) - _g(B/qa Nq)

Corollary 3.4. If we put (ke = —6) in Equation (12), we get the same results
as Bishop frame.

Theorem 3.3. If a(s) be a timelike curve with a quasi spacelike normal vector
filed Ny(s) and a quasi spacelike binormal vector By(s) then, quasi equations is
given by

T 0 Ki K T
(14) N; = | K; 0 Ks N, |,

B; Ky —-K3 0 B,
where K1 = k1cos0, Ko = —k1sinf and K3 = ko + 6.

Note that: The transformation matrix is given by

T 1 0 0 T
(15) Ny |=1]0 cosf sinf N
B, 0 —sinf coséd B



THE QUASI FRAME AND EQUATIONS OF NON-LIGHTLIKE CURVES ... 231

Corollary 3.5. If a(s) be a timelike curve with a quasi spacelike normal vector
filed Ny(s) and a quasi spacelike binormal vector By(s) then, quasi curvatures
{K;|li =1,2,3} can be determined by

Klzg(TaNq):_g(N T)v

q’

(16> Ky = g(Tv Bq) = 7g(B:17 T)a
K3 = g(N;7 Bq) = _g(Bip Nq)

Corollary 3.6. If we put (ko = —9) in equations (14), we get the same results
as Bishop frame.

. . . 4
4. Quasi equations in E;

In this section, we investigate quasi equations in 4-dimensional Minkowski space
E{ in the four different cases of a non-lightlike curve by using the transformation
matrices between quasi and Frenet-Serret frames.

Theorem 4.1. If a(s) be a timelike curve with a quasi spacelike normal vector
filed Ny(s) with a quasi spacelike first binormal vector field Bi4(s) and a quasi
spacelike second binormal vector field Bay(s) then, quasi equations is given by

T 0 Ky Ky Kj T
(17) ]\Z’q _ Ky 0 Ky Kj N,
1q Ky —Ky 0 Kg By, |’
B’Qq Ky —-Ks —Kg 0 By,
where

K1 =K1 cos¢ cosi,
Ky = k1 (—cos® sinf sing + cosf sin),
K3 = k1 (cos@ costp sing + sinf siny),

Ky =sind (ks sinty + ¢') + cosd (ng cost sin¢ + cos ¢ (kg — w’)),
Ks = —cosf cos? ¢ (k3 siny + ¢') + cos¢ sinf (kg — 1)
+sing (mg cos®h sinf — cos sing (ks sin¢+¢’)),
Kg — —sin0 [— K3 COS¢ cost + cos2¢(9’ Fsing (ky — w'))
+ gin? w(a' + sin (k2 — z//))} — cos? 9[ — k3 cos¢ cost + cos2p O
+ cos? 4 sinqb(/iz +sing 6 — ¢’) +sing sin?y (@ Y sing 0 — u/)]

Proof 4.1. We have three possible simple rotations. The first rotation exists on
the spacelike plane spanned by the spacelike Frenet first binormal B; and the
spacelike Frenet second binormal Bs with angle 8. The second rotation exists on
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the spacelike plane spanned by the spacelike Frenet principal normal N and the
spacelike Frenet second binormal By with angle ¢. The third rotation exists on
the spacelike plane spanned by the spacelike Frenet principal normal N and the
spacelike Frenet first binormal B; with angle 1 so, the transformation matrix
is given by

1 0 0 0 1 0 0 0
n_ 01 0 0 0 cos¢p 0 —sing
| 0 0 cosf —sinf 0o 0 1 0
0 O sinf cosf 0 sing 0 cos¢
1 0 0 0
0 cosy —siny 0
(18) 0 sint¢ cosy O
0 0 0 1
so,
T
Nq
By,
By,
(19)
1 0 0 0 T
_ 10 Cos ¢ cos 1 — cos ¢ sin ) —sin¢
T |0 —cosvysinfsing + cosfsiny cosfcosp + sinfsinpsiny  — cos ¢ sin O B1
0 cos 0 cos 1 sin ¢ + sin 6 sin 1) cossinf — cosfsinpsiny  cosf cos @ B

By using Equations (2), we obtain

N:]: K1 COS @ cos¢]T

+ [1g cosd sine —cost sing ¢ — cosd sine 1,//}N

+ :@ cosd costh + k3 sind+sing siny ¢ — cosd cos MBl
+ [~ ks cosd sing + (—cosd c;S’)}Bg,

(20) Bj,—= m(—coswsinesinmcosesinw)}tr

+ _ ka(cos B cos1p + sin 0 sin ¢ sin 1)) — sin O sin 16’

— cos 1p(cos 0 sin b’ +cos ¢ sin 0¢" )+ cos O cos 1+ sin O sin ¢ sin w)wl}N

+ |Kk2(— cos 1) sinfsin ¢ + cos @ sin1)) + k3 cos ¢ sin @ — cos ) sin 6’

+ sin 1) (cos 0 sin ¢’ +cos ¢ sin O¢')+H cos 1 sin O sin p— cos O sin ¢)¢/}B1
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+ _Iﬁlg(COS 6 cos 1) + sin 0 sin ¢ sin 1p) — cos 6 cos pf’ + sin f sin qﬁgb/} B,

Bj, = |k1(cos 0 cos 1 sin ¢ + sin @ sin ) | T

+ = ko(cos 1 sin @ — cos 0 sin ¢ sin 1)) + cos 6 sin Y6’

+ cos 9(— sin O sin g8’ + cos 0 cos ¢p¢’) + cos 1 sin @ — cos O sin ¢ sin 1/1)1//] N
+ >H2 (cos 8 cos 1 sin ¢ + sin @ sin 1)) — k3 cos O cos ¢ + cos 0 cos Yo’

— cos 0 cos ¢ sin g’ — sin 6 sin 1)’ — sin ¢(— sin O sin 16’ + cos O cos ww’)} B,

+ |Kk3(cosypsin @ — cos O sin ¢sin 1)) — cos ¢ sin 09" — cos f sin (M)/} Bs.

Therefore,
T 0 K Ky Ks T
Nf] | K 0 Ky Ks N,
B’lq | Ky -Ky 0 Kg Bi4
’2q Ky —-K; —Kg O By,

Corollary 4.1. If a(s) be a timelike curve with a quasi spacelike normal vector
filed Ny(s) with a quasi spacelike first binormal vector field B14(s) and a quasi
spacelike second binormal vector field Bay(s) then, quasi curvatures {K;|i =
1,2,3,4,5,6} can be determined by

Ky =g(T,Ny) = —g(N,, T),
Ky = g(T, Byy) = —g(By,, T),
(21) K3 = g(T, Byy) = —g(By, T),
Ky = g(Ny, Big) = —g(By, Ny)
, K5 = g(N,, Byg) = —g(Bj,, Ny)
K¢ = g(By,; Bag) = —g(Bay, Buy)-
Corollary 4.2. If we put ke = ' + ¢’ tang cotyp and k3 = — & in equations

siny
(17), we can easily find (K4 = 0 = K5 = Kg) and hence, we have the same
result as Bishop frame.

The next three theorems can be proved analogously so, we omit their proofs.

Theorem 4.2. If a(s) is a spacelike curve with a quasi spacelike normal vector
filed Ny(s) with a quasi spacelike first binormal vector field Bi4(s) and a quasi
timelike second binormal vector field Bog(s) then, quasi equations are given by

T 0 K, Ky K T
(22) J\Z’q | -Ki 0 Ky K N, |

» ~Ky, —-K; 0 Kg || By

B), Ky Ks; Kg 0 B,
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where

K1 = kK1 cos® cosh ¢,
Ky = k1 (cosh@ sinty + cost sinh 6 sinh ¢),
K3 = —k1 (sine sinh6 4+ costy coshf sinh ¢),

K4 = k3 cos1 coshf sinh ¢ + sinh 6 [cosh2 ¢ (k3 siny — ¢')
+sinv sinh? ¢(—ks + sinp ¢')} + cos? ¢ {sinh 0 sinh®¢ ¢’
+ cosh @ cosh¢ (ko — ¢')} + cosh @ cosh¢ sin® v (kg — 1),
K5 = —k3 costp sinh@ sinh ¢ + cosh @ cosh? ¢ (—kg siny + ¢')
+ cosh @ sinty sinh? ¢ (ks — sint) ¢') — cos? 1) {cosh@ sinh? ¢ ¢’
+ cosh ¢ sinh@ (kg — 1//)] + cosh ¢ sin?+) sinh@ (—kg + '),
Kg = ks costh cosh —sin2ep sinh?0 (9’ +sinh¢ (k2 — ¢'))
— cos? 1) [Sinh2 0 (9’ +sinh ¢ (kg — W)) + cosh? @ sinh ¢ (—kg +sinh ¢ 6 + ')
+ cosh? 0 (cosh2 ¢ 0" —sin?1p sinh ¢ (—ko +sinh ¢ 6 + z//)).
Note that: We have three possible simple rotations. The first rotation exists
on the timelike plane spanned by the spacelike Frenet first binormal By and the
timelike Frenet second binormal Bs with angle #. The second rotation exists on
the timelike plane spanned by the spacelike Frenet principal normal N and the
timelike Frenet second binormal By with angle ¢. The third rotation exists on
the spacelike plane spanned by the spacelike Frenet principal normal N and the

spacelike Frenet first binormal B; with angle 1 so, the transformation matrix
is given by

10 0 0 1 0 0 0
R = 0 1 0 0 0 cosh¢ 0 sinh¢
|0 0 cosh@ sinh@| [0 0 1 0
0 0 sinhf coshf| [0 sinh¢ 0 cosho
1 0 0 0
0 cosy —siny O
(23) 0 siny cosy O
0 0 0 1
S0,
T
Ny
By,
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0 0 0
cos 1) cosh ¢ — cosh ¢sinv sinh ¢
cosh @sin + cosysinhf@sinh¢  costy coshf —sinysinhfsing  cosh ¢sinh 6
sin) sinh @ 4+ cos 1 cosh @sinh ¢  cos 1 sinh @ — cosh @sin sinh¢ cosh @ cosh ¢

S oo
PR zA

Corollary 4.3. If a(s) is a spacelike curve with a quasi spacelike normal vec-
tor filed Ny(s) with a quasi spacelike first binormal vector field Bi4(s) and a
quast timelike second binormal vector field Bag(s) then, quasi curvatures {K;|i =
1,2,3,4,5,6} can be determined by

Kl = g(Tqu) = —g(N;, T)7

Ky =g(T,Byy) = —9g(By,, T),

K3 - _g(T)BQ(]) = g( /2(1) T)?

Ky = Q(sz qu) = —g( /1q7Nq)7

K5 = —g(prBmz) =g( /2q7Nq)

Kﬁ = _g(Bllqv B2(1) = g(B,2q7 qu)'

Corollary 4.4. If we put ko = ' — ¢’ tanhe cotyp and k3 = —Si‘f;w in equations
(22), we can easily find (K4 = 0 = K5 = Kg) and hence, we have the same
result as Bishop frame.

Theorem 4.3. If a(s) is a spacelike curve with a quasi spacelike normal vector
filed Ny(s) with a quasi timelike first binormal vector field Bi4(s) and a quasi
spacelike second binormal vector field Boy(s) then, quasi equations are given by

T 0 K1 Ky K T

(25) N, | _ | —Ki 0 Ky K5 || N, |
qul K2 K4 0 Kﬁ qu
b ~K3 —Ks Kg 0 By,

where

K1 =K1 cos¢ coship,
Ky = —k1 (cosh) sing sinh @ + cosh 6 sin)),
K3 = k1 (cosh@ cosh® sin¢ + sinh 6 sinh ),

K, =sing [53 cosh @ coshi) — sing sinh@ (k3 sinh — d)’)} + cospcosh @ (kg + 1)
+ cos? ¢ sinh @ (—k3 sinhp 4+ @),
K5 = cos®> ¢ coshf (k3 sinhe) — ¢') +sing ((coshw sinh @ + cosh @ sin¢ sinh) k3

— cosh @ sin¢ ¢'> —cos¢ sinh @ (kg + '),
Kg = cosh? 6 [/@3 cos ¢ cosh) + cos¢p 0' + cosh® ¢ sing (kg +sing 0 + ')
— sing sinh® v (ko +sing 0’ + z//)} — sinh? 6 {53 cos ¢ coshp

+ cosh? ¥ (9’ + sing (ko + w’)> — sinh? ¢ (9' +sing (k2 + 7,[1’))} )
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Note that: We have three possible simple rotations. The first rotation
exists on the timelike plane spanned by the timelike Frenet first binormal B;
and the spacelike Frenet second binormal By with angle 6. The second rotation
exists on the spacelike plane spanned by the spacelike Frenet principal normal N
and the spacelike Frenet second binormal By with angle ¢. The third rotation
exists on the timelike plane spanned by the spacelike Frenet principal normal N
and the timelike Frenet first binormal B with angle 1 so, the transformation
matrix is given by

10 0 0 1 0 0 0
= 01 0 0 0 cos¢p 0 —sing
0 0 coshf sinhf| |0 0 1 0
0 0 sinhf® coshf| [0 sing 0 cos¢
1 0 0 0
(26) 0 cosh®y sinhyp 0
0 sinht coshy 0
0 0 0 1
S0,
T
Nq
By
By,
(27)
1 0 0 0 T
_ 10 cos ¢ cosh cos ¢ sinh ¥ —sin¢g N
0 coshsin ¢sinh @ + cosh @sinhy  cosh @ cosh v + sin ¢ sinh §sinhvy  cos ¢ sinh B:
0 coshfcoshsing + sinhfsinhiy coshi sinh + coshfsingsinhip cos¢coshb B>

Corollary 4.5. If a(s) is a spacelike curve with a quasi spacelike normal vector
filed Ny(s) with a quasi timelike first binormal vector field Bi4(s) and a quasi
spacelike second binormal vector field Bog(s) then, quasi curvatures {K;|i =
1,2,3,4,5,6} can be determined by

Kl = g(TaNq) = _g(]vip T)7

KQ - _g(T)qu) - g( /lq) T)?

K3 = g(TaBQq) = _g( /2q7 T)7

Ky = _g(Jviz?BllI) - g( /1q7NlI)7

K5 = g(-ZV:p BQ(I) = _g( éq?Nq)a

K¢ = Q(Bllqa Byy) = _Q(Béq» Big).

(28)

Corollary 4.6. If we put ko = ' — ¢’ tang cothy) and k3 = ﬁ in equation
(25), we can easily find (K4, = 0 = K5 = Kg) and hence, we have the same
result as Bishop frame.
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Theorem 4.4. If a(s) is a spacelike curve with a quasi timelike normal vector
filed Ny(s) with a quasi spacelike first binormal vector field Bi4(s) and a quasi
spacelike second binormal vector field Bay(s), then quasi equations are given by

T 0 Ky Ky Kj T
N, K K, K N,
(29) /q = ! O ! o 7 I
qu —K2 K4 0 KG qu
b ~-K3 K5 —Kg 0 By,

where

K1 = k1 cosh¢ cosh,
Ky = k1 (cosh®) sinf sinh ¢ — cosé sinh)),
K3 = —k1 (cosf cosh®) sinh ¢+ sinf sinh)),

K4 = —sinf (sinht k3 + ¢') + cosf ( —cosh®) sinh ¢ k3 + cosh ¢ (kg + wl)),
K5 = cosf cosh? ¢ (sinhv) k3 + ¢') — sinh ¢ (coshw sinf k3
+ cos @ sinh¢ (sinhvy k3 + qb')) + cosh ¢ sin (ko + 1),
K¢ = cos? 6 {coshqﬁ cosh 1) k3 — cosh? ¢ @' + cosh?+) sinh ¢ (—ko + sinh ¢ ¢’
+ —1))sinh ¢ sinh?® (kg — sinh ¢ 6 + @D’)} + sin® 6 {coshgb cosh ) k3

_ cosh?4p (9’ +sinh (ko + w’)) + sinh2 (9’ +sinh o) (ko + qp’))].

Note that: We have three possible simple rotations. The first rotation
exists on the spacelike plane spanned by the spacelike Frenet first binormal By
and the spacelike Frenet second binormal By with angle #. The second rotation
exists on the timelike plane spanned by the timelike Frenet principal normal N
and the spacelike Frenet second binormal Bs with angle ¢. The third rotation
exists on the timelike plane spanned by the timelike Frenet principal normal N
and the spacelike Frenet first binormal B; with angle 1 so, the transformation
matrix is given by

10 0 0 1 0 0 0
n— 01 0 0 0 cosh¢ 0 sinh¢
|0 0 cosf —sinf| [0 0 1 0
0 0 sinf cos® | |0 sinh¢ O cosho
1 0 0 0]

0 coshvy sinhvy 0
0 sinhe¢ coshy 0
0 0 0 1]
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S0,

By,

1 0 0 0 T
0 cosh ¢ cosh ¢ cosh ¢ sinh ¢ sinh ¢ N
0 cosfsinhv — coshsinfsinh ¢ cosfcoship — sinfsinh ¢psinhip — cosh ¢psind B
0 cosfcoshsinh ¢+ sin@sinhvy coshsin@ + cos@sinh ¢psinhtp  cosbcosh ¢ B,

Corollary 4.7. If a(s) is a spacelike curve with a quasi timelike normal vector
filed Ny(s) with a quasi spacelike first binormal vector field Bi14(s) and a quasi
spacelike second binormal vector field Boy(s) then, quasi curvatures {K;|i =
1,2,3,4,5,6} can be determined by
Kl - _g(T7Nq) = g(]V;, T)7

Q(Tvqu) - _g( /1q7 T)7
K3 g(Tv BQq) = _g( ,2q7 T)7
Ky = g(]V:]’qu) = *g( ,1q7Nq)a
Ks Q(N B2q) = —g( l2q>Nq)a
Kﬁ g(B/1q7 BQq) = _g(B/2q7 qu)'

Corollary 4.8. If we put ko = —1' — ¢'tanhocothyp) and k3 = —ﬁ in
equations (29), we can easily find (K4 = 0= K5 = Kg) and hence, we have the
same row result as Bishop frame.

5. Conclusion

In this paper, we investigated the frame and equations of quasi for non-lightlike
curves in 3-dimensional Minkowski space E? and in 4-dimensional Minkowski
space-time IE‘IL. Furthermore, we showed the quasi frame can be considered as a
generalization of Bishop frame in E$ and E7.
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