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Abstract. In this paper, we introduce a new certain differential operator A% f(z) with
subclass S3 (o, A, n, ) for functions of the form f(z) = & +> 7~ axz". For functions in
Sy (a, \,m, B), we give coefficient inequalities, distortion theorem, radii of starlikeness
and convexity.
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1. Introduction and preliminaries

Let A denote the class of functions f of the form:
(1) f2) =24 > apet
k=2

which are analytic in the open unit disc U = {z € C : |z| < 1}. As usual, we
denote by S the subclass of A, consisting of functions which are also univalent in
U. We recall here the definitions of the well-known classes of starlike functions
and convex functions:

S* = {feA:Re<ZJ{;S)> >0} (z € 1),

SC:{fEA:Re<1+sz,,;S)> >0} (z € )

*. Corresponding author
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Later Acu and Owa [2] studied the classes extensively. The class S, is defined
by geometric property that the image of any circular arc centered at w is starlike
with respect to f(w) and the corresponding class S¢ is defined by the property
that the image of any circular arc centered at w is convex. We observe that the
definitions are somewhat similar to the ones introduced by Amourah in [3] and
[4] for starlike and convex functions.

Let S denoted the subclass of A(p) consisting of the function of the form:

1 < -
(2) f(z) = > Zakerflszrp L
k=1
(@gtp-1>0, 2€ U " ={2:2€C and 0<|z] <1}).

The function f(z) in S is said to be starlike functions of order « if and only
if

(3) Re {—Z}Cég)} >a (zeUY),

for some (0 < av < 1). We denote by S*(«) the class of all starlike functions of

order a. Similarly, a function f in S is said to be convex of order « if and only
if

zf"(z

(4) Re{—l— ff/(,(z))} >a (ze€UY),
for some (0 < o < 1). We denote by V R(«) the class of all convex functions
of order ao. We note that the class S*(a) and various other subclasses have
been studied rather extensively by Nehari and Netanyahu [5], Acu and Owa [2],
Amourah ([6],[7],[10],[11],[13]), Aouf [12], Miller [8] and Royster [9].

For the function f € A(p), the definition of linear operator AY f(z) intro-
duced by [1] to define the linear operator A% f(z) as the following:

A f(2) = f(2),
ALF(2) = (1+pXA) ASf(2) + Az (AS£(2)),

and forn=1,2,3,---

() A (2) = A(AYT f(2)),
(6) = ;1}7 + Z (14 2pA + kX = N ajpp1 287771
k=1

for A\>0, z € U*, pe Nand n € Ny = NU{0}.
Then, we can observe easily that for

Az (ANf(2) = AV (2) = (L 4+ pA)ARS(2), (P €N, n €Ny
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Definition 1.1. A function f(z) € S is said to be in Sy (o, X\, n, ) if and only
if

2(AYf(2))
pALf(2)

forsomeOSﬁ<1,a2ﬁ,p€N(mdnENg and for all z € U*,

(7) +a+af

Let A*(p) denote the subclass of A(p) consisting of functions of the form:
(8) f(2) ==+ a2, (ax>0).

Further, we define the class S, (o, A, n, 5) by

(9) S; (a,A,n,ﬁ) :SP (Oé,)\,?’L,ﬁ)ﬂ.A*(p)

In this paper, coefficient inequalities, growth and distortion theorem, radii of
starlikeness and convexity.

2. Coefficient inequalities

In this section, the result provides a sufficient condition for a function, regular
in U*, to be in S (a, A\, n, ) .

Theorem 2.1. Let the function f(z) be given by (8). If

WE

(10) [p(aB+1)+k—1marp-1 <p(l—ap), (z€U")
k=1
where v, = (1+2pA+EX = N)", 0< <1, > ﬁ,peN and n € Ny.
Proof. Suppose that f € S; (o, A\, n,3). Then, by the inequality (7), we get
that
z(AYf(2)) _2(AVf(2)) B
PATf(2) +a+af SRe{ AL (2) }—l—a af.
That is,
2(AYf(2)) 2(A%f(2))
Re{ PALF(2) +oz+oz/3’} < ‘ pATF(2) +a+af
Z(Aﬁf(z))'}
Re { — ATV —aB.
<rel -G e
That is,
22(A%f(2))
Re{ R o0} <0
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Hence, by the inequalities (7) and (8)

—2p(1—af)+3 52,2 (af+1) + k = U mappp 1242 } <0
P+ Zzozl p’}/nak+p_1zk+2p—1 < 0.

(11) Re{

Taking z to be real and putting z — 1~ through real values, then the
inequality (11) yields

—2p(1—af)+> 2 2[p(af+ 1)+ &k — 1] yarip-1

<0
P+ D51 PYnOktp-1
Hence,
o
Y @B+ 1) +k—1]mary 1 <p(l—apf)
k=1
This completes the proof of Theorem 2.1. O

Corollary 2.1. Let the function f(z) be defined by (8). If f € Sy (a,A,n,B),
then

p(1—apB)

(12) U=t S LB 1 + k= 1] (L+ 2pA £ A — N

(k eN).

The result (12) is sharp for functions of the form:

1 p(l—af)
(13)  f(2) = zp+ [p<a5+1)+k_1}(1+2p)\+k/\—/\)n

=l (ke N),

whereOSB<1,aZﬁ,p€NandnENo.

Proof. Since f € S (o, A, n, B), then from Theorem 2.1 above, we get that

Y lp(@B+1)+k—11(1+2pA+ kXA =N apsp1 <p(1—ap).
k=1

Next, note that

p(af+1)+k—11(1+2pA + kX — N)" @rgp_1
<Y p(@f+1)+ k=1 (1+2pA + kA = N)" apip1 <p(1—af).
k=1
Hence,

" < p(l—aB)
Ml =B+ 1)+ k—1] (14 2pA+ kA — A)"

Thus, the equality (12) is attained for the function f given by

_ 1 p(1—apB) k4+p—1
f(z)_zp+[p(aﬁ—i—l)+/<:—1](1+2p)\+k)\—)\)nz+p ' -
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3. Growth and distortion theorem

In this section we will prove the following growth and distortion theorems for
the class S (a, A, n, B).

Theorem 3.1. Let the function f(z) given by (8) be in the class S, (o, A\, n, B),
wher60§ﬁ<1,a2ﬁ,p€N,p>m,0< |z| =7 <1 and n € Ng. Then,
we have

{(p+m— o (1 - ap) p! r:sp—l}r—(wm)
p-1)!  (1+aB)(l+2p\)" (2p—m—1)!
< |rm)

(ptm—1)! (1-af) Pl sl —m)
S{ (p—1)! (L+aB) (1 +2pN)" (2p—m —1)! } '

The result is sharp for the function f given by

(1—ap) 1
15 = — AL
(15) p+; 1+ aB)(1+2pA)""

Proof. Since f € S; (a, A, n, B), from Theorem 2.1 readily yields the inequality

1 1+ 2p)\)" &
O 2_: (k+p— Dlagiyr,
(17)  <[p(aB+1)+k—1(1+2pA+ kA = N argpr < p(1—af),
that is,
= p(1—aB)(p—1)
. ; Fp D S ) (1 apa)”
(1—aB)p!

T A+aBf) @+ 2N

By differentiating the function f in the form m times with respect to z, we get
that

70 (2) = 1y EEP DL )

(p—1)!
> (k+p—1 o
(19) + Z k T P ) 1)!ak+p_lzk+]9 1.
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From (18) and (19), we get that

o0

(m) < tm—D! _pim) (k+p—1) k+p—m~—1
’f (z)’ ST _1) +Z Gitp—m— 1)!ak+p—17“
(20> S{(p+m—1 +Z 2/<:+p—1 aker 1r3p1}r(p+m)
(2p—m—
=1
(p+m—1)! (1—ap) p! 3_1} (ot
921 < p p+m)
1) { -0 T(Otaf)d+2pN)" 2p-m—-1 [ ’
and
(m (p+m - 1) (p+m)
’f (Z>’ (p— 1)
> (k+p—1)! k+p—m—1
(22) Zl P— T
p+m—1 — (k+p—1)! 1~ (ptm
- ((_1)) M“’““"”gp e
k=1 ’
- {(p—i— m—1! (1—-apB) p! rSp—l} F—(p+m).
- (p—1)! (1+aB) (14 2p\)" (2p —m —1)!

We can easily prove that the bounds of (14) are attained for the function f
given by the form (15).

This completes the proof of Theorem 3.1. O

4. Radii of starlikeness and convexity

The radii of starlikeness and convexity for the class Sy (o, \,m, B) is given by
the following theorems.

Theorem 4.1. If the function f(z) given by (8) is in the class Sy (o, A, n, B),
where 0 < 8 < 1 and n € Ny, then f(z) is starlike of order u( 0 < u < p) in
|z| <11, that is

[ 5)

where

(p—M)[P(aﬂ-Fl)—Hf—1](1+2p)\+k)\—)\)"}k+21pl'

@) n= inf{ Pkt 20— 1) (1 —ap)

k>1



CERTAIN CLASSES OF MEROMORPHIC FUNCTIONS BY USING THE LINEAR ... 179

Proof. It suffices to prove that

zf'(2) 0o _
(25) G P Sy (k+2p—1) agypr 2271

L) o] 1200 ) SR (20— 1) gy 2R
sy (k4 2p = 1) apypa |27
2(p - /’L) - Zzozl (k + 2/,[, — 1) ak+p71 ‘Z|]€+2p—1

IN

Then, the following

f'(2)
e TP

(26) | <1, (0<pu<p, peN)
i —p
will hold if
(oo}
k+2u—1 _
= p-u

Then, by Corollary 2.1 the inequality (27) will be true if

(p— ) v —ab)
that is,
(28) 2|21 < (p—p)[p(aB+1)+k—1](1+2p\ + kX — )\)n.
B p(k+2u—1)(1—apf)
This completes the proof of Theorem 4.1. 0

Theorem 4.2. If the function f(z) given by (8) is in the class S, (o, A\, n, B),
where 0 < B < 1 and n € Ny, then f(z) is convex of order u( 0 < p < p) in

|z| < ra, that is,
1
Re{—l — 2l (Z)} > i,

f'(2)
where
ry = inf{(p—u)[p<a6+1)+k—1} (1+2p>\+k/\—/\)”}k+2lp—1
Tk (k+u—1)(k+2u—1)(1—ap) ;
29)  (k>1).

Proof. By using the same technique employed in the proof of Theorem 4.1, we
can show that

z ”(Z)

1+ ) TP _ ’ ZZOZI(k;+p—1)(k+2p_1)ak+p_lzk+2p_1
Zf,/zij) — P + 2,LL 2]7(]7_,“)2_1’— ZZOZI(k +p — 1)(1{7 =+ 2[[,L — 1)ak+p—1zk+2p_1
32 (k4 p—1)(k+2p — Dagp |22
T p—p) = 52k p— D) (k4 20— Dagyp1 |2/
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Then, the following

zf"(2)
1+ ) +p

(30) | =1
fior —p+2u
will hold if
= (k —D(k+2u—-1
(31) Z ( +u )( + 21 )ak+p—1 |Z|k+2p71 <1.

p p(p—n)
Then, by Corollary 2.1 the inequality (31) will be true if

(k+u—1ﬂk+2u—1hdmﬂkl<hﬂm&+D+k—iM1+%ﬂ+kA—AW
p(p—p) - p(1—apB)

that is,

k-1 o P =) [p(@f+1) + k-1 (1+2pA + kA - A)"

32) |2 < ktp—1)(k+2u—1)(1—aB)

Therefore, the inequality (32) leads us to the disk |z| < ro, where r9 is given by
the form (29). O
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