
ITALIAN JOURNAL OF PURE AND APPLIED MATHEMATICS – N. 49–2023 (154–172) 154

Fixed point theorems for monotone mappings on partial
M∗-metric spaces

Maha S. Alsauodi
Department of Mathematics
University of Jordan
Amman
Jordan
alsoudimaha@gmail.com

Gharib M. Gharib
Department of Mathematics
Zarqa University
Zarqa
Jordan
ggharib@zu.edu.jo

Abed Al-Rahman M. Malkawi∗

Department of Mathematics
University of Jordan
Amman
Jordan
Abd9180065@ju.edu.jo

Ayat M. Rabaiah
Department of Mathematics
University of Jordan
Amman
Jordan
Aya916322@ju.edu.jo

Wasfi Shatanawi
Department of General Sciences

Prince Sultan University

Riyadh

Saudi Arabia

and

Department of Mathematics

Hashemite University

Zarqa

Jordan

wshatanawi@psu.edu.sa

swasfi@hu.edu.jo

Abstract. In this paper, we introduce the concept of partial M∗−metric on a
nonempty set X, and we give some properties supported by some examples to illustrate
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our results. Furthermore, we establish some fixed points results for partial M∗−metric.
Also, we extend our result for monotone mappings on partial M∗−metric spaces.
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1. Introduction

Bakhtin [2] and Czerwik [3] are defined a b−metric space and the idea of a
b−metric space the triangle inequality axiom is weaker than for metric space.
Also, many authors gives many fixed point theorems in a b-metric space (see
[6−15]), Aydi et al. [8] gave some interesting theories for fixed point for set-valid
quasi contraction in b-metric space.

In 2021 [37], Malkawi et al. introduced the notion of MR-metric space and
MR-metric space is a generalization of a b-metric space [2, 3] and the tetrahedral
inequality axiom is weaker than for a D−metric space [1]. Also, there are many
fixed point theorems in different type spaces for more information. I Refer to
the reader to look at [4− 36].

Definition 1 ([37]). Let X be a non empty set and R ≥ 1 be a real number.
M : X×X×X → [0,∞) a function which is called an MR-metric, if it satisfies
the following axioms for each x, y, z ∈ X.

(M1) :M(x, y, z) ≥ 0.
(M2) :M(x, y, z) = 0 iff x = y = z.
(M3) : M(x, y, z) =M(p(x, y, z)); for any permutation p(x, y, z) of x, y, z.
(M4) : M(x, y, z) ≤ R [M(x, y, ℓ) +M(x, ℓ, z) +M(ℓ, y, z)] .
A pair (X,M) is called an MR-metric space.

Also, Gharib et al. [38] introduced the concept of M∗-metric spaces, the
importance of which lies in this property M∗(x, x, y) =M∗(x, y, y). It is worth
noting that these characteristics need not be satisfied in MR-metric space [37].

Definition 2 ([38]). Let X be a non empty set and R ≥ 1 be a real number.
A function M∗ : X × X × X → [0,∞) is called M∗-metric, if the following
properties are satisfied for each x, y, z ∈ X.

(M∗1) :M∗(x, y, z) ≥ 0.
(M∗2) :M∗(x, y, z) = 0 iff x = y = z.
(M∗3) :M∗(x, y, z) =M∗(p(x, y, z)); for any permutation p(x, y, z) of x, y, z.
(M∗4) : M∗(x, y, z) ≤ RM∗(x, y, u) +M∗(u, z, z).
A pair (X,M∗) is called an M∗-metric space.

The following are examples of M∗-metric space.

Example 1. a) Let (X, d) be a metric space then M∗(x, y, z) = 1
R max{d(x, y),

d(y, z), d(z, x)} and M∗(x, y, z) = 1
R [d(x, y), d(y, z), d(z, x)] are M

∗-metric on
X.

b) If X = Rn, then

M∗(x, y, z) =
1

R
[∥x+ y − 2z∥+ ∥y + z − 2x∥+ ∥z + x− 2y∥],
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for every x, y, z ∈ Rn is an M∗-metric on X.

Example 2. Let ψ : R× R → R+ be a mapping defined as the following:

ψ(x, y) = 0 if x = y, ψ(x, y) =
1

2
if x > y, ψ(x, y) =

1

3
if x < y.

Then, clearly ψ is not a metric, since ψ(1, 2) ̸= ψ(2, 1). Define G : R×R×R →
R+ by

G(x, y, z) =
1

R
max{ψ(x, y), ψ(y, z), ψ(z, x)}.

Then, G is an M∗-metric.

Example 3. Let ψ : R+ × R+ → R+ be a mapping defined as the following:
ψ(x, y) = max{x, y}. Clearly it is not a metric. Define G : R+×R+×R+ →

R+ by

ψ(x, y) =
1

R
[max{x, y}+max{y, x}+max{z, x}]− x− y − z,

for every x, y, z ∈ R+. Then G is an M∗-metric.

2. Partial M∗-metric space

The Authors defined b−metric space by replacing the triangular inequality ax-
iom with a weaker one. Also, for some work on b-metric, we refer the reader to
[40, 41, 42, 43, 44, 45, 46].
Now, we present the concept of a partial M∗−metric space and prove its prop-
erties.

Definition 3. A partial M∗-metric on a nonempty set X is a function M∗
p :

X ×X ×X → R+ such that for all x, y, z, a ∈ X :
(M∗

p 1) x = y = z ⇔M∗
p (x, x, x) =M∗

p (x, y, z) =M∗
p (y, y, y) =M∗

p (z, z, z),
(M∗

p 2) M
∗
p (x, x, x) ≤M∗

p (x, y, z),
(M∗

p 3) M
∗
p (x, y, z) =M∗

p (p{x, y, z}), where p is a permutation function,
(M∗

p 4) M
∗
p (x, y, z) ≤ RM∗

p (x, y, a) +M∗
p (a, z, z)−M∗

p (a, a, a).

(X,M∗
p ) is a partial M∗-metric space on a nonempty set X and M∗

p is a
partial M∗-metric on X. It is clear that, if M∗

p (x, y, z) = 0, then from (M∗
p 1)

and (M∗
p 2) x = y = z. But if x = y = z, M∗

p (x, y, z) may not be 0. The basic

example of a partial M∗-metric space (R+,M∗
p ) is M

∗
p (x, y, z) =

1
R max{x, y, z}

for all x, y, z ∈ R+.
It is obvious that everyM∗−metric is a partialM∗−metric, but the converse

need not be true. We will explain this in the following example.

Example 4. Let M∗
p :: R+×R+×R+ → R+ be a nonempty defined as follows:

M∗
p (x, y, z) =

1

R
[|x− y|+ |y − z|+ |x− z|] + max{x, y, z},

such that R ≥ 1. Then clearly it is a partial M∗-metric, but it is not an M∗-
metric.
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Example 5. Let (X, p) be a partial b-metric space and M∗
p :: R+×R+×R+ →

R+ be a nonempty defined as:

M∗
p (x, y, z) =

1

R
[p(x, y) + p(x, z) + p(y, z)]− p(x, x)− p(y, y)− p(z, z).

Then, clearly M∗
p is a partial M∗-metric, but it is not an M∗-metric.

Remark 1. M∗
p (x, x, y) =M∗

p (x, y, y)

Proof.

M∗
p (x, x, y) ≤ RM∗

p (x, x, x) +M∗
p (x, y, y)−M∗

p (x, x, x)

≤ RM∗
p (x, x, x) +M∗

p (x, y, y)−RM∗
p (x, x, x)

≤M∗
p (x, y, y).(2.1)

M∗
p (x, y, y) ≤ RM∗

p (y, y, y) +M∗
p (y, x, x)−M∗

p (y, y, y)

≤ RM∗
p (y, y, y) +M∗

p (y, x, x)−RM∗
p (y, y, y)

≤M∗
p (y, x, x).(2.2)

From (2.1) and (2.2), we get M∗
p (x, x, y) =M∗

p (x, y, y).

Lemma 1. Let (X,M∗
p ) be a partial M∗−metric space. If we define p(x, y) =

M∗
p (x, y, y), then (X, p) is a partial b-metric space

Proof. (M∗
p 1) x = y ⇔ M∗

p (x, x, x) = M∗
p (x, y, y) = p(y, y, y) ⇔ p(x, x) =

p(x, y) = p(y, y),

(M∗
p 2) M

∗
p (x, x, x) ≤M∗

p (x, y, y) implies that p(x, x) ≤ p(x, y),

(M∗
p 3) M

∗
p (x, y, y) =M∗

p (y, x, x) implies that p(x, y) = p(y, x),

(M∗
p 4) M

∗
p (y, y, x) ≤ RM∗

p (y, y, z) +M∗
p (z, x, x)−M∗

p (z, z, z) implies that

p(x, y) ≤ R[p(y, z) + p(z, x)]− p(z, z).

Let (X,M∗
p ) be a partial M∗−metric space. For r > 0 define

BM∗
p
(x, r) = {y ∈ X :M∗

p (x, y, y) < M∗
p (x, x, x) + r}.

Definition 4. Let (X,M∗
p ) be a partial M∗−metric space and A ⊂ X.

(1) If, for every x ∈ A there exists r > 0 such that BM∗
p
(x, r) ⊂ A, then the

subset A is called an open subset of X.

(2) {xn} is a sequence in a partial M∗−metric space (X,M∗
p ) converges to x

if and only if M∗
p (x, x, x) = limn→∞M∗

p (xn, xn, x). That is for each ϵ > 0, there
exists n0 ∈ N such that

(1) M∗
p (x, x, xn) < M∗

p (x, x, x) + ϵ ∀n ≥ n0,
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or equivalently, for each ϵ > 0, there exists n0 ∈ N such that

(2) M∗
p (x, xn, xm) < M∗

p (x, x, x) + ϵ ∀n,m ≥ n0.

Indeed, if (1) holds then

M∗
p (x, xn, xm) = M∗

p (xn, x, xm)

≤ RM∗
p (xn, x, x) +M∗

p (x, xm, xm)−M∗
p (x, x, x)

< Rϵ+ ϵ+M∗
p (x, x, x).

Conversely, set m = n in (2) we have M∗
p (xn, xn, x) < M∗

p (x, x, x) + ϵ.
(3) {xn} is a sequence in a partial M∗−metric space (X,M∗

p ) is called a
Cauchy if limn→∞M∗

p (xn, xm, xm) exists.
Let τM∗

p
be the set of all open subsets X, then τM∗

p
is a topolpgy on X (induced

by the partial M∗−metric M∗
p ).

A partial M∗−metric space (X,M∗
p ) is said to be complete if every Cauchy

sequence {xn} in X converges to a point x ∈ X with respect to τM∗
p
.

If a sequence {xn} in a partial M∗−metric space (X,M∗
p ) converges to x,

then we have

M∗
p (xn, xn, xm) ≤ RM∗

p (xn, xn, x) +M∗
p (x, xm, xm)−M∗

p (x, x, x)

< Rϵ+ ϵ+M∗
p (x, x, x).

Lemma 2. Let (X,M∗
p ) be a partial M∗−metric space. If r > 0, then the ball

BM∗
p
(x, r) with center x ∈ X and radius r is an open ball.

Proof. Let y ∈ BM∗
p
(x, r), thenM∗

p (x, y, y) < M∗
p (x, x, x)+r. LetRM

∗
p (x, y, y)−

M∗
p (x, x, x) = δ. Let z ∈ BM∗

p
(y, r − δ), by triangular inequality, we have

M∗
p (x, x, z) ≤ RM∗

p (x, y, y) +M∗
p (y, z, z) +M∗

p (y, y, y)

= RM∗
p (x, y, y)−M∗

p (x, x, x) +M∗
p (z, z, y)

−M∗
p (y, y, y) +M∗

p (x, x, x)

< δ + r − δ +M∗
p (x, x, x)

= M∗
p (x, x, x) + r.

Thus, z ∈ BM∗
p
(x, r). Hence BM∗

p
(y, r − δ) ⊆ BM∗

p
(x, r). Therefore, the ball

BM∗
p
(x, r) is an open ball.

Each partial M∗−metric M∗
p on X generates a topology τM∗

p
on X which

has as a base the family of open M∗
p−balls {BM∗

p
(x, ϵ) : x ∈ X, ϵ > 0}.

The following example shows that a convergent sequence {xn} in a partial
M∗−metric space (X,M∗

p ) need not be a Cauchy sequence. In particular, it
shows that the limit of a convergent sequence is not necessarily unique, to explain
that see the following example
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Example 6. Let X = [0,∞) andM∗
p (x, y, z) =

1
R max{x, y, z}. Then, it is clear

that (X,M∗
p ) is a complete partial M∗−metric space. Let

xn =

{
1, n = 2k

2, n = 2k + 1.

Then, clearly it is convergent sequence and for every x ≥ 2 we have

lim
n→∞

M∗
p (xn, xn, x) =M∗

p (x, x, x),

therefore
L(xn) = {x : xn → x} = [2,∞).

But, limn→∞M∗
p (xn, xm, xm) does not exist. Hence {xn} is not a Cauchy se-

quence.

The following Lemma plays an important role in this paper.

Lemma 3. Let (X, p) be a partial b−metric space then there exists a partial
M∗−metric M∗

p on X such that
(a) {xn} is a Cauchy sequence in (X, p) if and only if it is a Cauchy sequence

in the partial M∗−metric space (X,M∗
p ),

(b) the partial b−metric space (X, p) is complete if and only if the partial
M∗−metric space (X,M∗

p ) is complete. Furthermore, M∗
p (x, x, y) = p(x, y), for

every x, y ∈ X.

Proof. Define

M∗
p (x, y, z) =

1

R
max{p(x, y), p(x, z), p(y, z)}, ∀x, y, z ∈ X.

Then, it is easy to see thatM∗
p is a partialM∗−metric andM∗

p (x, x, y) = p(x, y),
for every x, y ∈ X.

The following Lemma shows that under certain conditions the limit is unique.

Lemma 4. Let {xn} be a convergent sequence in a partial M∗-metric space
(X,M∗

p ) such that xn → x and xn → y. If

lim
n→∞

M∗
p (xn, xn, xn) =M∗

p (x, x, x) =M∗
p (y, y, y),

then x = y.

Proof. As

M∗
p (x, y, y) =M∗

p (x, x, y) ≤ RM∗
p (x, x, xn) +M∗

p (xn, y, y)−M∗
p (xn, xn, xn),

therefore

M∗
p (xn, xn, xn) ≤ RM∗

p (x, x, xn) +M∗
p (xn, y, y)−M∗

p (x, y, y).
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By given assumptions, we have

lim
n→∞

M∗
p (xn, xn, x) = M∗

p (x, x, x),

lim
n→∞

M∗
p (xn, xn, y) = M∗

p (y, y, y),

lim
n→∞

M∗
p (xn, xn, xn) = M∗

p (x, x, x).

Therefore

M∗
p (x, x, x) ≤ RM∗

p (x, x, x) +M∗
p (y, y, y)−M∗

p (x, y, y),

which shows that M∗
p (y, y, y) ≤ (1−R)M∗

p (x, x, x)+M∗
p (x, y, y) ≤M∗

p (y, y, y).
So,

M∗
p (y, y, y) ≤M∗

p (x, y, y) ≤M∗
p (y, y, y).

Also,

M∗
p (x, y, y) =M∗

p (y, y, x) ≤ RM∗
p (y, y, xn) +M∗

p (xn, x, x)−M∗
p (xn, xn, xn),

implies that

M∗
p (xn, xn, xn) ≤ RM∗

p (y, y, xn) +M∗
p (xn, x, x)−M∗

p (x, y, y),

by on taking limit as n→ ∞ gives

M∗
p (y, y, y) ≤ RM∗

p (y, y, y) +M∗
p (x, x, x)−M∗

p (x, y, y),

which shows that

M∗
p (x, x, x) ≤ (1−R)M∗

p (y, y, y) +M∗
p (x, y, y) ≤M∗

p (x, x, x).

So,

M∗
p (x, x, x) ≤M∗

p (x, y, y) ≤M∗
p (x, x, x).

Thus, M∗
p (x, x, x) =M∗

p (x, y, y) =M∗
p (y, y, y). Therefore, x = y.

Lemma 5. Let {xn} and {yn} be two sequences in partial M∗−metric space
(X,M∗

p ) such that

lim
n→∞

M∗
p (xn, x, x) = lim

n→∞
M∗

p (xn, xn, xn) =M∗
p (x, x, x),

and

lim
n→∞

M∗
p (yn, y, y) = lim

n→∞
M∗

p (yn, yn, yn) =M∗
p (y, y, y).

Then limn→∞M∗
p (xn, yn, yn) =M∗

p (x, y, y). In particular, limn→∞M∗
p (xn, yn, z)

=M∗
p (x, y, z), for every z ∈ X.
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Proof. As {xn} and {yn} converges to a x ∈ X and y ∈ X respectively, for
each ϵ > 0 there exists n0 ∈ N such that

M∗
p (x, x, xn) < M∗

p (x, x, x) +
ϵ

2R
,

M∗
p (y, y, yn) < M∗

p (y, y, y) +
ϵ

2R
,

M∗
p (x, x, xn) < M∗

p (xn, xn, xn) +
ϵ

2R

and

M∗
p (y, y, yn) < M∗

p (yn, yn, yn) +
ϵ

2R

for n ≥ n0. Now,

M∗
p (xn, xn, yn) ≤ RM∗

p (xn, xn, x) +M∗
p (x, yn, yn)−M∗

p (x, x, x)

≤ RM∗
p (xn, xn, x) +RM∗

p (y, yn, yn) +M∗
p (x, x, y)

−M∗
p (y, y, y)−M∗

p (x, x, x)

< M∗
p (x, y, y) +

Rϵ

2R
+
Rϵ

2R
= M∗

p (x, y, y) + ϵ,(1)

and so we have

M∗
p (xn, yn, yn)−M∗

p (x, y, y) < ϵ.

Also,

M∗
p (x, y, y) ≤ RM∗

p (xn, y, y) +M∗
p (x, x, xn)−M∗

p (xn, xn, xn)

≤ RM∗
p (x, x, x) +RM∗

p (xn, xn, yn) +M∗
p (yn, y, y)

−M∗
p (yn, yn, yn)−M∗

p (xn, xn, x)

< M∗
p (xn, xn, y) +

Rϵ

2R
+
Rϵ

2R
= M∗

p (x, y, y) + ϵ.(2)

Thus,

M∗
p (x, x, y)−M∗

p (xn, xn, yn) < ϵ.

Hence, for all n ≥ n0, we have
∣∣M∗

p (xn, xn, yn)−M∗
p (x, x, y)

∣∣ < ϵ. Hence, the
result follows.

Lemma 6. If M∗
p is a partial M∗-metric on X, then the functions M∗

ps ,M
∗
pm :

X ×X ×X → R+ are given by:

M∗
ps(x, y, z) = RM∗

p (x, x, y) +RM∗
p (y, y, z) +M∗

p (z, z, x)

−M∗
p (x, x, x)−M∗

p (y, y, y)−M∗
p (z, z, z)
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and

M∗
pm(x, y, z) = max


2RM∗

p (x, x, y)−M∗
p (x, x, x)−M∗

p (y, y, y),

2RM∗
p (y, y, z)−M∗

p (y, y, y)−M∗
p (z, z, z),

2RM∗
p (z, z, x)−M∗

p (z, z, z)−M∗
p (x, x, x)

 ,

for every x, y, z ∈ X are equivalent M∗-metrics on X.

Proof. It is easy to see thatM∗
ps andM

∗
pm areM∗-metrics onX. Let x, y, z ∈ X.

It is obvious that

M∗
pm(x, y, z) ≤ 2M∗

ps(x, y, z).

On the other hand, since a+ b+ c ≤ 3max {a, b, c} , it provides that

M∗
ps(x, y, z) = RM∗

p (x, x, y) +RM∗
p (y, y, z) +M∗

p (z, z, x)

−M∗
p (x, x, x)−M∗

p (y, y, y)−M∗
p (z, z, z)

≤ 1

2

[
2RM∗

p (x, x, y)−M∗
p (x, x, x)−M∗

p (y, y, y)
]

+
1

2

[
2RM∗

p (y, y, z)−M∗
p (y, y, y)−M∗

p (z, z, z)
]

+
1

2

[
2RM∗

p (z, z, x)−M∗
p (z, z, z)−M∗

p (x, x, x)
]

≤ 3

2
max


2RM∗

p (x, x, y)−M∗
p (x, x, x)−M∗

p (y, y, y),

2RM∗
p (y, y, z)−M∗

p (y, y, y)−M∗
p (z, z, z),

2RM∗
p (z, z, x)−M∗

p (z, z, z)−M∗
p (x, x, x)


=

3

2
M∗

pm(x, y, z).

Thus, we have

1

2
M∗

pm(x, y, z) ≤M∗
ps(x, y, z) ≤

3

2
M∗

pm(x, y, z).

These inequalities implies that M∗
ps and M∗

pm are equivalent.

Remark 2. Note that:

M∗
ps(x, x, y) = 2RM∗

p (x, x, y)−M∗
p (x, x, x)−M∗

p (y, y, y) =M∗
pm(x, x, y).

A mapping F : X → X is said to be continuous at x0 ∈ X, if for every ϵ > 0,
there exists δ > 0 such that F (BM∗

p
(x0, δ)) ⊆ BM∗

p
(Fx0, ϵ).

The following lemma plays an important role to prove fixed point results on
a partial M∗-metric space.

Lemma 7. Let (X,M∗
p ) be a partial M∗-metric space.

(a) {xn} is a Cauchy sequence in (X,M∗
p ) if and only if it is a Cauchy

sequence in the M∗-metric space (X,M∗
ps)
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(b) A partial M∗-metric space (X,M∗
p ) is complete if and only if the M∗-

metric space (X,M∗
ps) is complete. Furthermore,

lim
n→∞

M∗
ps(xn, xn, x) = 0

if and only if

M∗
p (x, x, x) = lim

n→∞
M∗

p (xn, xn, x) = lim
n,m→∞

M∗
p (xn, xn, xm).

Proof. Let {xn} be a Cauchy sequence in (X,M∗
p ), we want to prove {xn} is a

Cauchy sequence in the M∗-metric space (X,M∗
ps).

Since {xn} be a Cauchy sequence in (X,M∗
p ), then there exists α ∈ R and

for every ϵ > 0, there is nϵ ∈ N such that
∣∣M∗

p (xn, xn, xm)− α
∣∣ < ϵ

4R for all
n,m ≥ nϵ. Hence

M∗
ps(xn, xn, xm) ≤

∣∣2RM∗
p (xn, xn, xm)−M∗

p (xn, xn, xn)

−M∗
p (xm, xm, xm) + 2α− 2α

∣∣
≤

∣∣2RM∗
p (xn, xn, xm)− 2α

∣∣+ ∣∣M∗
p (xn, xn, xn)− α

∣∣
+
∣∣M∗

p (xm, xm, xm)− α
∣∣ ≤ 4R

ϵ

4R
= ϵ,

for all n,m ≥ nϵ. Thus {xn} is a Cauchy sequence in (X,M∗
ps).

Now, we prove that completeness of (X,M∗
ps) implies completeness of (X,M∗

p ).
Indeed, if {xn} be a Cauchy sequence in (X,M∗

p ) then it is {xn} be a Cauchy
sequence in (X,M∗

ps). Since theM
∗-metric space (X,M∗

ps) is complete we deduce
that there exists y ∈ X such that limn→∞M∗

ps(xn, xn, y) = 0. Thus,

lim
n→∞

sup
∣∣M∗

p (xn, xn, y)−M∗
p (y, y, y)

∣∣
≤ lim

n→∞

∣∣2RM∗
p (xn, xn, y)−M∗

p (xn, xn, xn)−M∗
p (y, y, y)

∣∣ = 0.

Hence, we follow that {xn} is a convergent sequence in (X,M∗
p ). That is

meaning
lim
n→∞

M∗
p (xn, xn, y) =M∗

p (y, y, y).

Now, we prove that every Cauchy sequence {xn} in (X,M∗
ps) is a Cauchy se-

quence in (X,M∗
p ). Let ϵ=

1
2R , then there exists n0 ∈ N such thatM∗

ps(xn, xn, xm)

< 1
2R for all n,m ≥ n0. Since

M∗
p (xn, xn, xn) ≤ 4RM∗

p (xn0 , xn0 , xn)− 3M∗
p (xn, xn, xn)

−M∗
p (xn0 , xn0 , xn0) +M∗

p (xn, xn, xn)

≤ 2RM∗
ps(xn, xn, xn0) +M∗

p (xn0 , xn0 , xn0).

Thus, we have

M∗
p (xn, xn, xn) ≤ 2RM∗

ps(xn, xn, xn0) +M∗
p (xn0 , xn0 , xn0)

≤ 1 +M∗
p (xn0 , xn0 , xn0).
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Consequently the sequence
{
M∗

p (xn, xn, xn)
}
is bounded in R and so there

exists an a ∈ R such that a sub sequence
{
M∗

p (xnk
, xnk

, xnk
)
}
is convergent to

a, i.e. limk→∞M∗
p (xnk

, xnk
, xnk

) = 0.
It remains to prove that

{
M∗

p (xn, xn, xn)
}
is a Cauchy sequence in R. Since

{xn} is a Cauchy sequence in (X,M∗
ps), for ϵ > 0, there exists nϵ such that

M∗
ps(xn, xn, xm) < ϵ

2R for all n,m ≥ nϵ. Hence, for all n,m ≥ nϵ,∣∣M∗
p (xn, xn, xn)−M∗

p (xm, xm, xm)
∣∣ ≤ 4RM∗

p (xn, xn, xm)− 3M∗
p (xn, xn, xn)

−M∗
p (xm, xm, xm) +M∗

p (xn, xn, xn)−M∗
p (xm, xm, xm)

≤ 2RM∗
ps(xn, xn, xm) < ϵ.

On the other hand,∣∣M∗
p (xn, xn, xn)− a

∣∣ ≤ ∣∣M∗
p (xn, xn, xm)−M∗

p (xnk
, xnk

, xnk
)
∣∣

+
∣∣M∗

p (xnk
, xnk

, xnk
)− a

∣∣ < ϵ+ ϵ = 2ϵ,

for all n, nk ≥ nϵ. Hence limn→∞M∗
p (xn, xn, xn) = a.

Now, we show that {xn} is a Cauchy sequence in (X,M∗
p ). We have∣∣2RM∗

p (xn, xn, xm)− 2a
∣∣

=
∣∣RM∗

ps(xn, xn, xm) +M∗
p (xn, xn, xn)− a+M∗

p (xm, xm, xm)− a
∣∣

≤ RM∗
ps(xn, xn, xm) +

∣∣M∗
p (xn, xn, xn)− a

∣∣+ ∣∣M∗
p (xm, xm, xm)− a

∣∣
<

ϵ

2R
+ 2ϵ+ 2ϵ = (

1

2R
+ 4)ϵ.

Hence, {xn} is a Cauchy sequence in (X,M∗
p ).

We shall have established the lemma if we prove that (X,M∗
ps) is complete

if so is (X,M∗
p ). Let {xn} be a Cauchy sequence in (X,M∗

ps). Then {xn} is a
Cauchy sequence in (X,M∗

p ) and so it is convergent to point y ∈ X with

lim
n,m→∞

M∗
p (xn, xn, xm) = lim

m→∞
M∗

p (y, y, xm) =M∗
p (y, y, y).

Thus, for ϵ > 0, there exists nϵ ∈ N such that∣∣M∗
p (y, y, xn)−M∗

p (y, y, y)
∣∣ < ϵ

2R

and ∣∣M∗
p (y, y, y)−M∗

p (xn, xn, xn)
∣∣ < ϵ

2R

whenever n ≥ nϵ. As a consequence, we have

M∗
ps(y, y, xn) = 2RM∗

p (y, y, xn)−M∗
p (xn, xn, xn)−M∗

p (y, y, y)

≤
∣∣RM∗

p (y, y, xn)−M∗
p (y, y, y)

∣∣+ ∣∣RM∗
p (y, y, xn)−M∗

p (xn, xn, xn)
∣∣

< R
ϵ

2R
+R

ϵ

2R
= ϵ,
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whenever n ≥ nϵ. Therefore (X,M∗
ps) is complete.

Finally, it is easy to check that limn→∞M∗
ps(a, a, xn) = 0 if and only if

M∗
p (a, a, a) = lim

n→∞
M∗

p (a, a, xn) = lim
n,m→∞

M∗
p (xn, xn, xm).

Definition 5. Let (X,M∗
p ) be a partial M∗-metric space, then M∗

p is said to
first type if

M∗
p (x, x, y) ≤M∗

p (x, y, z),

for all x, y, z ∈ X.

3. Fixed point result

We begin this section giving the concept of weakly increasing mappings.

Definition 6 ([39]). Let (X,⪯) be a partially ordered set. Two mappings S, T :
X → X are said to be S − T weakly increasing if Sx ⪯ TSx for all x ∈ X.

Remark 3 ([39]). (i) Two weakly increasing mappings need not be nondecreas-
ing. for examples see [4].

(ii) F denote the set of all functions F : [0,∞) → [0,∞) such that F is
nondecreasing and continuous, F (0) = 0 < F (t), for every t > 0 and F (x+y) ≤
F (x) + F (y) for all x, y ∈ [0,+∞).

(iii) Ψ denote the set of all functions ψ : [0,∞) → [0,∞) where ψ is contin-
uous, nondecreasing function such that

∑∞
n=0ψ

n(t) is convergent for each t > 0.
From the conditions on ψ, it is clear that limn→∞ ψn(t) = 0 and ψ(t) < t, for
every t > 0.

Now, we begin the our main results is as follows:

Theorem 8. Let (X,⪯) be a partially ordered set and suppose that the partial
M∗-metric space M∗

p is a first type on X and (X,M∗
p ) is a complete partial

M∗-metric space. Let S, T,G : X → X be three self-mappings such that S − T,
T −G and G− S are weakly increasing mappings such that

(3.1) F (M∗
p (Sx, Ty,Gz)) ≤

1

R
ψ(RF (φ(x, y, z))

for all x, y, z ∈ X with x, y, z are comparable with respect to partially order ⪯,
where F ∈ F , ψ ∈ Ψ and

(3.2) φ(x, y, z) = max

{
M∗

p (x, y, z),M
∗
p (x, x, Sx),

M∗
p (y, y, Ty),M

∗
p (z, z,Gz)

}
.

Further assume that if, for every increasing sequence {xn} convergent to
x ∈ X, we have xn ⪯ x. Then S, T and G have a common fixed point.
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Proof. Let x0 be arbitrary point of X.We can define a sequence in X as follows
x3n+1 = Sx3n, x3n+2 = Tx3n+1 and x3n+3 = Gx3n+2 for n = 0, 1, 2, ...

Since S − T, T − G and G − S are weakly increasing mappings, we have
x1 = Sx0 ⪯ TSx0 = x2 = Tx1 ⪯ GTx1 = x3 = Gx2 ⪯ SGx2 = x4 and
continuing this process, we have x1 ⪯ x2 ⪯ · · · ⪯ xn ⪯ xn+1 ⪯ · · ·
Case 1. Suppose there exists n0 ∈ N such that M∗

p (x3n0 , x3n0+1, x3n0+2) = 0.
Now, we show that M∗

p (x3n0+1, x3n0+2, x3n0+3) = 0. Otherwise, from (3.1), we
get

F (M∗
p (x3n0+2, x3n0+2, x3n0+3)) ≤ F (M∗

p (x3n0+1, x3n0+2, x3n0+3))

= F (M∗
p (Sx3n0 , Tx3n0+1, Gx3n0+2))

≤ 1

R
ψ(RF (φ(x3n0 , x3n0+1, x3n0+2)))

=
1

R
ψ(RF (φ(x3n0+2, x3n0+2, x3n0+3)))

< F (x3n0+2, x3n0+2, x3n0+3),

which is a contradiction. HenceM∗
p (x3n0 , x3n0+1, x3n0+1) = 0. Therefore, x3n0 =

x3n0+1 = x3n0+2 = x3n0+3. Thus, Sx3n0 = Tx3n0 = Gx3n0 = x3n0 . That is x3n0

is a common fixed point of S, T and G.
Case 2: Assume M∗

p (x3n, x3n+1, x3n+2) > 0 for all n ∈ N. Now, we want to
prove

(3.3) F (M∗
p (xn−1, xn, xn+1)) ≤ ψ(F (M∗

p (xn−2, xn−1, xn))).

Setting x = x3n, y = x3n+1 and z = x3n+2 in (3.2), we have

φ(x3n, x3n+1, x3n+2) = max


M∗

p (x3n, x3n+1, x3n+2),

M∗
p (x3n, x3n, x3n+1),

M∗
p (x3n, x3n, x3n+2),

M∗
p (x3n+2, x3n+2, x3n+3)

 .

Since M∗
p is of the first type, we get

φ(x3n, x3n+1, x3n+2) ≤ max
{
M∗

p (x3n, x3n+1, x3n+2),M
∗
p (x3n+1, x3n+2, x3n+3)

}
.

If M∗
p (x3n+1, x3n+2, x3n+3) is maximum in the R.H.S. of the above inequual-

ity, we have from (3.1) that

F (M∗
p (x3n+1, x3n+2, x3n+3)) ≤ F (M∗

p (Sx3n, Tx3n+1, Gx3n+2))

<
1

R
ψ(RF (φ(x3n, x3n+1, x3n+2)))

≤ 1

R
ψ(RF (max

{
M∗

p (x3n, x3n+1, x3n+2),

M∗
p (x3n+1, x3n+2, x3n+3)

}
))

=
1

R
ψ(RF (M∗

p (x3n+1, x3n+2, x3n+3)))

< F (M∗
p (x3n+1, x3n+2, x3n+3)),



FIXED POINT THEOREMS FOR MONOTONE MAPPINGS ON PARTIAL ... 167

which is a contradiction. Thus,

F (M∗
p (x3n+1, x3n+2, x3n+3)) ≤ ψ(F (M∗

p (x3n, x3n+1, x3n+2))).

Similarly, we have

F (M∗
p (x3n+2, x3n+3, x3n+4)) ≤ ψ(F (M∗

p (x3n+1, x3n+2, x3n+3))),

and
F (M∗

p (x3n, x3n+1, x3n+2)) ≤ ψ(F (M∗
p (x3n−1, x3n, x3n+1))).

Therefore, for every n ∈ N, we have

F (M∗
p (xn, xn+1, xn+2)) ≤ ψ(F (M∗

p (xn−1, xn, xn+1))).

Now, we have F (M∗
p (xn, xn+1, xn+2)) ≤ ψ(F (M∗

p (xn−1, xn, xn+1))) ≤ · · · ≤
ψn(F (M∗

p (x0, x1, x2))).
Hence

lim
n→∞

F (M∗
p (xn, xn+1, xn+2)) = 0,

so that

(3.4) lim
n→∞

M∗
p (xn, xn+1, xn+2) = 0.

Since M∗
p is first type and F is non-decreasing, we have

F (M∗
p (xn, xn, xn+1)) ≤ F (M∗

p (xn, xn+1, xn+2)) ≤ ψn(F (M∗
p (x0, x1, x2))).

Since F (x, y) ≤ F (x) + F (y) and M∗
ps(xn, xn, xn+1) ≤ 2RM∗

p (xn, xn, xn+1),
we have

F (M∗
ps(xn, xn, xn+1)) ≤ 2RF (M∗

p (xn, xn, xn+1)) ≤ 2Rψn(F (M∗
p (x0, x1, x2))).

Now, from

M∗
ps(xn+k, xn, xn) ≤ RM∗

ps(xn+k, xn+k−1, xn+k−1)

+RM∗
ps(xn+k−1, xn+k−2, xn+k−2) + · · ·+M∗

ps(xn+1, xn, xn),

we have

F (M∗
ps(xn+k, xn, xn)) ≤ F (RM∗

ps(xn+k, xn+k−1, xn+k−1))

+ · · ·+ F (M∗
ps(xn+1, xn, xn))

≤ 2R2ψn+k−1(M∗
p (x0, x1, x2))

+ · · ·+ 2R2ψn(M∗
p (x0, x1, x2))

≤ 2R2
∞∑
i=n

ψi(M∗
p (x0, x1, x2)).
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Since
∑∞

n=0ψ
n(t) is convergent for each t > 0 it follows that {xn} is a Cauchy

sequence in theM∗-metric space (X,M∗
ps). Since (X,M

∗
p ) is complete, then from

Lemma 2.7 follows that the sequence {xn} converges to some x in theM∗-metric
space (X,M∗

ps). Hence limn→∞M∗
ps(xn, x, x) = 0. Again, from Lemma 2.7, we

have

(3.5) M∗
p (x, x, x) = lim

n→∞
M∗

p (x, x, xn) = lim
n,m→∞

M∗
p (xn, xm, xm).

Since {xn} is a Cauchy sequence in the M∗-metric space (X,M∗
ps) and

M∗
ps(xn, xm, xm) = 2RM∗

p (xn, xm, xm)−M∗
p (xn, xn, xn)−M∗

p (xm, xm, xm),

we have
lim

n,m→∞
M∗

ps(xn, xm, xm) = 0

and by (3.4), we have
lim
n→∞

M∗
p (xn, xn, xn) = 0,

thus by definition M∗
ps , we have

lim
n,m→∞

M∗
p (xn, xm, xm) = 0.

Therefore, by (3.5), we have

M∗
p (x, x, x) = lim

n→∞
M∗

p (xn, x, x)

= lim
n,m→∞

M∗
p (xn, xm, xm) = 0.

Now, by the inequality (3.1) for x = x, y = x3n+1 and z = x3n+2, then we
have

F (M∗
p (Sx, x3n+2, x3n+3)) ≤

1

R
ψ(RF (φ(x, x3n+1, x3n+2))),

and by letting n→ ∞ and using Lemma 2.5, we obtain

F (M∗
p (Sx, x, x)) ≤

1

R
ψ(RF (M∗

p (Sx, x, x))) < F (M∗
p (Sx, x, x)),

which is a contradiction. Hence, M∗
p (Sx, x, x) = 0. Thus Sx = x. Similarly, by

using the inequality (3.1) for y = x, x = x3n and z = x3n+2, then we have

F (M∗
p (x3n, Tx, x3n+3)) ≤

1

R
ψ(RF (φ(x3n, x, x3n+2))),

and letting n→ ∞ and using Lemma 2.5, we obtain

F (M∗
p (x, Tx, x)) ≤

1

R
ψ(RF (M∗

p (x, Tx, x)) < F (M∗
p (x, Tx, x)),

which is a contradiction. Hence, Tx = x. Similarly, by using the inequality
(3.1) for z = x, x = x3n and y = x3n+1, we can show that Gx = x.
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