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Abstract. In this paper we studied complex Matsumoto space. The expressions for
fundamental metric tensor, angular metric tensor, Chern-Finsler connection coefficients
and the formula of holomorphic curvature are obtained.
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1. Introduction

The Finsler geometry has its origins in the famous dissertation of Germann
mathematician Finsler [1] in 1918. A Finsler manifold is a manifold M where
each tangent space is equipped with a Minkowski norm. J. H. Taylor and J.
L. Synge introduced a special parallelism and the concept of connection in the
theory of Finsler space was introduced by L. Berwald. Later on, E. Cartan, H.
Rund, M. Matsumoto, D. Bao, Z. Shen etc, made effective contributions in this
field. Finsler geometry has many applications in theories of physics, biology and
mechanics. Especially, quantum physics has stimulated the study of complex
structures.

After, that as compared to the real case in complex Finsler geometry are
not known so many classes of complex Finsler metrics. Besides the significant
Kobayashi and Caratheodary metrics [1], which quickened the study of such
Finsler geometry and we know rather trivial classes of complex Finsler metrics,
one is to Hermitian metrics on the base manifold [5] and second is to the locally
Minkowski complex metrics. Therefore, any new class of complex Finsler spaces
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with some presence in both theory and applications is welcomed (see more details
in ([2, 6, 9, 11, 13, 16]).

The aim of the present paper is to study the complex Matsumoto metric. In
the third section to determine the fundamental metric tensor and angular metric
tensor of the complex Matsumoto space. In the last section is to characterize
the Chern-Finsler connection coefficients, Cartan tensor and the formula for
holomorphic curvature of complex Matsumoto metric.

2. Priliminaries

Let M be a complex manifold of dimension n and (zk)k:172,37._” complex co-
ordinates in a local chart. Its complexified tangent bundle Te M splits in to
holomorphic tangent bundle 7'M and antiholomorphic tangent bundle 7" M,
i.e TcM =T'M @ T" M. The holomorphic tangent bundle 7'M is itself a com-
plex manifold with local coordinates (z*,7*) in a chart, which changes by the
following rules.

’ ’ 82% .
k_ k k __ 7
(1) 2t =203), 0=

Further, Tc(T'M) decomposes into holomorphic and antiholomorphic tan-
gent bundles T"(T"M) and T"(T' M) respectively.
A natural local frame {%, %} for T'(T"M) change according to the rules

from Jacobi matrix of (1). Since the changing rule of a%k contains the second
order partial derivatives, the concept of complex non-linear connection (c.n.c.)
was introduced.

Let V(T'M) = kerm, C T'(T'M) be the vertical bundle, spanned locally by
{%}. The complex non-linear connection (c.n.c.), determines a supplementary
complex sub-bundle to V(T"M) in T'(T" M), i.e. T'(T'M) = H(T'M )V (T'M).
It determines an adapted frame

dgkza—gk—]\fg%, where N,Z(z,n) are the coeffi-
cients of the complex nonlinear connections:[1, 11]

A complex Finsler metric ' on complex manifold M is a continuous function
F : T"M—R satisfying following conditions [11, 14]

(i) L := F? is smooth on T'M := T'M\{0};

(ii) F(z,n) > 0, the equality holds if and only if n = 0;

(iii) F(z, An)=|A|F(z,n); for X € C;

(iv) the Hermitian matrix (g;;(2,7)), with g; = %, called the funda-
mental metric tensor, is positive definite on 7"M \ {0}.

Let us write L = F2. Then, the pair (M, F) is called a complex Finsler space.
The strongly pseudoconvexity of the Finsler metric F' on complex indicatrix,
Ip, ={n € T.M | F(z,m7) < 1} is implied by assumption (iv). A Hermitian
connection of (1,0) type named as the Chern-Finsler Connection [1] has a special
meaning in a complex Finsler space. Notationally, it is DI'N = (L;k, 0, C]i.k, 0),
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where
CF i
g i widgm _ONE g
T __ i T ,omi-JdJm k T Jjm
where (g™) is the inverse of the metric tensor (gsm;). The horizontal lift of the

Liouville complex field (or the vertical radial vector field) nkak is x = nkék,

where 9, = % and 0 = 5%. The holomorphic curvature [11] of the complex
Finsler space (M, F') in the direction 7 is
2
3 K =——G(R(x, X X
(3) F(z,n) T20em) (R(x, X)X X)s

where G is the N—lift of the complex Finsler metric tensor g;; defined by G =
9;;d2'®dz + g50n'@97 and R is the curvature of Chern Finsler connection.
Locally, it has the following expression [7],

2

(4) Kp(z,m) = Iz jkﬁjﬁk
where

o
(5) Rjj, = —g505 (N0

3. Notion of complex Matsumoto space

In this section, we find the fundamental metric tensor g;; and its inverse and
determinant of the complex Matsumoto metric.

Let M be an n-dimensional complex manifold and (z,n) € T"M,n = nka%k.
Let a purely Hermitian positive metric a, and a differential (1,0) from b, be
defined on M as a = aij(z)dzi(X)de and b = b;(2)dz*. Aldea and munteanu [5]
defined the complex Finsler metric on 7'M by

(6) F(z,m) = F(a(z,n), |B(z,1))),

where

(a) alz,m) = /a;(2)n'1;

(b) |B(Za77)’ = ﬁ(zan) 5(73’77) with 5(2,77) = bi(z)ni'

We introduce a metric function F' on the complex manifold M by

a2

F=a

We call the metric F' defined by (7) as a complex Matsumoto metric and the
manifold together with this complex Matsumoto metric as a complex Mat-
sumoto space. The above complex Matsumoto metric is positive and smooth

(7)

(181# 0).
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on T'M\{0}. This metric is purely Hermitian if and only if 8 vanishes iden-
tically. The function L = F? depends on z and 7 because of a = a(z,n)
and |B| = |B(z,n)|. Also, o and S are homogeneous with respect to 7, i.e.
a(z, \n)=|Aa(z,n) and B(z, An) = A\B(z,n) for VA € C. Therefore, L(z, A\n) =
AL(z,n) for any A € C. From the homogeneity property, we have

Ja ;1 apl ; 1

' 5161

Differentiating oz, n) and |3(z,n)| partially with respect to * and 7/, we obtain
the following

da I 9Bl _ Bbi Do Lz 9IB]  Bb

9 b abl Oa TG OBl _ P
®) o "0 By _9F] op  2a’ o 2B
(10) Fa__ay Ul 5 biby
omiont  2a 43’ Onioni 48|
where
Li=agn, Ij=a;m",
now

oL da ||

i "‘aT;i+ 81 Dy
Using (9) and (10) we get

B e PSS S .
(1) e | ER e T AT

S e DI S L
(12) L P | ek AR

The fundamental metric tensor g;; of the complex Matsumoto space (M, F') is
given by

0*L
95~ nioni
da 0 da O |8 o 9|8 0
= - a+La|5< iadLign Iﬁ!a>+L Iﬁ( WHB')

**on O oni oni ' Ot O on' O
Pa_

+ 8?718,,7] + |ﬁ| 67’]2077]3
where
oL oL 0L O*L 0L
Lo=——, Lg ===, Laan =5, L = ——, Ly = ===
Do 18l 3|4 9a2’ IBlIsl PIEIE 18l dad)|B|
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Using (9), (10) and (11), (12) we have
Ho=20) . Py, (a2,
7 7 ( (2 7

BT s T 207 (@ 8)° 211 \(a = [8])?
F(a—4|8)) 2
1;Bb: + Bbil5) ,
2!/3\(a—\5|>3( o ;)
which may be written as
(13) gﬁ = poaij +p_2lil3 + qéblbi + q—2 (llﬁbj + Bbllj) s
where
poo T2 PRl (il
(a—18)*" 202 \(a—|8))*/)"
) Fla-48)  _ P <a+2!ﬁ|>
T 28— 1a)* T 208 \(a—18D)?)

A simple calculation shows that

q—2

2 Pog—2
14 — lidbﬁ + /3bil*- =
(14) q—2 ( Ji 3) P

q0

q0q9-2 | 52
ning — = = |817bib; = Lilj,

substituting (14) in (13) we obtain a new expression for g;; as

(15) 95 = poa;; + plolil; + qubib; + ¢”omin,
where
/ bog—2 —F |5| 2 2
p_ = p-2— = a—4 ﬁ +a” -4 /8 )
: . 2(@_,6‘)3@2( ) i

@ = » 2o — 18D \ [l(@ — [B)2 ~ (o —2/3])

" _gq-2 (O‘_ ’/BD
2T me 2F(a—2\5|)(a+2‘6|)'

Theorem 3.1. Let F = OﬁiIQM’ (|8|#£ 0) be the complex Matsumoto metric,

then the fundamental metric tensor g;; is given by equation (15).

_ F —4 F?
R (a 8 <a+2|5|>>7

Proof. Here the expression (15) is the fundamental metric tensor of the complex
Matsumoto space. Now our next aim is to find the formulas for the inverse as well
as for the determinant of the fundamental metric tensor g,;. For this purpose
we use the following proposition given below [5]. O

Proposition 3.1. Suppose: )

e (Qj3) is a non-singular n X n complex matriz with inverse Q7).

e C;and C; = Cy,i=1,2,3,...,n are complex numbers.

o (" :=(Q'C; and ils conjugates; C? = (CC; = C'Cy; H;; == Q5 £ CiCj.
Then:
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1. det(H;;) = (1+ C?)det(Qy;),

2. whenever (1 £ C?) #0, the matriz (H;;) is invertible and in this case its
inverse is HI* = Q” F 9.

1F

From (15) we may re written as,
p q //
g5 =p <a + 2zz+ 0bb+ nmj>
Assuming Q;; = a;; and C; = %li and applying Proposition (3.1), we find

QJ = d/" and C' = QﬁCE, C? = a2p 2
po’
where (a/') is the Hermitian inverse of (a;;) since 1£C? # 0, and 1 — C? =
pO_Ol2p/,2
Po ’
The matrix H;; = a;5 + —l [5 is invertible with the inverse as,

i ji i—j P2 2
H7" =da” + Rn'Y and det(H;; <1+ )d t(a; ——det
n'n (Hj) = . (a;) = Rpo (as;)

where R =

Po— a2p2 )

Taking Q;; = a;; + pp;(flilj and C; = Z—%bi and again applying Propo-
sition (3.1), we obtain Q¥ = @/ + Ryiiiy and C' = ’/%(bi + RpBn'), since
14 C? # 0, the inverse of Hij = a5+ pp;;lilj + }q’—,(ébibj exists and is given by

N N o /. _ - .
HP' = ol 4+ Ry'i + Z—O(bl + Rpn') (Y + RB1Y),
0

and also
p 2 qO 'Yp 2
det(a;; ll + b b= det
(a5+ 5 ) = pidet(a;)
_ a 2 2
where 7 = 1—1—*(HbH + R|B|%).
We set Q5 = a5 + le 5+ qo >bib; and C; = %m. Then, we have

QF — o+ Ry + q]g (b + R ) (V) + RBW),

CQZq;?
0

a'ngm; + RF* + Tlgonmj(bi + RBy)(V + Rﬁﬁj)} :
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Since 1+ C? #£ 0, H;; = a; + l L +5 ol vbib; + —nmj, is invertible with the
inverse.

a’' + Ry + 25 (bi + RBn') (b + RAY
16) H = ] '+ i ')( )

1+ =200, [aﬁm + Ry + A (bm - Ry (07 + Rﬁﬁ”)]

In view of (11), we have

a"™nii; = pha® + 2qopol B + ¢dl|b)1 181,
b N, (poB + qol[b||*B),
b" (pofB + qol|b]*B).

Therefore,

(A7) (™9 + RBF) (0", + RAF?) = p3|BI° + 2poqo| 817 (I]*
+a3|B*1b)|* + 2po RF?| B/
+2q0RF2|B%||b]]* + R2F*| 8|,

substitute (17), in (16), we get
=, 1 q = .
18 HI' = [aﬂ + Rn'i + o b + RBnH) (Y + RBTF) |,
(18) i 'y - ( ') i)

where

l/

M=1+ O{ma + 2qopol BI* + 31IlI*| 8/
(19) + RF* + (polﬂl + 2poqol 817 1b||*
YPo
+ a3 |BP(Ib]I* + 2poRF?|BI” + 2q0 RF? |81 [1b]|* + R2F4Iﬁ\2> }
and
det(Hy5) = (1+ )det(Qy;) = Mdet(ag; + —z G+ 9 Cbity).

On simplifying, above we have

(20) det(Hﬁ):Mﬁ/(l—ka2p/_2)det(ai) ]‘?p 2 det(a;5).

Po Po

Since g;; = poH,j, the inverse of the fundamental metric tensor is given by
71 5

(21) gj = 7Hj 9

Po
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where HJ' is given by (18). Also, the determinant of the fundamental metric
tensor is given by

- n - n]w’yp/—2 _
(22) det(g;3) = podet(H;z) = py I —=det(a;3).
2
The angular metric tensors of the complex Matsumoto space (M, F') is given by
0’F da Do Oa 08|  0|B| 0
23 K-= p - - a0 A 5 A— o ST —a g
285 = G s P (5 3 + 5 )
91p] 91| 0% 0%|8|
F - Fo——+ F e
+ 1B118] <anz 877]] anzaﬁ] + W‘Bn’@ﬁﬂ
where
OF OF O*F O*F O*F
Fo=—, Fg ===, Fooa = =5, F = ——and F 5 = ———:.
o 18] Bl D2 181181 9182] an 8] dad|B|

On differentiating (6) with respect to a and 3, we obtain

B a? — 2a|p| o a?
a1 T a8
—20/|f] 28
4 F = ——rs, Foa= T a3
(34 8= a8 R
202
F =
18118] (o — |8])3
On substituting (24) and (9) in (23), we obtain
(25) K5 = oaz; + Eolil; + x—2(Blib; + Bbil3) + xobibs,
where,
_ a-28 . _ —(@-38) , _ F (a+3jg) _ _ -
R TP vy A P P

Again differentiatting (7) partially with respect to n* and 7/, respectively we

have,
or (a22a|5|>li+< a? ) b;
o' \(a—[g)*/2a  \(a—IB])*/2/8]’

or a2—2a|ﬁ|>lj < a? )Bbj
(26) op ((a—\ﬁ|)2 20 (a—181)%) 218"

From (24) and (26), we obtain

OF OF
ovom  Fg/l28l L0, .  Faf2a o
5‘71;% = F, 20 AT - F|ﬁ|/2|ﬁ!lzlj = (s + 55%),
46— 18) G 55 [Bl(er — 218 o?||

o { Sa-2g) @ -

= (L;Bb; + 1; 8b).
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Substituting the value of (I;8b; + 158b;) from (27) in (25), then we have

o — 2|8 —(a—318])
W)K; = ————a; + —————=lils
K = a2 da(a gl

F (a+3|8)) -1

e b

418 (a— 18027 " 2a— 18]

W8l — 1B 555 |Bla—218),, o8l ,

adla—28)) a? Y a=28) [

Since 1; = =2F 9 6F =2F 85, we have 7;7; = 4Lgf: g:;

Substltutlng these values in (28) we get

"

(29) K; = &ag+ &l + EL ni; + Xabibs,
where
¢, = 1 3|B| — N |Bl(c —2|B]) n —2|B(a—|B])
27 2P\ 2a Fla—18) )0 ¥~ "Fla—208)
yo F <a+3|,8| N 1 >
o= - P\ 2 Ta—208)
or, in the equivalent form:
L 5_2 //
(30) K5 =&l a;; 5 ——lil; + = 2 2L§ 77z77]

Notice that (30) we obtain following lemma,;

Lemma 3.1. Let (M, F') be a complex Matsumoto space then the angular metric
tensor is given by (30).

Remark 3.1. Apply the same procedure of Proposition (3.1) then we obtain
the inverse and determinant value of angular metric tensor K;; as in Proposi-
tion (3.2).

Proposition 3.2. Let F = afT | be a complex Matsumoto metric with || # 0.
Then, they have the following:

(i) The inverse tensor K" of the angular tensor fields K5 s

ji _ 1 {ji i=j X0 (i j j}
(31) K air |° + Rin'iy t oG (b + RaBn') (V) + R Bi7)
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where Ry = g, 1 = 1+ S (] + Ri|8), and

My =1+

; L§ {5 o? + 2x0l 81" + x31bll* 51

"
(82) 4 RFty X0 [&%W T 2600182 18]
Y10
+ X218 101" + 260 R F2|B)% + 2x0 R1 F2|8)2(|b))* + R%F“Wlﬂ }

(i)

Mg,
110

(33) det(K;3) = (§0)"det(Hz) = (§0)" det(a;z).

4. Holomorphic curvature of complex Matsumoto metric

In this section, we study the Chern-Finsler connection, complex Cartan tensor
and holomorphic curvature of complex Matsumoto metric.

Now, the Chern-Finsler connection coefficients (c.n.c.) and the horizontal
and vertical coefficients are computed. By definition,

cF — O0Q1 _ 0N

gim 1 mi Olm

34 N!=g¢g™——"n' = —.
(34) A 0zJ

From (9) and (10), we compute the following

Tm = (polm + qobm ),

O (a—28) L P86,
35 m = —————Fl5 .
(35) T = o @o1E) 18

Differentiating (35) with respect to 27 we have

Onm _ (a—=2|B]) | Oaim 1
021 (a—IBI)Q{F RRCEE)E [2 021"

8bg s aaig i_s
2|B|(ﬁ >—<a—|ﬁ|>azjnn}zm
F 8bm m m m _laaig i=s|7_
s e g aazj””}lm}
F o foas ., 1 8bm - 8bm o
I T KA (= = )]
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F2
HECEED

5(7 2F o Ja;z i_s a? Obs s Oby s 8azs z .
T {(a—!ﬂ!)3 {2827'7777 ~ 25 %oz +B5n") — (= 1B8) 55 ]

Oa;s 1 _0b
2 18, i=S —m m._m

5 (ﬁf " n

07 + %823'77 2|82 029

Oba | b Ob; ;  Bba O 8bmm)]

Using (21) and (36) in (34), we have

CF a —

; 1 8nm 8alm 1
N! = NZ — — = -

J + po (823 bog i

1 1= i m —m
(37) - pO{Rnn +w (b' + RAn")(V™ + RBI™) +

// 2 _
mi i=m 7 m =M ann
[ + Rn'n +w (6" + RBn')(b™ + RBij )} }8Zj,

where g”’} is same as in (36) and Nl = ™ 85”;”77 .
Next, we have to find the expressmn for the vertical and horizontal coef-
ficients of Chern—Finsler connection. Consider the following complex Cartan

tensor [2]

99;n 09,5 0 Og;7, 0|

38 C.ip = = il .
38) 5= Dk = oo ok + 018 o
On calculating values of and B‘T;}T and substituing in (38), we get

o o2 — o +4a|8)?\ I 3a3 — 2a% — 6a2|3| \ Bb i
e = {< (o= 18] %+ (a—1BDT )28 [“F

4|6| —al] L 128 — o® +4aB] | Bbg |,
2(a—B))> 2(c — | 8])° 218 [
{(a — 403|8] 1203 )zk ((3a+9|ﬁ|)
7_’_ - - 7
)? ) 2a

Bl(a=18D*  (a—1B])? 2(a — I3
Lla28) Y oy |, f (=0’ +5018] + 8al” | ke
*IBI) 20 {7 2[B|(a — [B])° 2a

T

N F? __ 8F Bbz
20404*‘»3| 28R (a— 183 (a—1B])* ) 218
(1;8

by, + Bb;l).

+

(39) +
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Also, the vertical coefficients of Chern—Finsler connections are defined as

i Ok _ i 09jim i

(40) Chy = o 9 g 9 Camie

Using (22) and (39) in (40), we have

1 . 'R 2 ) /A
—la™ + <1 + 40 ‘B| >an,r—]m + qfObzbm
boYy PboY

//R P
+q° (ﬁbznm + Bn'b )]

(a2 o3 + 4B ) N <3043—2a2—60425|)5bk .
(a—18)*  )2a (o —18])* 208 [ "
(Mm —wm +<H6F—a”HMWUB% L
2(c — 1)) 2(a — 188 208 [

{( aﬁw| 1%&))zz+<@a+mﬁp

Blla— 18D~ (a—13)° )20 " \2(a |83
(a+%m06% Db <—&+5&wuﬁﬂmwlk
Tl 182 mm}fh+ 2Bl —18)° ) 2a
+< 5F? B F? __ 8F >Bbk
2a(a— [BIF  25P(a—1B)° (a— 18D ) 23]

(1805, + 51)%11)] -

+

(41) +

Also,

(42) Ck = Ckl_zjghj

Plugging (22) and (40) in (42) gives us
— a3 + 40|B)? ) N <3a3—2a2—6a2\6\)ﬁbk
(a—B)* 20 (a—1[8])* 2|8

4W|—Mm (UWF—¥+4MM>6% L
*{ 2010 )2 T\ e )2 [

a —4a3\5| 1203 )lk <(3a+9\5|)
IBI a—[8)t (a—1B])° 2(c —|B)?

(a+2WD>6% Db <—a3+5dW3+8awﬁ>lk
a2 mm}9h+ 26l(a—[6)° )20

(43) +
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+< pF2 F2 _8F )Bbk
2a(a —[B])® 218 (a—|8)3  (a—|B)*) 2|5

_ "R 2 ) "o
a4 (1 y DL El )Rnﬂﬁ" 2o piph
Po7y Ppo7

(1;Bby, + Bb;l;)

L0 R g 1 B |
po

Now, we find the Holomorphic curvature, first we compute Ricci curvature R;,
in (4).

%A
Substituting the values of g;; and N in (5) then, we have

Fla—208)  ~F8l (-4,
(@—pp)? " 202 << w))l

1 3F* 2F” ., Fla—4jp])
T <(a “18 (e Iﬁl)> by + 2|B|(cc — [8])°

3 oL i Om Oagm
(44) (LBb; + 517113)] 571,{Nk +—a™| % — P 8:3' n?

ik =

Po

L\ pytym 4 90 (bl + RBn") (0™ + RAR™) +
Do YPo

2 _
( m 4 Rty 4 20 o (bl+Rﬂn)(bm+Rﬁnm)> ]Z}nh.

Theorem 4.1. Let (M, F) be a complex Matsumoto space with the metric (7).
Then, Ricci curvature is given by equation (44) and holomorphic curvature is

given by (4).
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