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1. Introduction

The Finsler geometry has its origins in the famous dissertation of Germann
mathematician Finsler [1] in 1918. A Finsler manifold is a manifold M where
each tangent space is equipped with a Minkowski norm. J. H. Taylor and J.
L. Synge introduced a special parallelism and the concept of connection in the
theory of Finsler space was introduced by L. Berwald. Later on, E. Cartan, H.
Rund, M. Matsumoto, D. Bao, Z. Shen etc, made effective contributions in this
field. Finsler geometry has many applications in theories of physics, biology and
mechanics. Especially, quantum physics has stimulated the study of complex
structures.

After, that as compared to the real case in complex Finsler geometry are
not known so many classes of complex Finsler metrics. Besides the significant
Kobayashi and Caratheodary metrics [1], which quickened the study of such
Finsler geometry and we know rather trivial classes of complex Finsler metrics,
one is to Hermitian metrics on the base manifold [5] and second is to the locally
Minkowski complex metrics. Therefore, any new class of complex Finsler spaces
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with some presence in both theory and applications is welcomed (see more details
in ([2, 6, 9, 11, 13, 16]).

The aim of the present paper is to study the complex Matsumoto metric. In
the third section to determine the fundamental metric tensor and angular metric
tensor of the complex Matsumoto space. In the last section is to characterize
the Chern-Finsler connection coefficients, Cartan tensor and the formula for
holomorphic curvature of complex Matsumoto metric.

2. Priliminaries

Let M be a complex manifold of dimension n and (zk)k=1,2,3,..,, complex co-
ordinates in a local chart. Its complexified tangent bundle TCM splits in to
holomorphic tangent bundle T ′M and antiholomorphic tangent bundle T ′′M ,
i.e TCM = T ′M ⊕ T ′′M. The holomorphic tangent bundle T ′M is itself a com-
plex manifold with local coordinates (zk, ηk) in a chart, which changes by the
following rules.

(1) z
′k = z

′k(z), ηk =
∂z

′k

∂zj
ηj

Further, TC(T
′M) decomposes into holomorphic and antiholomorphic tan-

gent bundles T ′(T ′M) and T ′′(T ′M) respectively.

A natural local frame { ∂
∂zk

, ∂
∂ηk

} for T ′(T ′M) change according to the rules

from Jacobi matrix of (1). Since the changing rule of ∂
∂zk

contains the second
order partial derivatives, the concept of complex non-linear connection (c.n.c.)
was introduced.

Let V (T ′M) = kerπ∗ ⊂ T ′(T ′M) be the vertical bundle, spanned locally by
{ ∂
∂ηk

}. The complex non-linear connection (c.n.c.), determines a supplementary

complex sub-bundle to V (T ′M) in T ′(T ′M), i.e. T ′(T ′M) = H(T ′M)⊕V (T ′M).
It determines an adapted frame δ

δzk
= ∂

∂zk
-N j

k
∂

∂ηj
, where N j

k(z, η) are the coeffi-

cients of the complex nonlinear connections:[1, 11]

A complex Finsler metric F on complex manifold M is a continuous function
F : T ′M→R satisfying following conditions [11, 14]

(i) L := F 2 is smooth on ˜T ′M := T ′M\{0};
(ii) F (z, η) ≥ 0, the equality holds if and only if η = 0;

(iii) F (z, λη)=|λ|F (z, η); for λ ∈ C;
(iv) the Hermitian matrix (gij̄(z, η)), with gij̄ = ∂2L

∂ηi∂η̄j
, called the funda-

mental metric tensor, is positive definite on T ′M \ {0}.
Let us write L = F 2. Then, the pair (M,F ) is called a complex Finsler space.

The strongly pseudoconvexity of the Finsler metric F on complex indicatrix,
IF,z = {η ∈ T ′

zM | F (z, η) < 1} is implied by assumption (iv). A Hermitian
connection of (1, 0) type named as the Chern-Finsler Connection [1] has a special
meaning in a complex Finsler space. Notationally, it is DΓN = (Li

jk, 0, C
i
jk, 0),
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where

(2)
CF

N i
j = gm̄i∂glm̄

∂zj
ηl, Li

jk = gm̄i δgjm̄
δzk

=
∂N i

k

∂ηj
, Ci

jk = gm̄i∂gjm̄
∂ηk

,

where (gm̄i) is the inverse of the metric tensor (gm̄i). The horizontal lift of the
Liouville complex field (or the vertical radial vector field) ηk∂̇k is χ = ηk∂̇k,
where ∂̇k = ∂

∂ηk
and δk = δ

δzk
. The holomorphic curvature [11] of the complex

Finsler space (M,F ) in the direction η is

(3) KF (z, η) =
2

L2(z, η)
G(R(χ, χ̃)χ, χ̃),

where G is the N−lift of the complex Finsler metric tensor gij̄ defined by G =
gij̄dz

i⊗dz̄j + gij̄∂η
i⊗∂η̄j and R is the curvature of Chern Finsler connection.

Locally, it has the following expression [7],

KF (z, η) =
2

L2
Rj̄kη̄

jηk(4)

where

(5) Rj̄k = −glj̄δh̄(
CF

N l
k)η̄

h.

3. Notion of complex Matsumoto space

In this section, we find the fundamental metric tensor gij̄ and its inverse and
determinant of the complex Matsumoto metric.

Let M be an n-dimensional complex manifold and (z, η) ∈ T ′M,η = ηk ∂
∂zk

.
Let a purely Hermitian positive metric a, and a differential (1, 0) from b, be
defined on M as a = aij̄(z)dz

i⊗dz̄j and b = bi(z)dz
i. Aldea and munteanu [5]

defined the complex Finsler metric on T ′M by

(6) F (z, η) = F (α(z, η), |β(z, η)|),

where

(a) α(z, η) =
√
aij̄(z)η

iη̄j ;

(b) |β(z, η)| =
√

β(z, η) β(z, η) with β(z, η) = bi(z)η
i.

We introduce a metric function F on the complex manifold M by

(7) F =
α2

α− |β|
(|β|̸= 0).

We call the metric F defined by (7) as a complex Matsumoto metric and the
manifold together with this complex Matsumoto metric as a complex Mat-
sumoto space. The above complex Matsumoto metric is positive and smooth
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on T ′M\{0}. This metric is purely Hermitian if and only if β vanishes iden-
tically. The function L = F 2 depends on z and η because of α = α(z, η)
and |β| = |β(z, η)|. Also, α and β are homogeneous with respect to η, i.e.
α(z, λη)=|λ|α(z, η) and β(z, λη) = λβ(z, η) for ∀λ ∈ C. Therefore, L(z, λη) =
λλ̄L(z, η) for any λ ∈ C. From the homogeneity property, we have

(8)
∂α

∂ηi
ηi =

1

2
α,

∂|β|
∂ηi

ηi =
1

2
|β|.

Differentiating α(z, η) and |β(z, η)| partially with respect to ηi and ηj , we obtain
the following

∂α

∂ηi
=

li
2α

,
∂|β|
∂ηi

=
β̄bi
2|β|

,
∂α

∂η̄j
=

lj̄
2α

,
∂|β|
∂η̄j

=
βbj̄
2|β|

,(9)

∂2α

∂ηi∂η̄j
=

aij̄
2α

−
lilj̄
4α3

,
∂2|β|
∂ηi∂η̄j

=
bibj̄
4|β|

,(10)

where

li = aij̄ η̄
j , lj̄ = akj̄η

k,

now

ηi =
∂L

∂ηi
= Lα

∂α

∂ηi
+ L|β|

∂|β|
∂ηi

.

Using (9) and (10) we get

ηi =
(α− 2|β|)
(α− |β|)2

Fli +
1

(α− |β|)
F 2β̄bi
|β|

,(11)

η̄j =
(α− |β|)
(α− |β|)2

Flj̄ +
1

(α− |β|)
F 2βbj̄
|β|

.(12)

The fundamental metric tensor gij̄ of the complex Matsumoto space (M,F ) is
given by

gij̄ =
∂2L

∂ηi∂η̄j

= Lαα
∂α

∂ηi
∂α

∂η̄j
+ Lα|β|

(
∂α

∂ηi
∂|β|
∂η̄j

+
∂|β|
∂ηi

∂α

∂η̄j

)
+ L|β||β|

(
∂|β|
∂ηi

∂|β|
∂η̄j

)
+ Lα

∂2α

∂ηi∂η̄j
+ L|β|

∂2|β|
∂ηi∂η̄j

,

where

Lα =
∂L

∂α
, L|β| =

∂L

∂|β|
, Lαα =

∂2L

∂α2
, L|β||β| =

∂2L

∂|β|2
, Lα|β| =

∂2L

∂α∂|β|
.
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Using (9), (10) and (11), (12) we have

gij̄ =
F (α− 2|β|)
(α− |β|)2

aij̄ +
−F |β|
2α2

(
α− 4|β|
(α− |β|)3

)
lilj̄ +

F 2

2|β|

(
α+ 2|β|
(α− |β|)2

)
bibj̄

+
F (α− 4|β|)
2|β|(α− |β|)3

(
liβbj̄ + β̄bilj̄

)
,

which may be written as

gij̄ = p0aij̄ + p−2lilj̄ + q′0bibj̄ + q−2

(
liβbj̄ + β̄bilj̄

)
,(13)

where

p0 =
F (α− 2|β|)
(α− |β|)2

, p−2 =
−F |β|
2α2

(
α− 4|β|
(α− |β|)3

)
,

q−2 =
F (α− 4|β|)
2|β|(α− |β|)3

, q′0 =
F 2

2|β|

(
α+ 2|β|
(α− |β|)2

)
.

A simple calculation shows that

q−2

(
liβbj̄ + β̄bilj̄

)
=

q−2

q0p0
ηiηj̄ −

q0q−2

p0
|β|2bibj̄ −

p0q−2

q0
lilj̄ ,(14)

substituting (14) in (13) we obtain a new expression for gij̄ as

gij̄ = p0aij̄ + p′−2lilj̄ + q′′0bibj̄ + q′′−2ηiηj̄ ,(15)

where

p′−2 = p−2 −
p0q−2

q0
=

−F

2 (α− |β|)3

(
|β|
α2

(α− 4|β|) + α2 − 4|β|2
)
,

q′′0 = q′0 −
q0q−2

p0
|β|2 = F

2(α− |β|)

(
α− 4|β|

|β|(α− |β|)2
− F 2(α+ 2|β|)

(α− 2|β|)

)
,

q′′−2 =
q−2

q0p0
=

(α− |β|)
2F (α− 2|β|)

(α+ 2|β|).

Theorem 3.1. Let F = α2

α−|β| , (|β|≠ 0) be the complex Matsumoto metric,

then the fundamental metric tensor gij̄ is given by equation (15).

Proof. Here the expression (15) is the fundamental metric tensor of the complex
Matsumoto space. Now our next aim is to find the formulas for the inverse as well
as for the determinant of the fundamental metric tensor gij̄ . For this purpose
we use the following proposition given below [5].

Proposition 3.1. Suppose:
• (Qij̄) is a non-singular n× n complex matrix with inverse (Qj̄i).
• Ci and Cī = C̄i, i = 1, 2, 3, . . . , n are complex numbers.
• Ci := Qj̄iCj̄ and its conjugates; C2 := CiCi = C̄iCī; Hij̄ := Qij̄ ± CiCj̄ .
Then:
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1. det(Hij̄) = (1± C2)det(Qij̄),

2. whenever (1± C2) ̸= 0, the matrix (Hij̄) is invertible and in this case its

inverse is H j̄i = Qj̄i ∓ 1
1∓C2C

iC̄j .

From (15) we may re written as,

gij̄ = p0

(
aij̄ +

p′−2

p0
lilj̄ +

q′′0
p0

bibj̄ +
q′′−2

p0
ηiηj̄

)
.

Assuming Qij̄ = aij̄ and Ci =
√

p′−2

p0
li and applying Proposition (3.1), we find

Qj̄i = aj̄i and Ci = Qj̄iCj̄ , C2 = α2 p
′
−2

p0
,

where (aj̄i) is the Hermitian inverse of (aij̄) since 1 ± C2 ̸= 0, and 1 − C2 =
p0−α2p′−2

p0
.

The matrix Hij̄ = aij̄ +
p′−2

p0
lilj̄ is invertible with the inverse as,

H j̄i = aj̄i +Rηiη̄j and det(Hij̄) =

(
1 +

α2p′2
p0

)
det(aij̄) =

p′−2

Rp0
det(aij̄)

where R =
p′2

p0−α2p′2
.

Taking Qij̄ = aij̄ +
p′−2

p0
lilj̄ and Ci =

√
q′′0
p0
bi and again applying Propo-

sition (3.1), we obtain Qj̄i = aj̄i + Rηiη̄j and Ci =
√

q′′0
p0
(bi + Rβ̄ηi), since

1± C2 ̸= 0, the inverse of Hij̄ = aij̄ +
p′−2

p0
lilj̄ +

q′′0
p0
bibj̄ exists and is given by

H j̄i = aj̄i +Rηiη̄j +
q′′0
p0

(bi +Rβ̄ηi)(bj̄ +Rβη̄j),

and also

det(aij̄ +
p′−2

p0
lilj̄ +

q′′0
p0

bibj̄) =
γp′−2

Rp0
det(aij̄),

where γ = 1 +
q20
p0
(∥b∥2 +R|β|2).

We set Qij̄ = aij̄ +
p′−2

p0
lilj̄ +

q′′0
p0
bibj̄ and Ci =

√
q′′−2

p0
ηi. Then, we have

Qj̄i = aj̄i +Rηiη̄j +
q′′0
γp0

(bi +Rβ̄ηi)(bj̄ +Rβη̄j),

C2 =
q′′−2

p0

[
aj̄iηiηj̄ +RF 4 +

q′′0
γp0

ηiηj̄(b
i +Rβ̄ηi)(bj̄ +Rβη̄j)

]
.



ON A COMPLEX MATSUMOTO SPACE 119

Since 1± C2 ̸= 0, Hij̄ = aij̄ +
p′−2

p0
lilj̄ +

q′′0
p0
bibj̄ +

q′′−2

p0
ηiηj̄ , is invertible with the

inverse.

H j̄i =
aj̄i +Rηiη̄j +

q′′0
γp0

(bi +Rβ̄ηi)(bj̄ +Rβη̄j)

1 +
q′′−2

p0
ηmη̄n

[
an̄m +Rηmη̄n +

q′′0
γp0

(bm +Rβ̄ηm)(bn̄ +Rβη̄n)
] .(16)

In view of (11), we have

an̄mηiη̄j = p20α
2 + 2q0p0|β|2 + q20∥b∥

2|β|2,
bmηm = (p0β̄ + q0∥b∥2β̄),
bn̄η̄n = (p0β + q0∥b∥2β).

Therefore,

(bmηm +Rβ̄F 2)(bn̄η̄n +RβF 2) = p20|β|
2 + 2p0q0|β|2∥b∥4(17)

+q20|β|
2∥b∥4 + 2p0RF 2|β|2

+2q0RF 2|β|2∥b∥2 +R2F 4|β|2,

substitute (17), in (16), we get

H j̄i =
1

M

[
aj̄i +Rηiη̄j +

q′′0
γp0

(bi +Rβ̄ηi)(bj̄ +Rβη̄j)

]
,(18)

where

M = 1 +
q′′−2

p0

{
p20α

2 + 2q0p0|β|2 + q20∥b∥
2|β|2

+RF 4 +
q′′0
γp0

(
p20|β|

2 + 2p0q0|β|2∥b∥4(19)

+ q20|β|
2∥b∥4 + 2p0RF 2|β|2 + 2q0RF 2|β|2∥b∥2 +R2F 4|β|2

)}
,

and

det(Hij̄) = (1 + c2)det(Qij̄) = Mdet(aij̄ +
p′−2

p0
lilj̄ +

q′′0
p0

bibj̄).

On simplifying, above we have

det(Hij̄) = Mγ

(
1 +

α2p′−2

p0

)
det(aij̄) =

Mγ

R

p′−2

p0
det(aij̄).(20)

Since gij̄ = p0Hij̄ , the inverse of the fundamental metric tensor is given by

gj̄i =
1

p0
H j̄i,(21)
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where H j̄i is given by (18). Also, the determinant of the fundamental metric
tensor is given by

det(gij̄) = pn0det(Hij̄) = pn0
Mγ

R

p′−2

p0
det(aij̄).(22)

The angular metric tensors of the complex Matsumoto space (M,F ) is given by

Kij̄ =
∂2F

∂ηi∂η̄j
= Fαα

∂α

∂ηi
∂α

∂η̄j
+ Fα|β|

(
∂α

∂ηi
∂|β|
∂η̄j

+
∂|β|
∂ηi

∂α

∂η̄j

)
(23)

+F|β||β|

(
∂|β|
∂ηi

∂|β|
∂η̄j

)
+ Fα

∂2α

∂ηi∂η̄j
+ F|β|

∂2|β|
∂ηi∂η̄j

,

where

Fα =
∂F

∂α
, F|β| =

∂F

∂|β|
, Fαα =

∂2F

∂α2
, F|β||β| =

∂2F

∂|β2|
and Fα|β| =

∂2F

∂α∂|β|
.

On differentiating (6) with respect to α and β, we obtain

Fα =
α2 − 2α|β|
(α− |β|)2

, F|β| =
α2

(α− |β|)2
,

Fα|β| =
−2α|β|

(α− |β|)3
, Fαα =

2|β|2

(α− |β|)3
,(24)

F|β||β| =
2α2

(α− |β|)3
.

On substituting (24) and (9) in (23), we obtain

Kij̄ = ξ0aij̄ + ξ−2lilj̄ + χ−2(βlibj̄ + β̄bilj̄) + χ′
0bibj̄ ,(25)

where,

ξ0 =
α− 2|β|

2 (α− |β|)2
, ξ−2 =

−(α− 3|β|)
4α (α− |β|)3

, χ′
0 =

F

4|β|
(α+ 3|β|)
(α− |β|)2

, χ−2 =
−1

2(α− |β|)3
.

Again differentiatting (7) partially with respect to ηi and η̄j , respectively we
have,

∂F

∂ηi
=

(
α2 − 2α|β|
(α− |β|)2

)
li
2α

+

(
α2

(α− |β|)2

)
β̄bi
2|β|

,

∂F

∂η̄j
=

(
α2 − 2α|β|
(α− |β|)2

)
lj̄
2α

+

(
α2

(α− |β|)2

)
βbj̄
2|β|

.(26)

From (24) and (26), we obtain

∂F
∂ηi

∂F
∂η̄j

Fα
2α

F|β|
2|β|

−
F|β|/2|β|
Fα/2α

|β|2bibj̄ −
Fα/2α

F|β|/2|β|
lilj̄ = (liβbj̄ + lj̄ β̄bi),{

4|β|(α− |β|)4 ∂F
∂ηi

∂F
∂η̄j

α3(α− 2|β|)
− |β|(α− 2|β|)

α2
lilj̄ −

α2|β|
(α− 2|β|)

bibj̄

}
(27)

= (liβbj̄ + lj̄ β̄bi).
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Substituting the value of (liβbj̄ + lj̄ β̄bi) from (27) in (25), then we have

Kij̄ =
α− 2|β|

2 (α− |β|)2
aij̄ +

−(α− 3|β|)
4α (α− |β|)3

lilj̄(28)

+
F

4|β|
(α+ 3|β|)
(α− |β|)2

bibj̄ +
−1

2(α− |β|)3{
4|β|(α− |β|)4 ∂F

∂ηi
∂F
∂η̄j

α3(α− 2|β|)
− |β|(α− 2|β|)

α2
lilj̄ −

α2|β|
(α− 2|β|)

bibj̄

}
.

Since ηi =
∂L
∂ηi

= 2F ∂F
∂ηi

and η̄j =
∂L
∂η̄j

= 2F ∂F
∂η̄j

, we have ηiη̄j = 4L ∂F
∂ηi

∂F
∂η̄j

.

Substituting these values in (28) we get

Kij̄ = ξ0aij̄ + ξ′−2lilj̄ +
χ′′
−2

2L
ηiηj̄ + χ′′

0bibj̄ ,(29)

where

ξ′−2 =
1

2(α− |β|)3

(
3|β| − α

2α
+

|β|(α− 2|β|)
F (α− |β|)

)
, χ′′

−2 =
−2|β|(α− |β|)
F (α− 2|β|)

,

χ′′
0 =

F

2|β|(α− |β|)2

(
α+ 3|β|

2
+

1

α− 2|β|

)
,

or, in the equivalent form:

Kij̄ = ξ0

(
aij̄ +

ξ′−2

ξ0
lilj̄ +

χ′′
0

ξ0
bibj̄ +

χ′′
−2

2Lξ0
ηiηj̄

)
.(30)

Notice that (30) we obtain following lemma;

Lemma 3.1. Let (M,F ) be a complex Matsumoto space then the angular metric
tensor is given by (30).

Remark 3.1. Apply the same procedure of Proposition (3.1) then we obtain
the inverse and determinant value of angular metric tensor Kij̄ as in Proposi-
tion (3.2).

Proposition 3.2. Let F = α2

α−|β| be a complex Matsumoto metric with |β| ≠ 0.
Then, they have the following:

(i) The inverse tensor K j̄i of the angular tensor fields Kij̄ is.

K j̄i =
1

ξ0M1

{
aj̄i +R1η

iη̄j +
χ′′
0

γ1ξ0
(bi +R1β̄η

i)(bj̄ +R1βη̄
j)

}
(31)
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where R1 =
ξ′−2

ξ0+α2ξ′−2
, γ1 = 1 +

χ′′
0

ξ0
(∥b∥2 +R1|β|2), and

M1 = 1 +
χ′′
−2

2Lξ0

{
ξ20α

2 + 2χ0ξ0|β|2 + χ2
0∥b∥

2|β|2

+R1F
4 +

χ′′
0

γ1ξ0

[
ξ20 |β|

2 + 2ξ0χ0|β|2∥b∥4(32)

+ χ2
0|β|

2∥b∥4 + 2ξ0R1F
2|β|2 + 2χ0R1F

2|β|2∥b∥2 +R2
1F

4|β|2
]}

.

(ii)

det(Kij̄) = (ξ0)
ndet(Hij̄) = (ξ0)

nM1ξ
′
−2

γ1ξ0
det(aij̄).(33)

4. Holomorphic curvature of complex Matsumoto metric

In this section, we study the Chern-Finsler connection, complex Cartan tensor
and holomorphic curvature of complex Matsumoto metric.

Now, the Chern–Finsler connection coefficients (c.n.c.) and the horizontal
and vertical coefficients are computed. By definition,

CF

N i
j = gm̄i∂glm̄

∂zj
ηl = gm̄i∂η̄m

∂zj
.(34)

From (9) and (10), we compute the following

η̄m = (p0lm̄ + q0bm̄β),

η̄m =
(α− 2|β|)
(α− |β|)2

Flm̄ +
1

(α− |β|)
F 2βbm̄
|β|

.(35)

Differentiating (35) with respect to zj we have

∂η̄m
∂zj

=
(α− 2|β|)
(α− |β|)2

{
F
∂aim̄
∂zj

ηi +
1

(α− |β|)2

[
α

2

∂ais̄
∂zj

ηiη̄s

− α2

2|β|
(β

∂bs̄
∂zj

η̄s + β̄
∂bs
∂zj

ηs)− (α− |β|)∂ais̄
∂zj

ηiη̄s
]
lm̄

+
F

(α− |β|)

[
1

|β|
(β

∂bm̄
∂zj

η̄m + β̄
∂bm
∂zj

ηm)− 1

α

∂ais̄
∂zj

ηiη̄s
]
lm̄

}

+
F

(α− |β|)2

[
∂ais̄
∂zj

ηiη̄s − 1

|β|
(β

∂bm̄
∂zj

η̄m + β̄
∂bm
∂zj

ηm)

]
lm̄(36)
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+
F 2

|β|(α− |β|)

[
β
∂bm̄
∂zj

+
bm̄
2β

∂bi
∂zj

ηi − βbm̄

2|β|2
(β

∂bm̄
∂zj

η̄m + β̄
∂bm
∂zj

ηm)

]

+
βbm̄
|β|

{
2F

(α− |β|)3

[
α

2

∂ais̄
∂zj

ηiη̄s − α2

2|β|
(β

∂bs̄
∂zj

η̄s + β̄
∂bs
∂zj

ηs)− (α− |β|)∂ais̄
∂zj

ηiη̄s
]

+ F 2

[
∂ais̄
∂zj

ηiη̄s − 1

2|β|
(β

∂bm̄
∂zj

η̄m + β̄
∂bm
∂zj

ηm)

]}
.

Using (21) and (36) in (34), we have

CF

N i
j =

a

N i
j +

1

p0
am̄i

(
∂η̄m
∂zj

− p0
∂alm̄
∂zj

ηl

)

− 1

p0

{
Rηiη̄m +

q′′0
γp0

(bi +Rβ̄ηi)(bm̄ +Rβη̄m) +
q′′−2

p0M
(37)

[
am̄i +Rηiη̄m +

q′′0
γp0

(bi +Rβ̄ηi)(bm̄ +Rβη̄m)

]2}∂η̄n
∂zj

,

where ∂η̄n
∂zj

is same as in (36) and
a

N i
j = am̄i ∂alm̄

∂zj
ηl.

Next, we have to find the expression for the vertical and horizontal coef-
ficients of Chern–Finsler connection. Consider the following complex Cartan
tensor [2]

Cjh̄k =
∂gjh̄
∂ηk

=
∂gjh̄
∂α

∂α

∂ηk
+

∂gjh̄
∂|β|

∂|β|
∂ηk

.(38)

On calculating values of
∂gjh̄
∂α and

∂gjh̄
∂|β| and substituing in (38), we get

Cjh̄k =

{(
α2 − α3 + 4α|β|2

(α− |β|)4

)
lk
2α

+

(
3α3 − 2α2 − 6α2|β|

(α− |β|)4

)
βbk̄
2|β|

}
ajh̄

+

{(
4|β|2 − α|β|
2(α− |β|)5

)
lk
2α

+

(
12|β|2 − α2 + 4α|β|

2(α− |β|)6

)
βbk̄
2|β|

}
ljlh̄

+

{(
α4 − 4α3|β|
|β|(α− |β|)4

− 12α3

(α− |β|)5

)
lk
2α

+

(
(3α+ 9|β|)
2(α− |β|)3

(39)

+
(α+ 2|β|)
(α− |β|)2

)
βbk̄
2|β|

}
bjbh̄ +

{(
−α3 + 5α2|β|+ 8α|β|2

2|β|(α− |β|)5

)
lk
2α

+

(
5F 2

2α(α− |β|)3
− F 2

2|β|2(α− |β|)3
− 8F

(α− |β|)4

)
βbk̄
2|β|

}
(ljβbh̄ + β̄bjlh̄).



124 K.S. VENKATESHA and S.K. NARASIMHAMURTHY

Also, the vertical coefficients of Chern–Finsler connections are defined as

Ci
jk = gm̄i∂gkm̄

∂ηj
= gm̄i∂gjm̄

∂ηk
= gm̄iCjm̄k.(40)

Using (22) and (39) in (40), we have

Ci
jk =

1

M

[
am̄i +

(
1 +

q′′0R|β|2

p0γ

)
Rηiη̄m +

q′′0
p0γ

bibm̄

+
q′′0R

p0γ
(βbiη̄m + β̄ηibm̄)

]
[{(

α2 − α3 + 4α|β|2

(α− |β|)4

)
lk
2α

+

(
3α3 − 2α2 − 6α2|β|

(α− |β|)4

)
βbk̄
2|β|

}
ajh̄

+

{(
4|β|2 − α|β|
2(α− |β|)5

)
lk
2α

+

(
12|β|2 − α2 + 4α|β|

2(α− |β|)6

)
βbk̄
2|β|

}
ljlh̄

+

{(
α4 − 4α3|β|
|β|(α− |β|)4

− 12α3

(α− |β|)5

)
lk
2α

+

(
(3α+ 9|β|)
2(α− |β|)3

(41)

+
(α+ 2|β|)
(α− |β|)2

)
βbk̄
2|β|

}
bjbh̄ +

{(
−α3 + 5α2|β|+ 8α|β|2

2|β|(α− |β|)5

)
lk
2α

+

(
5F 2

2α(α− |β|)3
− F 2

2|β|2(α− |β|)3
− 8F

(α− |β|)4

)
βbk̄
2|β|

}

(ljβbh̄ + β̄bjlh̄)

]
.

Also,

Ck = Ckh̄jg
h̄j .(42)

Plugging (22) and (40) in (42) gives us

Ck =

[{(
α2 − α3 + 4α|β|2

(α− |β|)4

)
lk
2α

+

(
3α3 − 2α2 − 6α2|β|

(α− |β|)4

)
βbk̄
2|β|

}
ajh̄

+

{(
4|β|2 − α|β|
2(α− |β|)5

)
lk
2α

+

(
12|β|2 − α2 + 4α|β|

2(α− |β|)6

)
βbk̄
2|β|

}
ljlh̄

+

{(
α4 − 4α3|β|
|β|(α− |β|)4

− 12α3

(α− |β|)5

)
lk
2α

+

(
(3α+ 9|β|)
2(α− |β|)3

(43)

+
(α+ 2|β|)
(α− |β|)2

)
βbk̄
2|β|

}
bjbh̄ +

{(
−α3 + 5α2|β|+ 8α|β|2

2|β|(α− |β|)5

)
lk
2α
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+

(
5F 2

2α(α− |β|)3
− F 2

2|β|2(α− |β|)3
− 8F

(α− |β|)4

)
βbk̄
2|β|

}

(ljβbh̄ + β̄bjlh̄)

][
ah̄i +

(
1 +

q′′0R|β|2

p0γ

)
Rηj η̄h +

q′′0
p0γ

bjbh̄

+
q′′0R

p0γ
(βbj η̄h + β̄ηjbh̄)

]
.

Now, we find the Holomorphic curvature, first we compute Ricci curvature Rj̄k

in (4).

Substituting the values of gij̄ and
CF

N i
k in (5) then, we have

Rj̄k = −

[
F (α− 2|β|)
(α− |β|)2

alj̄ +
−F |β|
2α2

(
α− 4|β|
(α− |β|)3

)
lllj̄

+
1

2|β|

(
3F 2

(α− |β|)2
+

2F 2

(α− |β|)

)
blbj̄ +

F (α− 4|β|)
2|β|(α− |β|)3(

llβbj̄ + β̄bllj̄
) ]

δh̄

{
a

N l
k +

1

p0
am̄l

(
∂η̄m
∂zk

− p0
∂aqm̄
∂zj

ηq

)
(44)

− 1

p0

[
Rηlη̄m +

q′′0
γp0

(bl +Rβ̄ηl)(bm̄ +Rβη̄m) +
q′′−2

p0M(
am̄l +Rηlη̄m +

q′′0
γp0

(bl +Rβ̄ηl)(bm̄ +Rβη̄m)

)2
]
∂η̄m
∂zk

}
η̄h.

Theorem 4.1. Let (M,F ) be a complex Matsumoto space with the metric (7).
Then, Ricci curvature is given by equation (44) and holomorphic curvature is
given by (4).
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