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On bi-univalent functions involving Srivastava-Attiya operator
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Abstract. Two subclasses L Z%‘S(,u, a)and L Z%é(u, B) of the class > of Bi-univalent
functions have been introduced by making use of the Srivastava-Attiya operator. The
estimates of the coefficients |as| and |as| of functions have been found for these sub-
classes. The results obtained are quit interesting and new.
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1. Introduction

Let ¥ denotes the class of functions f of the form [1]

1) FE) =2+ e,
n=2

which satisfy the following two continuous:

i. Holomorphic in the unit disk U = {z € C: |2| < 1},

*. Corresponding author
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ii. Normalized by f(0) = f'(0) — 1 =0.

In addition, with 2z € U, the general form of Hurwitz-Lerch Zeta function
©(d,b, z) which are used with the convolution of holomorphic function can be
defined by:

o0 k; o0
z
2 b2 =3 = +3
(2) #(0,b,2) 2 b+ b)° 1+b<5 2 k:+b

such that b is a complex number with b # 0, —1,—-2,...,u € C, and Re(d) > 1
Also, Srivastava and Attiya [2] defined the linear operators Qsp : ¥ — X
by means of:

< /1460,
(3) Qspf(2) = Gopx f(2) =2+ ) kt+b) W70
k=2
where G € X to be:
=< 1+b)°
_ 5 8] _ 1+0\" &
(4) G5,b_(]—+b) @(&baz) b :| Z+;<k+b) Z

Remark 1.1. Qo and ()_s; denotes the identity and inverse operator of Qs
respectively.

Koebe one-quarter theorem includes the image of U under every univalent
functions f € A with an open disk centered at origin and radius %. Therefore,
the inverse of every univalent function f € A can be written as f~!: f(U) — U
satisfying:

FHfR) =2 z€l,
F(FHw) = w, lwl <ro(f),ro(f) >

o~

Furthermore, we notice that the inverse function has the series expansion which
can be written in the form:

(5) [ Hw) =w— aw® + (243 — a3) w® — (5a3 — Sasas + a4) wh ...

In addition, a function f € A is bi-univalent if both f and the inverse g = f~!
are univalent in U.

Recently, several authors are concentrating on these functions, which are
defined to the class ¥ composed with various other features of the bi-univalent
function class ¥, considering the most two important subclasses of univalent
functions S*(8) and C(B) of order g (see [2-7]). Consequently via definition,
the classes S*(8) and C(8) can be written as:

2f'(2)
f(2)

S*(B):{fES:Re< >>,8,26Uand0§6<1}
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and
2 ”(Z)
!

f'(2)

For 0 < 8 < 1, if both f and its inverse f~! are starlike and convex function
of order f, then a function f € > d is in the class S5,(53), or Cx(B). These
classes are introduced and investigated by Brannan and Taha [3]. Moreover,
the coefficients |as| and |as| for functions in the classes S5 () and Cx () have
been found.

C(ﬂ):{fES:Re(l—i- >>ﬁ,zEUand0§B<1}.

The main objective of this study is to present new two subclasses of the class
Y. related to the Srivastava-Attiya operator [2,7,10] and accordingly to find the
estimation of the coefficients |ag| and |ag| for functions in these new subclasses
[11-13).

In order to prove our main results, we have to remembrance the following
lemma.

Lemma 1.1. If a function h(z) € P ([6])

(6) h(z)=1+cz+e2+e328+..., zelU.
Then
(7) |C]€|S2, ke N.

P is the family of all functions p, that an analytic in U for which h(0) =1 and
Re(h(z)) > 0.

2. Coefficient estimates of LZ%J(,u, a)

Definition 2.1. Let f(z) related by (1). Then, it be in the class ngd(u,a),
if the following are fulfilled [4]:

®  reXonf{o-n® D @uiey || < §

with0<a<l,u>1,z€U, and

T

{0-0 2 4y Quugter || < 5

9
9) arg - 5

where 0 < o < 1, > 1, z € U, and the function g is extended by g = f~' and
given by:

(10) fﬁl(w) =w — agw® + (Qa% — ag) W — (5ag — bagas + a4) Wt

For the functions in the class LZ%(S(M,O(), we find the coefficients |az| and |as|.
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Theorem 2.1. Let f(z) which is given by (1) supposed to be in the class
LZ%(S(M,O{), O<a<landp>1,6>1. Then:

2a

\/a ((:1))11;)6 (2 +4u)) +(1—a) (;71@26 (1+ )2

(11) |ag| <

2
(12) lag| < a .

(%ﬁ)é (1+2p)

Proof. The inequalities (11) and (12) are equivalent to:

(13) (1 -2 | Qsur)) = e
and
(1) (1 - P (st = (e,

w

where p(z) and g(w) satisfies the inequalities:
Re(p(z)) > 0, z € U and Re(q(w)) > 0, w € U.

Moreover, the functions p(z) and g(w) can be written as:

(15) p(2) =14+ prz4pe2® + ...
and
(16) gw) =1+ quw + @’ + ...

As well, g(w) is given as in (3).
Now, by equating the coefficients in equations (11) and (12), we get:

(17 B

(18) <;)_—::Z>6 (1+2p)ag = paa + a(a2—1)p%7

(19 (0) (4 = e

(20) (;jz)é (14 20) (263 — aa) = o+ 22 De
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From equations (18) and (19), we obtained:

(21) p=-q
and
(1) ot 4D

From (20), (21) and (22), we got:
a? (a3 + p3)

(23) a3 = ; 5 .
o ((4) @+ aw) + - (5)" @ w2

By applying lemma (1) on the coefficients py and g2, we obtained:

2a
\/a <<m>5(2+4u)> +(1-a) (;712)25 (1 4 p)?

Now, to find the bound on |ag|, subtract (20) from (18) to get:

(24) |ag| <

0
@ (50 a2 (50) 1o =l dd).

From (23) and with the help of p? = ¢?, substitute the value of a3 to get:
145\° 14b
a2 (32) 4 (- )0+ 2 (52)) o
28
~a-a)+er (5)” ]

2 (é—flg)é (1+ 24) [2@(1 +2u) (};;;)5 +(1—a)(1+ p)? (512) 6] |

(26) a3 =

Now, considering Lemma 1.1 again and using the substations of coefficients p1,
P2, q1 and g9, to get:

2
(27) lag| < o .
(;)—ib) (1+2p)
Hence, the proof of the Theorem 2.2 is completed. O

Now, assuming p = 1 and b =1 in above theorem, then we have:
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Corollary 2.1. If f(z) given by (1) is in le’é(l,a), O<a<landp>1,6>1,
then we have:

20
(28) lag| <
i \/Ga(%)5+4(1 —a)(H)?
and
(20) jas] < ——2

—_—
(3)° (1 +20)
Assuming o = 1 in theorem 2.2, we have the following corollary:

Corollary 2.2. Let f(z) which is given by (1) belonged to the class L Z%é (1,1),0 <
a<landp>1,0>1. Then:

(30) laa] < =

\/ ((14)" 2+ )
and
(31) las] < &

(;)—12)6(1 +ou)

3. Coefficient estimates of ng(s(ﬁ,,u)

Definition 3.1. Let f(z) related by (1). Then it be in the class LZ%(;(B,,LL) if
the following conditions are fulfilled:

(32) fEZ and Re{(l—u)
where 0 < <1, u>1,2z€U and

(33) Re {(1 L ICI <Q57bg<w>>} > 5,

w

D) ¢ Quat )} > 5.

such that 0 < B <1, u>1, z € U. Thus, the function g is introduced that the
inverse of f given as in (5).

Theorem 3.1. If f(z) which is given by (1) supposed to be in LZ%(S(B,,LL),
0<B8<1andpu>0, then:

(34) ol < |[—20=P)
(34) (1 +2m)

and

(35) lag| < 2(1-6)
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Proof. The inequalities (32) and (33) are equivalent to:

(36) 1= Qausry = 5+ (- Bp(e)
and
(37) (1= @) | (Qugle)) = 5+ (1= Aal:).

By equating coefficients in equations (36) and (37) produces:

(59 (20 (4 s =1 9)

(39) (;12)6 (1+ 24)as = pa(1 - )
and

(40 LY =l )

(41) (;Lﬁ)é(wzﬂ) (243 — a3) = q2(1 — B).

From equations (39) and (40), we obtained:

(42) p1=—q

and also from (39) and (41), we obtain:

0
(43 2 (33 ) (208 = (1= 5) G+ ).

So, we get:

(P2 +q2) (1-7) .

2 (g—fg)& (1+ 2u)

By applying lemma 1.1 for the coefficients ps and ¢o, we obtained:
2(1-5)

(;)—fg)é (1+2p)

which is the looked-for inequality as given in the (34).
Now, by subtracting (41) from (39), we have:

(44) 0 =

(45) |a3| <

) )
s 2(55) (1+2M)a§:(1—5)(P2—Q2)+2<<?1)::__2> (14 21003
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Then, substitute the value of a3 from (43), to obtain:

(P2 —q2) (1= 75)

(47) ai = .
Ty (;715;)5 (14 2p)

Now, with the help of the Lemma 1.1, we got:

2(1-5)
(48) ja5] < 5 7
which is the bound on |a3| as stated in (35). O

Assuming 8 = 0 in theorem 3.2, we have the following corollary:

Corollary 3.1. Let f(z) given by (1) supposed to be in the class L%a(O,u),
0<B<landu>0,ze€U. Then:

(49) |a3| <

(50) |a3| < :
(;)—f;)& (1+2u)

Conclusion

We have been shown the existence of novel two subclasses types paly an inter-
ested roll to the Srivastava-Attiya operator with their original results. Conse-
quently, the obtained outcomes have demonstrated the estimation of the coef-
ficients |a2| and |a3| for associated complex functions in new subclasses. Many
problem still opened for example extend the obtained results to the case of dif-
ferential operator in Hebert space as in [14-15] or with another operator types
(see [16-17]).
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