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On bi-univalent functions involving Srivastava-Attiya operator
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Abstract. Two subclasses L
∑b,δ

Σ (µ, α) and L
∑b,δ

Σ (µ, β) of the class
∑

of Bi-univalent
functions have been introduced by making use of the Srivastava-Attiya operator. The
estimates of the coefficients |a2| and |a3| of functions have been found for these sub-
classes. The results obtained are quit interesting and new.
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1. Introduction

Let Σ denotes the class of functions f of the form [1]

(1) f(z) = z +
∞∑
n=2

anz
n,

which satisfy the following two continuous:

i. Holomorphic in the unit disk U = {z ∈ C : |z| < 1},
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ii. Normalized by f(0) = f ′(0)− 1 = 0.

In addition, with z ∈ U, the general form of Hurwitz-Lerch Zeta function
φ(δ, b, z) which are used with the convolution of holomorphic function can be
defined by:

(2) φ(δ, b, z) =

∞∑
K=0

zk

(k + b)δ
= b−δ +

z

(1 + b)δ
+

∞∑
k=2

zk

(k + b)δ
,

such that b is a complex number with b ̸= 0,−1,−2, . . . , µ ∈ C, and Re(δ) > 1.
Also, Srivastava and Attiya [2] defined the linear operators Qδ,b : Σ −→ Σ

by means of:

(3) Qδ,bf(z) = Gδ,b ∗ f(z) = z +

∞∑
k=2

(
1 + b

k + b

)δ

akz
k,

where Gδ,b ∈ Σ to be:

(4) Gδ,b = (1 + b)δ
[
φ(δ, b, z)− b−δ

]
= z +

∞∑
k=2

(
1 + b

k + b

)δ

zk.

Remark 1.1. Q0,b and Q−δ,b denotes the identity and inverse operator of Qδ,b

respectively.

Koebe one-quarter theorem includes the image of U under every univalent
functions f ∈ A with an open disk centered at origin and radius 1

4 . Therefore,
the inverse of every univalent function f ∈ A can be written as f−1 : f(U) −→ U
satisfying:

f−1(f(z)) = z, z ∈ U,

f
(
f−1(ω)

)
= ω, |ω| < r0(f), r0(f) ≥

1

4
.

Furthermore, we notice that the inverse function has the series expansion which
can be written in the form:

(5) f−1(ω) = ω − a2ω
2 +

(
2a22 − a3

)
ω3 −

(
5a32 − 5a2a3 + a4

)
ω4 + . . .

In addition, a function f ∈ A is bi-univalent if both f and the inverse g = f−1

are univalent in U .
Recently, several authors are concentrating on these functions, which are

defined to the class Σ composed with various other features of the bi-univalent
function class Σ, considering the most two important subclasses of univalent
functions S∗(β) and C(β) of order β (see [2-7]). Consequently via definition,
the classes S∗(β) and C(β) can be written as:

S∗(β) =

{
f ∈ S : Re

(
zf ′(z)

f(z)

)
> β, z ∈ U and 0 ≤ β < 1

}
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and

C(β) =

{
f ∈ S : Re

(
1 +

zf ′′(z)

f ′(z)

)
> β, z ∈ U and 0 ≤ β < 1

}
.

For 0 ≤ β < 1, if both f and its inverse f−1 are starlike and convex function
of order β, then a function f ∈

∑
d is in the class S∗

Σ(β), or CΣ(β). These
classes are introduced and investigated by Brannan and Taha [3]. Moreover,
the coefficients |a2| and |a3| for functions in the classes S∗

Σ(β) and CΣ(β) have
been found.

The main objective of this study is to present new two subclasses of the class
Σ related to the Srivastava-Attiya operator [2,7,10] and accordingly to find the
estimation of the coefficients |a2| and |a3| for functions in these new subclasses
[11-13].

In order to prove our main results, we have to remembrance the following
lemma.

Lemma 1.1. If a function h(z) ∈ P ([6])

(6) h(z) = 1 + c1z + c2z
2 + c3z

3 + . . . , z ∈ U.

Then

(7) |ck| ≤ 2, k ∈ N.

P is the family of all functions p, that an analytic in U for which h(0) = 1 and
Re(h(z)) > 0.

2. Coefficient estimates of L
∑b,δ

Σ (µ, α)

Definition 2.1. Let f(z) related by (1). Then, it be in the class L
∑b,δ

Σ (µ, α),
if the following are fulfilled [4]:

(8) f ∈
∑

, arg

∣∣∣∣{(1− µ)
Qδ,bf(z)

z
+ µ (Qδ,bf(z))

′
}∣∣∣∣ < απ

2

with 0 < α ≤ 1, µ ≥ 1, z ∈ U , and

(9) arg

∣∣∣∣{(1− µ)
Qδ,bg(ω)

ω
+ µ (Qδ,bg(ω))

′
}∣∣∣∣ < απ

2
,

where 0 < α ≤ 1, µ ≥ 1, z ∈ U , and the function g is extended by g = f−1 and
given by:

(10) f−1(ω) = ω − a2ω
2 +

(
2a22 − a3

)
ω3 −

(
5a32 − 5a2a3 + a4

)
ω4 + . . .

For the functions in the class L
∑b,δ

Σ (µ, α), we find the coefficients |a2| and |a3|.
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Theorem 2.1. Let f(z) which is given by (1) supposed to be in the class

L
∑b,δ

Σ (µ, α), 0 < α ≤ 1 and µ ≥ 1, δ ≥ 1. Then:

(11) |a2| ≤
2a√

α

((
1+b
3+b

)δ
(2 + 4µ)

)
+ (1− α)

(
1+b
2+b

)2δ
(1 + µ)2

and

(12) |a3| ≤
2α(

1+b
3+b

)δ
(1 + 2µ)

.

Proof. The inequalities (11) and (12) are equivalent to:

(13) (1− µ)
Qδ,bf(z)

z
+ µ (Qδ,bf(z))

′ = (p(z))α

and

(14) (1− µ)
Qδ,bf(ω)

ω
+ µ (Qδ,bf(ω))

′ = (q(ω))α,

where p(z) and q(w) satisfies the inequalities:

Re(p(z)) > 0, z ∈ U and Re(q(w)) > 0, w ∈ U.

Moreover, the functions p(z) and q(w) can be written as:

(15) p(z) = 1 + p1z + p2z
2 + . . .

and

(16) q(ω) = 1 + q1ω + q2ω
2 + . . .

As well, g(w) is given as in (3).

Now, by equating the coefficients in equations (11) and (12), we get:(
1 + b

2 + b

)δ

(1 + µ)a2 = p1α,(17) (
1 + b

3 + b

)δ

(1 + 2µ)a3 = p2α+
α(α− 1)

2
p21,(18) (

1 + b

2 + b

)δ

(1 + µ)a2 = −q1α,(19) (
1 + b

3 + b

)δ

(1 + 2µ)
(
2a22 − a3

)
= q2α+

α(α− 1)

2
q21.(20)
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From equations (18) and (19), we obtained:

(21) p1 = −q1

and

(22) 2

(
1 + b

3 + b

)δ

(2µ+ 1)2a22 = α (p1 + q1) +
α(α− 1)

2

(
q21 + p21

)
.

From (20), (21) and (22), we got:

(23) a22 =
α2
(
q22 + p22

)
α

((
1+b
3+b

)δ
(2 + 4µ)

)
+ (1− α)

(
1+b
2+b

)2δ
(1 + µ)2

.

By applying lemma (1) on the coefficients p2 and q2, we obtained:

(24) |a2| ≤
2α√

α

((
1+b
3+b

)δ
(2 + 4µ)

)
+ (1− α)

(
1+b
2+b

)2δ
(1 + µ)2

.

Now, to find the bound on |a3|, subtract (20) from (18) to get:

(25) 2

(
1 + b

3 + b

)δ

(1 + 2µ)a3 − 2

(
1 + b

3 + b

)δ

(1 + 2µ)a22 = α
(
p2 − q22

)
.

From (23) and with the help of p21 = q21, substitute the value of a22 to get:

(26) a3 =

α

[(
4α(1 + 2µ)

(
1+b
3+b

)δ
+ (1− α)(1 + µ)2

(
1+b
3+b

)δ)
p2

−(1− α)(1 + µ)2
(
1+b
2+b

)2δ
q22

]
2
(
1+b
3+b

)δ
(1 + 2µ)

[
2α(1 + 2µ)

(
1+b
3+b

)δ
+ (1− α)(1 + µ)2

(
1+b
2+b

)2δ] .
Now, considering Lemma 1.1 again and using the substations of coefficients p1,
p2, q1 and q2, to get:

(27) |a3| ≤
2α(

1+b
3+b

)δ
(1 + 2µ)

.

Hence, the proof of the Theorem 2.2 is completed.

Now, assuming µ = 1 and b = 1 in above theorem, then we have:
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Corollary 2.1. If f(z) given by (1) is in L1,δ
Σ (1, α), 0 < α ≤ 1 and µ ≥ 1, δ ≥ 1,

then we have:

(28) |a2| ≤
2α√

6α
(
1
2

)δ
+ 4(1− α)

(
1
2

)2δ
and

(29) |a3| ≤
2α(

1
2

)δ
(1 + 2µ)

.

Assuming α = 1 in theorem 2.2, we have the following corollary:

Corollary 2.2. Let f(z) which is given by (1) belonged to the class L
∑b,δ

Σ (µ, 1), 0 <
α ≤ 1 and µ ≥ 1, δ ≥ 1. Then:

(30) |a2| ≤
2√((

1+b
3+b

)δ
(2 + 4µ)

)
and

(31) |a3| ≤
2(

1+b
3+b

)δ
(1 + 2µ)

.

3. Coefficient estimates of L
∑b,δ

Σ (β, µ)

Definition 3.1. Let f(z) related by (1). Then it be in the class L
∑b,δ

Σ (β, µ) if
the following conditions are fulfilled:

(32) f ∈
∑

and Re

{
(1− µ)

Qδ,bf(z)

z
+ µ (Qδ,bf(z))

′
}

> β,

where 0 < β ≤ 1, µ ≥ 1, z ∈ U and

(33) Re

{
(1− µ)

Qδ,bg(ω)

ω
+ µ (Qδ,bg(ω))

}
> β,

such that 0 < β ≤ 1, µ ≥ 1, z ∈ U . Thus, the function g is introduced that the
inverse of f given as in (5).

Theorem 3.1. If f(z) which is given by (1) supposed to be in L
∑b,δ

Σ (β, µ),
0 ≤ β < 1 and µ ≥ 0, then:

(34) |a2| ≤
√√√√ 2(1− β)(

1+b
3+b

)δ
(1 + 2µ)

and

(35) |a3| ≤
2(1− β)(

1+b
3+b

)δ
(1 + 2µ)

.
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Proof. The inequalities (32) and (33) are equivalent to:

(36) (1− µ)
Qδ,bf(z)

z
+ µ (Qδ,bf(z))

′ = β + (1− β)p(z)

and

(37) (1− µ)
Qδ,bg(ω)

ω
+ µ (Qδ,bg(ω))

′ = β + (1− β)q(z).

By equating coefficients in equations (36) and (37) produces:(
1 + b

2 + b

)δ

(1 + µ)a2 = p1(1− β),(38) (
1 + b

3 + b

)δ

(1 + 2µ)a3 = p2(1− β)(39)

and (
1 + b

2 + b

)δ

(1 + µ)a2 = −q1(1− β),(40) (
1 + b

3 + b

)δ

(1 + 2µ)
(
2a22 − a3

)
= q2(1− β).(41)

From equations (39) and (40), we obtained:

(42) p1 = −q1

and also from (39) and (41), we obtain:

(43) 2

(
1 + b

3 + b

)δ

(1 + 2µ)a22 = (1− β) (p2 + q2) .

So, we get:

(44) a22 =
(p2 + q2) (1− β)

2
(
1+b
3+b

)δ
(1 + 2µ)

.

By applying lemma 1.1 for the coefficients p2 and q2, we obtained:

(45)
∣∣a22∣∣ ≤√√√√ 2(1− β)(

1+b
3+b

)δ
(1 + 2µ)

which is the looked-for inequality as given in the (34).
Now, by subtracting (41) from (39), we have:

(46) 2

(
1 + b

3 + b

)δ

(1 + 2µ)a23 = (1− β) (p2 − q2) + 2

((
1 + b

3 + b

)δ

(1 + 2µ)a22
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Then, substitute the value of a22 from (43), to obtain:

(47) a23 =
(p2 − q2) (1− β)

2
(
1+b
3+b

)δ
(1 + 2µ)

.

Now, with the help of the Lemma 1.1, we got:

(48)
∣∣a23∣∣ ≤ 2(1− β)(

1+b
3+b

)δ
(1 + 2µ)

,

which is the bound on |a23| as stated in (35).

Assuming β = 0 in theorem 3.2, we have the following corollary:

Corollary 3.1. Let f(z) given by (1) supposed to be in the class Lb,δ
Σ (0, µ),

0 ≤ β < 1 and µ ≥ 0, z ∈ U . Then:

∣∣a22∣∣ ≤√√√√ 2(
1+b
3+b

)δ
(1 + 2µ)

,(49)

∣∣a23∣∣ ≤ 2(
1+b
3+b

)δ
(1 + 2µ)

.(50)

Conclusion

We have been shown the existence of novel two subclasses types paly an inter-
ested roll to the Srivastava-Attiya operator with their original results. Conse-
quently, the obtained outcomes have demonstrated the estimation of the coef-
ficients |a2| and |a3| for associated complex functions in new subclasses. Many
problem still opened for example extend the obtained results to the case of dif-
ferential operator in Hebert space as in [14-15] or with another operator types
(see [16-17]).
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