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Abstract. In the present research note, we introduce another extension of Hurwitz-
Lerch Zeta function (HLZF) by using the generalized extended Beta function defined
by Parmar [7]. We investigate its integral representations, Mellin transform, generating
relations and differential formula. In view of diverse applications of the Hurwitz-Lerch
Zeta functions, the results presented here are potentially useful in some other related

research areas.

Keywords: Generalized Hurwitz-Lerch Zeta function, extended beta function, ex-

tended hypergeometric function, Mellin transform.
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1. Introduction

The well known Hurwitz-Lerch Zeta function (HLZF) is defined by (see, [2],
[10], [11]):

(1.1) O(z,s,a) = LS,
nz% (n+a)

(a € C\ Zp;s € C, when | z |< 1;R(s) > 1,when | z |=1).

Due to diverse applications of Hurwitz-Lerch Zeta function (HLZF), several
extensions of ®(z, s,a) have been introduced and studied (see, for example [1],
3], 4], [5], [8], [10], [11], [12] etc).

Very recently, Parmar et al. [9] defined the following extended Hurwitz-Lerch
Zeta function (HLZF):

N (WaBY (ot ny =) 2"
1.2 o) py =Y Wb :
( ) )\"uw(z,sy(bp) nzo n'B(M,’Y—M) (n+a)s7

(p > 0,R(p) > 0,R(0) > 0; A\, u € C; v,a € C\ Zg;s € C, when | z |<
LiR(s+v—A—p) >1, when | z |= 1), where B,(f’g) (x,y) is the extended Beta
function (see [6]):

1
1.3 B (,y) = [ 71— ) Fy(ps 03— ).
( ) D (1373/) A ( ) 1 l(pvaa t(l*t))
They also presented the integral representation of (1.2)
(pyo) 1 ® 5ol —at (p,0) t
0 . _ s—1_—a Noj .~ —
(1.4) @y, (2,8,a;p) = F(S)/O e EPON (N, s s ze ) dL.

For p = o, (1.2) reduces to the Hurwitz-Lerch Zeta function (HLZF) defined by
Parmar and Raina [8], which, further for p = 0, gives the known extension of
(1.1) (see [3]).

In a sequel of above-mentioned works, we introduce a further extension of

@(pﬂ)

ot 7(2, s,a;p) by using the generalized Beta function defined by Parmar [7].

2. Extended Hurwitz-Lerch Zeta function (EHLZF)

Here we define the following extension of (1.2):

oS (p,o3m) n
(p,o5m) ()‘)TLBP (M +n,y— N) z
21 @ ] , S, ’ = )
(2.1) Ay (%56 D) 7;) n!B(u,y — ) (n +a)*

(p = 0,R(p) > 0,R(c) > 0,R(m) > 0;\,u € C; v,a € C\ Zgp;s € C, when
| z |< ;R(s+~v—AX—pn) > 1, when | z |= 1), where Bz()p’a;m)(a,b) is the
extended Beta function (see, Parmar [7])

1
2.2 Blpom) :/ 11— o)L Fy(pyos — L) da.
@2 BT = [ e 0o R e ) do
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He [7] also gave the following extension of Gauass hypergeometric function:

i (p’am)(b+n,c—b)z”

> Floom) -
(2.3) » (a,b;¢;2) Blbc—0) oy

If we set m = 1in (2.1), we get the known extended Hurwitz-Lerch Zeta function
given by (1.2).

Remark 2.1. The extended Hurwitz-Lerch Zeta function (EHLZF)

7™ (2, 5,03 p)

has the following limiting case:

B sy = tim {8070 (Ss0) )

[A|—ro0 A
©  p(p,osm) n
B (p+n,y—p) =z
2.4 = P .
24) D T R e

(p > 0,R(p) > 0,R(e) > 0,R(m) > O;u € C; v,a € C\ Zg;s € C, when
|z |< 1;R(s+~v—p)>1, when | z |=1).

3. Integral representations of <I>g\p ;f,ﬁym)(z, S, a;p)

In this section we deal with some integral representations of (2.1):

Theorem 3.1. The following integral representation of EHLZF <I>(’°’U m) (z,s,a;p)
holds true:

(p,o, ) . — > s—1_—at (p,a;m) . —t
BN T s = g [T T e,
(R(p) > 0,R(p) > 0,R(c) > 0,R(m) > 0; p = 0,R(a) > 0;R(s) > 0, when
| z [<1(z #1);R(s) > 1, when z = 1).

Proof. We have

1 _ 1 /Oo 51— (nta)t gy
(n+a)*  T(s) Jo '

By using the above result in (2.1) and after changing the order of summation
and integration, which is guaranteed under the conditions, we get

| L[t ar o QOB 7™ (b, 7=p) (ze )"
Cp(p,a,m) ) — / 5 1 _—at n—p ? dt
A (218 GP)=Fes | ‘ nz_% B(p, y—p) B 7

which upon using (2.3), yields the required result.
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Theorem 3.2. The following integral representation of EHLZF @E\'?;nym) (z,s,a;p)
holds true:

(p,o3m) . _ 1 > A—1_—tF*(p,o5m) .
(3.2) O3 (z8,a;p) = ey /0 e L, (zt,s,a;p)dt.
(R(p) = 0,R(p) > 0,R(c) > 0,R(m) > 0;p = 0,R(A) > 0; R(a) > 0;R(s) > 0,
when | z |[< 1(z # 1); R(s) > 1, when z = 1).

Proof. We have

1 o0
Ay = / pAtn—lo—tgt.
M =10

By using the above result in (2.1) and after changing the order of summation
and integration, which is guaranteed under the conditions, we get

[e.e]

0 (P,Uim) n
(p,im) 1 A1 —t By (ptn,y—p)  (2t)
" (2,8, a5 p) F()\)/0 e (ngzo By - nmtar)®

which upon using (2.4), we arrive at our required result.

4. Mellin transform

The Mellin transform of the function f(u) is given by

(4.1) M{f(u); s} = o(s) = /OO w1 f (u)du.

0

Theorem 4. For the new extended Hurwitz-Lerch Zeta function

EHLZF @g\p;jiym)(z, s,a;p), we have the following Mellin transform representa-
tion:

MA@z, 5,03p) |
L9 ($)I(ma 4 p)

4.2 _ . | |
( ) B(:ua Y= M)F(Qma + ,-Y) Ao 2maoty (Z, S, CL)

(R(s) > 0,R(ma + p) > 0, R(2ma 4+ v) > 0,0 < R(p) < R(v)), where ¥ (s)
and ®) ,.,(z,s,a) are the extended Gamma function and Hurwitz-Lerch Zeta
function, respectively ([7] and [3, p.313]).

Proof. Using the definition (4.1) on the L.H.S of (4.2) and then expanding

‘I’(Ap;f-;m)(z’ s,a;p) with the help of (2.1), we get

M{ @7 (2, 5,0:p) |

00 00 (p,o;m) n
a1 (MNnBp (A ny —p) 2
= dp.
/0 P <Z n!B(u, v — p) (n+a)’

n=0
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Now, changing the order of integration and summation, we get

M { @7z, s,0:0) |
oo

(A)n2" /°° a—1p(posm)
= p* BT (w4 mn,y — p)dp
nz:% nl(n+a)*B(u,y — 1) Jo AN #)

_ Z ‘()‘)nz B(ma+:U’+nv’y_,u+ma)1—w(p,a')(8)’
= nl(n+a)® B(p,y — )

where T'(P9)(s) is the generalized Gamma function given in Parmar [7].
Now, expanding B(ma + p + n,y — g+ ma) in terms of Gamma function
and then by using the result I'(A +n) = I'(A)(A\)n, we get

M { @07 (2, 5,0p) |

n

_ Tea(s)D(ma + p) i (Mn(mo+p)n 2
B(p,y — )T (2ma + ) nl(2ma+ ), (n+a)s

n=0

Finally, using the definition of Hurwitz-Lerch Zeta function (HLZF) given
in [3, p.313], we arrive at our required result.

5. Generating relations

Theorem 5.1. Forp >0, A € C and |t |< 1, the following generating function
of QD(p’U;m)(z, s,a;p) holds true:

A5y
> ( ) t" z
0 A (0,0
(5.1) z%()‘)”(b/\ianz;v(z’ s, a;p)m =(1-1) @g\fﬂiﬁm) <1 % a;p) .
n—

Proof. Let us denote the left hand side of (5.1) by Li. By using the series
expression given in (2.1) into L, we find that

b A+ BT (ut ky =) 2
5.2 Li=> M\n -,
62 =) 0 {g Blu — ) Rk +a)y | nl

which by changing the order of summation, gives

0 ( 10—;m) o0 n
k=0

B,y — p) n! [ kk+a)s

n=0
Now, applying the following binomial expansion:

[e.9]

"
_ )"k = E : il
(1 )‘) _nzo()‘_‘_k‘)nn!a(‘t ’< 1)7
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for evaluating the inner sum in (5.3) and then by using (2.1), we get our desired
result.

Theorem 5.2. Forp >0, A€ C and |t |<| a|;s # 1, the following generating
function of ® pam)(z, s,a;p) holds true:

Ay
o3m - ($)n g (posm n
(5.4) (I)E\F:MW )(Z,s,a —t;p) = Z - CI)ngW ) (2,8 +n,a;p)t".
n=0
Proof. Let us denote the left hand side of (5.4) by La. Then by using (2.1), we
get
o A B(Pﬂ;m) + l, _ Zl
L2zz()lp (p v ,U)' .
pore B(p, v — p) Ml+a—t)
_ i BT ™ (it 1y —p) 2 1ty
B(p,y — 1) Nl +a)s l+a

~
Il
o

o

WBL Tty =) 2 S ()"
B(u,y —p) Nil+a) {nZ:% n! <l—|—a> }

($)n (i BT ™ (u+ Ly —p) 2 ) ;.

nl \ = B(p,y — ) "l + a)s*n

Finally, by making use of (2.1), we get the desired assertion (5.4).

N
Il
=)

NE

n=0

Remark 5.1. For m = 1, the generating function (5.1) and (5.4) asserted by
Theorem 5.1 and Theorem 5.2, respectively, were derived earlier by Parmar et
al. [9].

(p,osm) :
6. Derivation of ¢)" "~ (z,s,a;p)

In this section we provide a differential formula of our new extended Hurwitz-

Lerch Zeta function (EHLZF) @g\pl’f;m)(z, S, a;p).

Theorem 6. The following differential formula holds true:

d (p,o5m) (M)T(A)T ,o3m)
(61) d;ﬂ" |:©)f#7,7 (Zy Saa/;p):| = WQ)E\Z”TJJ‘FT;'Y‘FT(Z’S’G/+’r;p)’

where r € N={1,2,3,--- }.

Proof. Taking the derivative of <I>(p’ ; )(z, s,a;p) with respect to z, we get

oo

3 (A»Bé”"“m) (htmny—p) =
n!B(p,y — 1) (n+a)’

n—1

n

d [ opom) d
& P e s = 3

& B(pravm)(

-5

n=1

ptn,y—p) 2
(n=D!B(u,y —p)  (n+a)
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Replacing n by n + 1, we get

d o;m
2 [alpom z, 5,00
_Wi(A+1)nB§p’“m)(u+n+1ﬁu) 2"

v = n!B(p+1,7—p) (n+1+a)
_ HA g (poim)

7<I),\+1,#+1;»y+1(2> s,a+ 1;p).

Recursive of this procedure yields us the desired result (6.1).
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