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Abstract. This article provides sufficient conditions for non existence Global weak
solutions for non-local and non-linear equivalent equations on HY x (0,00) x (0,00),
where H" is the Heisenberg group. Our method of proof relies on a suitable choice of a
test function and the weak formulation approach of the sought for solutions.
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1. Introduction

In this article we are concerned with the nonexistence of global solutions of
nonlocal nonlinear ultra-parabolic two-times equation posed on the Heisenberg
group.

We start with the equation:

(u) + D2 () + (—Am)*? (Ju|™) = |ul?

(1.1) D! o

0|t1

posed for w = (n,t1,t2) € Q = HY x R* x RT, N € N and supplemented with
the initial conditions

u(n,t1,0) = uy (,t1) ,u(n,0,t2) = ua (n,t2)

Here, p > 1 are real number, m € N and where for 0 < a; < g < 1 and Daltl,
Dgﬁtz is the fractional derivative in the sense of the so-called Caputo’s. Then,
we extend our results to the system of two equations

2
(1.2) {DB‘&I (w) + D, () + (= 2a)* (jul™) = ol

Db (v) + D2, (v) + (—2a)”/? (|o]") = [u]?

posed for w = (n,t1,t2) € Q = HY x Rt x R*, N € N and supplemented with
the initial conditions

U (77775170) =1u (777151) U (77707t2) = U2 (n’tQ) ’
v (n,t1,0) = v1 (0, t1) v (n,0,t2) = va (n,t2).



NONEXISTENCE OF GLOBAL SOLUTIONS OF SOME NONLINEAR ... 59

Here p, ¢ are positive real numbers and 0 < a1 < as < 1,0< 51 < B2 < 1,0 <
a,B < 2.

Heisenberg group. The Heisenberg group HY, whose points will be denoted
by n = (x,y,7), is the Lie group (R2N+1, o) with the non-commutative group
operation o defined by

77077: (.%'—i—[fj, y+g7 T+%+2(<$7g> - <i.7y>))7 7771 = (—(E, Y, T)7
where (.,.) is the usual inner product in RV!,
The Laplacian Ay over H is obtained from the vector fields
0 0 0 0

Xi= 2 1232 and Yi= & 25,0
= or, T Vigr = oy “iar

as

N
(1.3) Ax=) (X7 +Y7),
=1

An explicit calculation gives us the expression

N 2 2 2 2 2
(1.4) AH:;<6695§+883/§+4yi8287_4xi83i<97+4(x?+%2)887-2)'
The operator Ap is a degenerate elliptic operator verifying the so-called Hor-
mander condition of order 1. It is invariant by left multiplication in the group
since
Aw (u(no)) = (Amu) (no7), V(n,7) € HY x HY.
The homogeneous norm of the space is

1/4
N /

2
(1.5) mla = | 72+ (Z (27 + y?))

i=1

and the natural distance is accordingly defined d (n,7) = |77~ o n|g. It is also

important to observe that, n — |n|mg is homogeneous of degree one compared
to the natural group of dilatations

(1.6) I (n) = (/\a:, Ay, )\27) ,

whose Jacobian determinant is \*, where A = 2N + 2, is the homogeneous
dimension of H. Note also, that the Ay operator is homogeneous of degree 2
with respect to the dilatation dy defined in (1.6), namely

Ag = 26, (Am) .

1. here (z,y) = Zfil T3y
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See [3], [4], [9], [11], [13].
Now, we call sub-elliptic gradient

(1.7) Vi =(X,Y)=(X1,...,Xn,Y1,...,YN).

A remarkable property of the Kohn Laplacian is that a fundamental solution of
—Apg with pole at zero is given by

(1.8) I'(n) = -

where C) is a suitable positive constant.
A basic role in the functional analysis on the Heisenberg group is played by
the following Sobolev-type inequality

(1.9) Il < el Vavl3,vo € G (HY),

where A* = Az—fQ and c is a positive constant.

This inequality ensures in particular that for every domain €2 the function
[oll < Va2

is a norm on C§°(2). We denote by S§(€) the closure of C§°(2) with respect to
this norm; S{(€) becomes a Hilbert space with the inner product

<u,v >S1=/ < Viu, Vgv > .
0 Q

Fractional powers of sub-elliptic Laplacians. Here, we recall a result on
fractional powers of sub-Laplacian in the Heisenberg group. Let N (¢, x) be the
fundamental solution of Ap + %. For all 0 < 8 < 4, the integral

R (z) = 1) /0+oot§‘1N (t,2) dt

r(s

converges absolutely for z # 0. If 3 < 0,5 & {0,—2,—4,...}, then

_ g/+oo75§—1/\/(zt ) dt
fph

defines a smooth function in H\ {0}, since ¢ = N (¢, ), vanishes of infinite order
ast — 0 if z # 0. In addition, Rg is positive and H-homogeneous of degree

8 — 4.
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1.1 Theorem
For every v € S(H)? (—Ag)*v € L*(H) and

(—=Am)"v(z) = /H (v(zoy) —v(2) = x(y) < Vaw () ,y >) Rozs () dy,

—1
where  is the characteristic function of the unit ball B,(0, 1), (p (z) = R3~% (),
0 < a < 2, p is an H-homogeneous norm in H smooth outside the origin).

1.2 Note
Proof of the Theorem 1.1 (see [2]).

1.3 Note
For av = 2 in equation (1.1) (see, ([1], [6], [11]).

2. Preliminaries

The nonlocal operator (the left-sided Riemann-Liouville) Dg, is defined, for a

oft
an absolutely continuous function g : R™ — R by

(&Jg@*=ruiayiﬁldfga*

and I' (o) = [;°r* te "dr is the Euler gamma function. And the right-sided
Riemann-Liouville derivatives of order 0 < o < 1 . are defined, by:

1 d (" g
Dip)g(t) =~ | Amdr.
( ir) 9 (*) Fﬂ—aﬁhl (r—t)*""
Note that for a differentiable function g, we have the left-sided Caputo deriva-
tives of order « are defined as:

500 (0 =D 0~ 9 O) () = oy | 2

Finally, taking into account the following integration by parts formula:

T T
/ f () Dgjg (t) dt = / Dipf () g (t) dt.
0 0

Now, we define the regular function ¢ : ¢ € C2 (R)3 by

1, fo<e<l,
(2.1) P () =\ if 1<E<2,
0, if &€>2,

2. Schwartz’s class
3. Space defined and continuous functions and differentiable twice and compact support on
R+
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which will be used hereafter.

3. Résults

3.1 Definition

A locally integrable function u € L2 (Qr) N Ly, (Q) is called a local weak
solution of (1.1) in Qr (Qr =HY x [0,T] x [0,T]) subject to the initial data
ui,ug € L}, (HN x [0, T]) if the equality

/ ]u|P<pdw+/ uQDtO‘lngodw—i—/ ulDf‘;ngodw
T Qr Qr

(3.1) :/ qu‘jTapdw—i—/ qufchpdw—i—/ \u|m(—AH)a/2<pdw
Qr Qr Q

T

is satisfied for any ¢ be a smooth test function (¢ € C3°(Qr)) with
(. T,)=¢(,.T)=0, ¢ >0, dw=dndtrdts
and the solution is called global if T = +o0c.

3.2 Theorem

Let 1 <m < p < p, where
ma — (m—1)(5 +

2N +2 —a+ (& +

«

Pe=m+ (¢ for critical)

2e|8 e
N—

)7

=

and
/ 'LLQ.D:S?'TQOCZUJ >0, / ulDf‘;ngodw > 0.
Q Q

Then, (1.1) does not have a nontrivial global weak solution. For the proof, we
need to recall the following proposition from Proposition 2.3.

3.3 Proposition

Consider a convex function F' € C%(R). Assume that ¢ € C$°(R?2V+1)] then

(3.2) F'()(=2m)*?p > (~Ar)**F(p).

In particular, if F(0) =0 and ¢ € C§°(R*V+1), then

(33 o F 200t =
RZN-H

Let us mention that hereafter we will use inequality (2.1) for F(¢) = ¢, 0 > 1%,
© > 0; in this case it reads

(3-4) 00" (= Ar)?p = (—Ar)*?¢".

We need the following Lemma taken from [32].

4. o is much larger than 1
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3.4 Lemma

Let f € L' (R2N+1) and [poni1 fdn > 0. Then there exists a test function
0 < ¢ <1 such that

(3.5) / fedn > 0.
R2N+1

3.5 Note

Let us set

Fo b o L I

Proof of Theorem 3.2. The proof is by contradiction. For that, let u be a
solution and ¢ be a smooth nonnegative test function such that

o) = [ 107" T dw < o,
Q
(3.6) Blo) = [ 1D 7T dw < oc,
Q
:/ (= Am)2 2|7 m ol 5w dw < oo.
Q

Then, taking ¢, o > 1 instead of ¢ in (3.1) and using inequality (3.4), we
obtain

/\u|p wa+/ uQDaTgo”dw—i-/Q Do‘ngo dw
:/uDO‘Tchdw+/ uDO‘Tchdw+/ u|™ (—Ag)*? ¢ dw
Q
_/uDO‘Tgo”dw+/ uDaTcp”dw+/ |0 (= Ar)*? pdw.
Q Q

e For fQ uDo‘ngoadw by means of the e-Young’s inequality ab < eca? +
P
C(e)br—1, ;1; + pTl =1,a>0,b> 0, we obtain

uDre” < ul| D] = 9 [ul| Dig”| = [ule? | Dyl ®

—o o

because cppgo P =P
then

? = oY =1 if we pose a = |u|<,0p and b = |D} TSOU‘SO%T7

p

_p_ a\P - -
Dal‘Tcp <ab<ed’ +Cl(e )bzﬁl =€ (\u\gp?) + C(e) (]Df?'Tcp"]go P )p

v

_p  —o
uD 6" < eluPy” + Oe)| D |77 T
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U
/ |T<p”dw<s/ |u|Pdw + C(e /| |T¢a|p%1(pﬁdw

0

() /Q 07w < ¢ / lulPo” dw + C(e) A()

e For fQ uDO‘ |T<p"dw we take the previous method with placing ¢ place t;
and ag place oy to get the

(1 [ nsiperto << [ pera+ ceB

e For fQ lu|mo ! (—AH)O‘/2 ¢dw by means of the e-Young’s inequality ab <
cam +C(e)brr, M P — 1,0 > 0,b > 0, we obtain |u["op” ! (—AH)O‘/2¢ =

Llumop™ =t (— AHW =7 0 [umoe" L (—Au)*? g because o 7 so‘?“’

mao mo __mo

=pr » =" =1, 1fweposea—|u]m<pp and b=|(— AH)Q/z@’USD Py
then

P

|u]mag0"’1 (—Ag )O‘/2 p<ab< cam + C(e)br
a1 O =< (jue %) "+ ) <—AH>Q/Q¢|W”‘1‘%)’%’"
i
[ul "ot (~Am)*? ¢ < elulPe” + Ce)| (—Ar)™ 2 gl orm o )
i
[ulmoe" L (—~Ar)*? ¢ < elulPp” + C(e)| (—Ap)™ 2 pl7morm " 7m)

4

[l ()
Q

<c [ upyrdw+ CEoTR [ |(-aw) ol TR d
N Q
0

(II1) /]u|magp (—Ag)*/? gpdw<5/ |ulPp?dw + C(g)or—m mlC( )
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Now, we choose ¢ = # and C' = max {C’(s), C’(e)ar’—%} and the (I), (II), (III)
we obtain

/ [ulP? dw + / ungllngp"dw + / ulfo'T@odw
Q Q Q
1
(37) < 5 || e+ O (Alp) + B(9) + K1)
We choose the test function ¢ (n,t1,t2), in the form

(3.8) @ (nt1,t2) = 1 (n) @2 (t1) @3 (t2),

7_2 :l:4 4
where o1 () = (T "and o (t1) = $(44r), and @3(t2) = ¥(55), and

p1 = 2=l and pp = 22 Set

U ={neH; 0<7+|z"+|g|* <2},
Qp = {t1; 0< 11 <2},
Q3= {tz 0 <t <2},

we apply the change of next variables ¥ = R™27, & = R 'z, j = R 'y, t; =
R™P1ty, to = R™P2ty, we obtain the estimates,

(3.9) A(p) < AR?, B(p) <BR", K(p) < KR"
with
6% Q
a= - L ON 24 gty = — L L ON 24 p1 + o,
p—1 p—m
(0] «
b:—!¥%+2N+2+prun=—5§%+2N+2+m+p%
«
k=P LoON124p+po
p—m

weputv:—]%+2N+2+p1+p2. Then
(3.10) Alp) <ARY, B(p) <BRY, K(¢) <KRY

the constants A; B; K are A(y) and B(y) and K(p) evaluated on €1 x Q9 x Q3.
Now, if
ap
———+2N+24+p1+p2<0 & p<pe
p—m
by letting R — oo in (2.6), we obtain
/ |uPdw =0 = u=0
Q

this is a contradiction. O
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4. System of fractional equations

We consider
DGy, (w) + Do, (uw) + (—2m)*" (Ju™) = [vf”
Dy, () + Dgi (v) + (=Ar)"2 (ju]") = [u]?

0|t1 0|t2

posed for w = (n,t1,t2) € Q = HY x R* x RT, N € N and supplemented with
the initial conditions u (1, ¢1,0) = w1 (n,t1), w(n,0,t2) = ua (n,t2),v (n,t1,0) =
v (n,t1), v (n,0,ta) = ve (n,t2), Here, p,q are positive real numbers and 0 <
<o <1,0< B <fBe<ll<a,p<2

Let us set

IO:/ UQDzlchpdw—i-/ ulle/f'T@dw,
Q Q
_ B1 B2
JO/ngt1|T<pdw+/ let2|Tg0dw
Q Q
where dw = dndtidts.

4.1 Definition

We say that (u,v) € (L] (Q) N L%(Q)) x (L (Q)NLY .(Q)) is a weak formu-
lation to system (1.2) if

/Q\v|pg0dw—l-lo:/QuDzﬁTgadwﬂ—/QuD;ﬁTcpdw—k/Q|u|m (—Ar)*? pdw,
lu|fpdw + Jo = [ vDP' odw+ [ vD? odw+ [ |v|* (—An)?? @d
Qu pdw + Jo QU T Pdw Qv o 7P QU m)”’ " pdw

for any test function ¢ (see the equality (3.1)). Now, set

o1 = —pql_ 1 {pqal +pb1—2(pg—1) - <(pq _ap)al L _51)51> (2N+2)} :
= [pqoq +pB2 —2(pg —p) — ((pq _ap)al L2 _51)ﬁ1> (2N + 2)] ,
= [pgon + pBr — 2(2pq — ng — p)
(pg —p)ea | (pg —ng)A
— ( —+ 3 ) (2N + 2)} ,
= [pqaz +pB—2(pg—1) — <(pq _ap)al G _51)61> (2N + 2)} :
%= {pqaz +pB2—2(pg—1) - <(p _al)al e _ﬁp)ﬁl) (2N + 2)} )
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1 —p)a —-n
o5 = — [pqa2+p51 o (pg—n) — ((pq pos , (p )51> (2N+2)] |
pg—n o g
1
o7 = — [pgar +pmpBr — 2 (pg —m)
pqg—m )
N <(pq—pm)a1 N (mp—m)ﬁ1> (N +9)]
a p |
1
o8 = — [pga + pmB2 — 2 (pg — m)
pg—m )
B ((pq—pm)al N (mp—m)ﬁ1> e
a B ]
1
09 = —————— [pgaa + pmp1 — 2 (pg — nm)
pg —nm
B ((pq —pmjay | (mp — WL)Bl) (2N + 2)} '
a B
Note. The way we calculate {o1,...,09} is the same as the way we calculate
{61,...,09}.
4.2 Theorem

Let ¢ >1,p>1, g >m, p>n and suppose that
/ Da|T<p“dw > 0, / Da‘Tcp“dw > 0,
Q Q
/Qng |T<p“dw >0 /Qle ‘Tgoudw > 0.

Ifmax{al,...,09,51,...,59} < 0.
Then, the system (1.2) does not admit local nontrivial weak solution®.

Proof. As in the proof of Theorem 1, we reason by the absurd. Suppose (u; v)
is a weak non-trivial solution that exists globally in time. Next,replacing ¢ by
" in (4.1). Since the initial conditions ug and vy are positive, the variational
formulation (4.1) leads to

/|v\p “dw</ Da|T<p“dw+/ Da|T<p“dw
/ ™ (— D)2 s,

/|u!q “dw</ Dﬁlngo“dw—i—/ Dﬁz‘Tgoudw

/|v|"( Ap)?"2 o,
Q

(4.1)

5. Then solutions to system (1.2) blow-up whenever max {o1,...,09,01,...,09} <0
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Applying Hélder’s inequality, we obtain the following estimates:
e For g > m

m

q
[t a2 e o< ([ oo )
Q Q
_a_ e
(4‘2) % </ (pll*# (_AH)OCQSO q—m dw) q
Q

e Forg>1:

(4.3) / )Dt 7® (dw§</Q\UIqs0“dW>; (/ ‘Dw@

and

1
(4.4) / ‘Dt Tag ‘dw < </Q|u|qg0“dw> ’ (/ )D
Similarly, we have:
e Forp>n:
PR
Q

(4.5) X </Q =D

e Forp>1:

q—1

q q

o 1dw>

q—1

q Ta
o 1dw>

(*AH)BM 90“‘ dw < p (/ |v|? SO”dw) P
Q

p—n

e dw> o

1
/“’Dtﬁfﬂﬁ“‘dw < (/ [of” w“dw)p
Q Q
o p=1
(4.6) X (/ ‘D’Bl B (pp 1dw) !

and

1
(4.7) /U‘ijﬂpﬂ’dwg (/ \U‘P(pudw)p " (/ ‘D%
Q Q
If, we set
Iu:/ |ul? pHdw, I :/ [v|P o' dw,
Q Q

q T
! mdw) ,

(— AH)ﬁ/Q

q

A(g,m) = p </Q P | (—am)* ¢

A(pvn)=u</QsO”_pp"

(—Ap)? o
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P _
D" o W‘uldw> "

=,
b 1
/QDBI|T‘P - @”Mldw> "
/Q

. -1
Dy o W‘uldw> "

P

DBEIT(P (Pp_uldw> ,
/ Dy |T<p“dw+/ ulDf;‘Tga“dw,
Q
/ ng |T<p“dw + / le ‘Tgoudw
then, using estimates (4.3)-(4.4)-(4.5), we can write (4.1) as
1 1 m
I, + I < I B(q) + LI C(q) + I/ A(q,m),
1 1 n
I, + Jy <17 B(p) + I} C(p) + L7 A(p, n).
Since I}, J§' > 0, we have
1 1 m
(4.8) I, < IiB(q) + 1 C(q) + L/ A(g,m),
1 1 n
(4.9) I, < I} B(p)+ I} C(p) + I/ A(p,n).

Now, from (4.8) and (4.9), we have

1

1 1 n
I+ It < ([g’qBé(p) I ) + Lmi(p,n)) B(g).

1 1 n
N (L,mBi(p) L IF O (p) + I A (p, n>> C(q)

+ (I B (p)+ 1P C% (p) + I, A% (p,n) ) A(g,m).

Then, Young’s inequality implies

Lot < & |(B0B@) T+ (CH0B@) ™+ (450 mB()
+(Br)C@) ™+ (@) + (Ab )

Pq pq

m

+ (BT Aqm)™ " + (CF () A(g,m) ™ + (A7 (o n)Alg,m))

65



66 LAMAIRIA ABD ELHAKIM

Let’s take now the test function p(n,t1,t2) in the form

7205 4 |z |25 |y |40 ty t9
= Dy (), j=1,2
90(77,751,752) ¢< R4 >¢<R>¢<R>, J ) 4y

and 6; will be determined further. Then

Anp (n) =1 <2> 0 Gi,) An (p),

h
where 7_29j + |$‘49]' + |y|49j
and
N
P (p) 9% (p) Y (p)
Ay () _Z< 022 " o2 Yionar
i=1 i i ’
32¢(P) 2 2 32¢(P)
we have
O (p) _ 9 (9pdv(p)\ _ P, op\* 4
or? Oz <8x7; dp > - Ox? (p) + <8:c,> vip),
_ 40] 49j—2 . 2 49]'—4 / 160.? 2 89j—4 1
= 2t (Ial"72 + (40, = 2) a2l =) () + 5L a?lal ™" (p)
and

02 o (0pd p o\
gﬁ/g”) = o <8;zgi)p)> = 2B (p) + (p> V' (p),

49, 460;—2 21, 140;—4 1/ 16032' 2|,,1805—4, 11
= ot (117 4 (40, = 2 2l ) /() + w2y~ ()

and

.621/} (p) o 0 (0poyY(p) o 9?p . Op ap .,

4y; 0x;0T = 4yzaxi ((97'(9p> = 4y; {8m¢87w (p) + ((.37_) <8x1> (0 (p)] )
0 [20; 20 40

=i | (G ) o+ (Gt ) (el 2 ) o)

— 7]7_29j71|x’49j72xiyi1/}1/ (p)

O D (2000

COy0r T xi@yi aor Op
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Po oy (90) (0
= 4z [6%577’/} (p) + <8i) (8:1) v (p)]
0 (20, 20 46,
— | (Bt ) o)+ (B ) (S ) o)

2

862
= — g T " Pyt ()

and

0? 0 (0p0d
Y (p) 4($12+y12)87_(ai 12/()9))

Z0) o)+ (2) v

Artp(p) = —2[(N + (46; — 2))(|J2]*9~2 + |y|*%~2)

+ (46, = 27572 (j2f* + |y*)v' (p)
2

60+ 1
[l 2 052 S, ) (ol 72 — [yl 7

+ 70722 + Y1) (p)

+

and we apply the change of next variables in the form

772(957%7) _>7~7:(‘%73]77:)7

where

1

—1 —1
2=R%x y=R%y 7T=R

=2 ~ -
% T, 11 = R_ltl, to = R_ltg
we put

o = {HeH: =7 +[a" +[p" <2},
for Q9 and 3, see the equality (3.7). Then

40;

R9

+(40; — 277212 + |g)]e' (5)

16607 en. 1. .
M g 4 7 s (1)
R
+ PR + (5] (p)

Apdh(p) = — (N + (46; — 2))(J2*% =2 + |g|*% )

67
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this means
1 .
Aty (p) = —Auy (), Vi €
RY%
(—Aw)*? % () = R (—Aw)** 4 (),

(—Aw)*2 4 (0) = BT (~Ap)*/2 4 (5)

as
N, 2 2N+2

N
dnp=R% "% di=R % dp,

we make the following estimates:
e For j = 1, we choose 6, = o% and as a1 < ag we obtain

sl (9252 )

A«Qanw :zclfz
where
g=m
T Y B .~ . a
Cl—M(/ |(—Am)*/2p(p)|7=m " ‘I’"(p)dn/ YH(t1)dt ¢“(t2)dt2>
ok Q2 Q3
and (a=1) ((2N+2)
Blq) = Cor ™ ()
where
qg—1

q

Co = ( - Y (1) dny /92 )Dfall\R—lT¢“ (fl) a-1 1#(1%1 (fl) dt, PH (52) dfz>

Q3
and e
—qo+ ) (e TE)aq
C(q)=CsR "7 (Ere2et)
where
g-1

) dn t1) dt N T ST q

C3 = </Q% P (1) diy /92 Wt () diy /93 ‘Dgz‘RilTW ()| e (i) dt2>

e For j = 2, we choose 6y = % and as 1 < ff3 we obtain

=6 4 (p=n) ((2N+2)8
N = ()

where

p—n

P

c4=u</9 N2 Pp) [T (P |t (E)dE sz)dfg)

Qo Q3
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and (p—1) ((2N+2)B
_ pP— 1
B(p)=CsR "7 (%% +2),
where
p—1
P
Cam ([ o @0 [ Dl g @] o @) [ o 1)
Q3
and (p=1) ((2N+2)B
_ pP— 1
C(p)=C6R B2+ > (7[3 +2)
where
p—1

P

L2 _
“¢ﬁumﬁﬁ ,

Cs = < / o ydn [ (0 di / D2 g (B)

for some positive constant K C, where

1 17 l]

ézmax{(cg@) (0 Cy)pa- (0 Cy)pi-7 (C Cy) T |

<0@$wqwmwcameCWw«a®mm}

Hence, we obtain
(4.10) I+ I < KC{R™ 4+ R% + ...+ R%}.

Similarly, we obtain for I,, the estimate

(4.11) I+ Jf S KC{R" + R* + ...+ R},

where the value C is set as the value setting C. Finally, by tending R — oo, we
observe that:

Either max {o1,...,09,01,...,09} < 0 and in this case, the right hand side
tends to zero while the left hand side is strictly positive. Hence, we obtain a

contradiction. Or, max{oy,...,09,d1,...,d9} = 0 and in this case, following
the analysis similar as in one equation, we prove a contradiction. ]
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