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Abstract. In this paper, we use the extended Hadamard k-fractional integral to
obtain some new fractional integral inequalities by introducing the new parameters s
and k. These extended fractional integral inequalities also hold true for usual Hadamard
fractional integral when we substitute k is equal to one and s is equal to zero.
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1. Introduction

Fractional calculus has been extensively studied and investigated in the last two
decades. Its new results and their applications have emerged as a very effective
and powerful tool for many mathematical problems of science and engineer-
ing. Recently, fractional derivatives and integrals have employed in many fluid
problems to get more accurate and valid results. These fractional operators are
used in finance, biophysics, electrochemistry, computed tomography, engineer-
ing, control theory, geological surveying, thermodynamics, hydrology, electric
conductance of biological systems, statistical mechanics, astrophysics, mathe-
matical physics, and also used for the mathematical modelling of viscoelastic
materials.

Diaz and Pariguan [13] give new direction to fractional calculus by introduc-
ing k-gamma function and k-beta function which are the extensions of classical
gamma and beta functions. So, k-fractional calculus version was introduced.
Many results of fractional calculus were extended. Farid and Habibullah [14]
defined the Hadamard k-fractional integral. Azam et. al. [3], introduced the
extended Hadamard k-fractional integrals of order .

Let f be continuous on [0, co] and «, ke , se. Then, Vz > a > 0

x
(1) 0] = gy [ Boe Do) T

The objective of this work is to extend some existing fractional integral in-
equalities by using extended Hadamard k-fractional integral [3]. New parameter
s and k are introduced. A few mathematicians have devoted their efforts to gen-
eralize and refine the fractional integral inequalities in the recent years due to
their applications in different fields of science and technology. We may refer the
interested reader to [1, 3, 4, 6, 10, 14, 15, 16, 17, 18].

2. Our some new results and discussions

Now, extension of some fractional integral inequalities using the equation (1)
are given below

Theorem 2.1. Let (g;)i=1,2,..n be positive increasing function on [1,00), and
a, k,s. ThenVz > 1

(2) W= 90 = RG] [ 36 (90 (2)-
Proof. We prove this by induction. For n =1

(3) wlig1(z) >3 Ifrg1(2),
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which is true. For n = 2

(4) i (9192) () = IG5 (D ()] I 91(2)k i g2(2),

which is also true.
Suppose that the statement is true for n = k — 1

() ]l wE 2 REOEP ] L))

Now, (i=1]]" "¢:)(2) is an increasing function on [1, 0c] because of (g;)i=1.2.... n
So, we can get

w5 [T 90) =2 15 [T oo D RIE O @) 15
n—1
T 9 @89 (2).

using (5), we get

s (e [T 90(2) = RGO RIEOERE e [ 00 (e (90)(2).
Hence, we get
(6) G 90)) = RIS O ] s (90) (). O

Theorem 2.2. For integrable function g on [1,00]. Assume that:
A1, There exist two integrable functions ¥y and Uy on [1,00] such that

(7) Wa(r) 2 g(r) =2 Ua(r),  ,Vre[l,o0].
Then, for r > 1 se and a, 3, ke,
®) FIGV(Milfge + i Ya(r)ilygr = (5 Wa(r)ily U (r) + 15 9(r)i 1 g

Proof. From A1, V,p>1,q > 1, we have

9) [Wa(p) — g9(p)llg(q) — ¥1(q)] = 0.
Therefore,
(10) Ya(p)g(q) + 9(p)¥1(q) > V1(q)Va(p) + 9(p)g(q)-

Multiplying (10), by

(11)
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and integrating w.r.t. p on [1, 0]

o) s | loe g]%—l[%wz(p) dp]
7“ a 1 @
+ Wi (g ( /1 log p]
(12) 1@) JACT RS
/ logr 1) D).
p

Using the result (1),

(13) 9@l ¥a(r) + Yi(Q)idigr = Vi(@)i g Ya(r) + (@) Ly (r).

Multiplying (13) by

(14)

>

)1
By
=
=

=
()

kL' (B) q
> L) g o [ os 2w (0%

O]

~—

Using the equation (1), we get (8).

Theorem 2.3. Let f,g and h are positive valued and continuous functions on
[0.00] such that

(16) o(0) ~ sl = 2 > 0

for all v, we(0, z). Then Vz > 0, se, «, 5, ke,

s o
(17) k*H
215
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Proof. Multiplying
(18) o) — g1 Wy

by h(v)h(w), we can get
(19)  g(v)f(w)h(v) = g(v) f(V)M(w) — g(w) f(w)h(w) + g(w) f(v)h(w) = 0.

Multiplying by m[log %]%_1[5]5% and integrating w.r.t. v on [1, 0o]

20 s [ Bow Z1E g0 flupho)
- g | Do 1 ) £
- g | Bor I ) flupn)
+ e | o T @) T > 0.

Using the equation (1),

f(w)ili[ghl(2) = h(w)i I [fg)(2) = f(w)iIi[h](2)

(21) + h(w)g(w)i 15[ f](z) = 0.
Multiplying by ﬁ(m[log i]g_l[%]si, and integrating w.r.t. w on [1, o]
22 Rl s [ oe 21 w)
kiHII kTx(B) J1 &% z w

SR g g [ ow 21 b 2

) g o [ o 21 ) () 5
HIRAC) gy | Doe Z1E

Using the equation (1), we get

(23)  $Ilgh](2)3 15 1f1(=) — LG 1fgl(2)5Tah] (=)
— IR (LI f9)(2) + 218 1F1(2)3 10 gh] (2) = 0.
Which gives (17). O

Corollary 2.1. Let f, g and h are positive valued and continuous functions on
[0.00] such that

(24) l9(v) - g<w>1<{LEZ§ - ,{E;‘jb >0,
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for all v,we(0,z). Then Vz > 0, s, o, ke,

(25)

(26) P f1(2)i 5 [gh)(2)
i (
k

Which gives (25).

O

Theorem 2.4. For integrable function g on [1,00] and constants | > m > 0,

[ #0. Let (A1) holds. Then, for any z > 1, se and «, B3, k, qe, we have

m
l

m m-lg g
(2)4'7(1 T ilig(2)

m—1 m—l m
(27) < M ) + Tl g ),
m m—ig g
(Z)‘FTQ Tl Pa(z)

l—m

(28) < 4T RIGe(E) + TR (2).

Proof. By the condition (A1) holds and for [ > m >0, [ # 0, we have

m m m=l [l—m m
(29) [Pa(w) = g(w)]'T < ¢ T [Pa(w) - g(w)] + ——q7,
multiplying this by kl"kl(a) [log i]%fl[%]si, and integrating w.r.t. won [1, z], we
have
1 # Z.ia_q,Ww m dw
1 CNT—1% s j o e
o | e D () Wa(w) - a(w)] 5
m m-t 1 z Zia_q,W dw
< — il —)$ — -
B0 <R s [ e D) E ) ) )
Il-m m 1 z Zia_ 1w, dw
= 1 RSt Y Y- Rt
+ l qlkf(a)/l(()gw)k (z) w
Using equation (1), we get
s T n m m—lg g, m m—ig g
(31) p5 P2 — 9]t (2) + 74 1ig(z) < 79 17 Va(2)

l—m s ra
+ (G,

For (14), we can use similar steps.
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Theorem 2.5. For integrable functions g and h on [1,00]. Let (A1) holds and
also suppose the following:
(A2) There ezist the integrable functions ¢1 and ¢o on [1,00] such that

(32) ¢1(r) < h(r) < ¢a(r),  Vre[l, o0l
Then, for any r > 1, se and A, 7, Ke,

Rl o1 ()i L3 g (r) + kL Wa(r)idgh(r)
(33) > i Vo ()il o1 (r) + i lgg(r)i L h(r),

RV (r)idgh(r) + il d2(r)i g (r)
(34) > i g da(r)i Iy U (r) + R L h(r)i g (r),

L d2 ()il Ua(r) + 315 g(r)idgh(r)
(35) > 7L U (r)i L h(r) + 5 Lrg (r)i L ¢2(r),

Fr ()i T o (r) + idirg (r)i I h(r)
(36) > U (r)igh(r) + i g ()i L éa (r)-

Proof. From (A;) and (As2), Vp > 1,9 > 1, we have

(37) [Wa(p) — 9(p)][1(q) — d1(q)] = 0.

Therefore,

(38) o (p)h(q) + d1(q)g(p) > 61(p)P2(p) + g(q)h(q).

havle\/[ultiplying by zrimllog £1# Y[2]*L and integrating w.r.t. p on [1,2], we
by | (oe 5w T

(39) o [ (e D e T

> ¢1(Q)]€F:()\) /1T(10g;)21(€)8‘1’2(p)6f

+hlp) krkl(A) /jﬂog "Ry g(p) 2

Using equation (1)

(40) W@ a(r) + 1(Q)il i g(r) > d1(p)i I Va(r) + k() IFh(r).
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Multiplying by ;% ( )[log } l[ﬂ}sé and integrating w.r.t. q on [1, z], using

z

the equation (1), we get

oL ()RR g(r) + R Yo (r)R I h(r)
(41) > MV ()i I o (r) + i lyg (i lah(r).

For (34), (35) and (36), we can use similar steps. O

Corollary 2.2. For integrable functions g and h on [1,00] and constants | >
m >0, 1#0. Let (A1) holds. Then for any z > 1, se and «, 3, k, qe,

m m—lg_ . m m—lg o
(Z)+7q ] kIH\IJQh(Z)-l-Tq ! kIHg¢2(Z)

m m=lg . m om—lg. . l—m m «
(42) qu ! kIH‘I’2¢>2(Z)+Tq T i lhgh(z )+qukIHI(Z)-
m m m—lg o m a
21?1(9—‘1’1)1(2)4‘761 ! kIH\Illh(z)+Tq T i lig91(2)
m m—lg . m m=lg l_mﬂsa
(43) <7 ! kIHqJ1¢1(Z)+7q ! kIth(Z)"i_qukIHI(z)'
s T o o m m=lg . s
Mii(g = 00T (il (h— 60T (2) + 54 T {9 ()i 61(2)
m m—ig ., s 1O m m—lg o s
(44) <T@ TRV () + 0T ()R h(z)

+aTHEIG),

Theorem 2.6. Let g and h are positive valued and continuous functions on
[0.00] such that g < h. If g is increasing and § is decreasing on [0, 00|, then for
any q > 0} S€, aaﬁa k7 z€,

218191 (2)3 15 [h9) (2) + 15 [HY)(2)5 1 [9) (2)
I8 1) (2)3 15197 (2) + 15 [99) ()3 Ty [h] (2)

(45) >1

Proof. Using g < h, we can get
(46) hg?™1(2) < hi(2).

Multiplying (46) by T ( )[log ]7 1[2]5% and integrating w.r.t. v on [1, 2],

L [P i0e 21512 s pga—1 (o)
W/laom ()*hgt(w)
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Using the equation (1)
(48) WEhg () < RIFR(2).
Multiplying by 31 Z [9](2)
(49) Mirhg' ™ (2)11519)(2) < R la)(2)RIAY 2).

Multiplying (46) by m[log %]g_l[%]si and integrating w.r.t. w on [1, 2],

L [T og Z)81(Yyshgi1 () 22
T | e D (Dhe w)

1 # z
(50) < krk(ﬁ)/1 (log E)

Using the equation (1), we get

=@

2y w) .

w

(51) hg? ™ (2) < AI5h(2).

Multiplying by 7 15[9](2)

(52) L Ihg M (2)3I5i[9)(2) < 215 [g) ()3 I5ph(2).
Adding (49) and (52), then simplifying we get

5l ()R I [h9)(2) + 3 lg) (=) I [H) (2)

ST lhgt () 15 19)(2) + $ 15 1hgt=2)(2)i I lal(2)

Substituting g = ¢?~! and f = g in Theorem 2.3, we get

Walhg' @R [0)() + IRk the (=)
%[99 ()i I ) (2) + I R (=) 1[99 (=)

(27) and (28) give (23). O

(53)

(54)

Corollary 2.3. Let g and h are positive valued and continuous functions on
[0.00] such that g < h. If g is increasing and § is decreasing on [0, 00|, then for
any q > 0, se, a, k, ze,

Hilel(z) | wlmle®)(=
) L5l L)
Proof. By substituting 5 = « (45), we get

il 19](2)i 5 [h)?(2)
0 G

which gives (55). O
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Theorem 2.7. For integrable functions g and h on [0.00] satisfying % + % =1,
01,02€(0,00). Let(A; and (Ag holds. Then, for z > 1, se, a, (3, ke, we have

DR~ 9" ()
1

67+ D 6~ W) 2 (V2 - (62~ 1) (o).
D@ — )" () + AT D R (b - 61"
(58) > (g — U1)(2)i T (h = 61)(2),
L 02 = W R0 — )" (2
+ g0 — 9 (I (B — 9)(2)
(59) > {15 (W2 = 9) (02 = W)l (V2 = 9)(02 = h)(2),
AL = 0" ()il lg — ) (2)
b= 62)* (g — )" ()
(60) > {lilg — 1) (h = 91) ()il (g — 1) (h = 1) (o).

Proof. By Young’s inequality

1 1
(61) o @+ o) > ay, Y, yell, oc], 01, 02¢(0, 00),
1 2
Also,
11
(62) — 4+ — =1, 01, 926(0, OO)
0 0

Let x = Uy (v) — g(v( and y = ¢a(w) — h(w), v, we(0,00), we get

L [Wa(0) — ()] + — (da(w) — h(w))* > [Ta(v) — g(v)][éa(w) — h(w)].

(63) o %

Multiplying by m[log 5]%71[9]5% and integrating w.r.t. v on [1, 2],

v z

1 1 # Zia_ 1,V L dv
T ) (e DE ) ) — g 5
00+ goloatw) — ) s [os 2
1 # z v dv

> [pa(w) — h(w)]

kTk (o) Jq & z v
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Using the equation (1)

(65) o, AI5ws — g ) (¢2( ) — h(w)) =I5 [1](2)
_[sz( ) = h(w)l§ 5 [P2 — g](2).

Multiplying by m[log 5]%71[%]5$ and integrating w.r.t. w on [1,00], and
usingthe definition (1), we have

SR (W2 9" () + AT DT (02— 0

(66) > L5 (W2 = 9) ()il (62 = h)(2).
For (58), (59) and (60), we can use similar steps. O

Theorem 2.8. For integrable function g on [l.co] satisfying 61 + 02 = 1,
01, 02¢(0,00). Let(Ay holds. Then for z > 1, se, and «, 3, ke,

01315 (1) ()3 15 (Ta(2)) + 023 I35 (1) (2); L (2)
(67) > I8 (Ws — g)" (2)i L5 (g — 1)
O (D) (2); L5 g(2) + 023 15 (1) ()L V1 (2).

Proof. By the weighted AM-GM inequality,

(68) 91 (x)el + 02(?J)02 > xgl y927 VLL’, y6[07 00]7 017 026(07 OO)
Also
(69) 0+ 65 =1, 01, 02€(0, 00).

Let x = Wa(p) — g(p) and y = g(q) — Va(q), p,ge(1, 00), we get
(70)  61[W2(p) — g(p)] + O2(g(a) — ¥1(q)) > [T2(p) — g(»))* [9(q) — P1(q)]”

Multiplying by T ( )[log ]2‘ l[p]s% and integrating w.r.t. p on [1, o0],

z

91 # Z.a_1,P s
k‘Fk(OZ)/l (log 2)¢ ™ (2)° [Wa(p) —9(p)) >

(71) + 02[g(q) — V1(q)]

Using the equation (1)

017151 [W2 — 9)(2) + 02(9(q) — ¢1(0)i L7 (1)(2)
(72) > [g(q) — W1(q)] =R 15 [¥2 — B]" (2).
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?rhb

Using the equation (1)

O T (D) (2)iI 5 (W2 — g(2))(2) + 0515 (1) ()i Tl — 1) ()
(74) > W5 (W2 — )" ()i (g — W) (2).
Due to linearity of integrals we get (67). O

Theorem 2.9. For integrable functions g and h on [1, 00| satisfying 61 +602 =1,
01,02¢(0,00). Let(Ay. Let (A1) and (Az) hold. Then, forr > 1, se, A, 7, ke,

013 L3 (1) (r)iLpy (P2) (r) + 023 I (1) ()7 Ty [62] ()
(75) > 25 (02 — 9)" (1iLyy (62 — W)™ (r) + 03 1) (1) ()7 15 (9) (r)
+ O3 Iy (1) ()i L3y () (r),

O3 13 (D) ()i T2y (9) (r) + 02 T3y (1) (r)i I3 (h) (r)
(76) > 3T (g — O ()i 1) (h = 61)% (r) + 01317, (1) ()3 I (W) (r)
+ 015 L (D) (r)i g (61)(r),

01713 (61) ()il (P2) (r) + 0031 () (r)i g (1)
+ 023 T3y (62) ()i (02) () + 6271y (9) ()7 L h(r)
(77) > 25 (V2 = 9)" (62 — )™ ()i (92 — 1) (P2 — ) (r)
+ 03Ty (h) ()R I (W2) (r) + 02713y (62) ()7 Ty (9) (1)
+ O} I h(r)R 7 (2)(r),

01317, () ()il 2y (9) (r) + O0i T3 (60) (r)id iy Vo (r)

+ 027 I (S1) ()i (1) (r) + 023 1y (9) (r)i L7 h(r)

> i1y (g — W) (h — )" ()i I (h — 1) (g — U1) ™ (r)
(78) + 00307 (01 ()2 (9) (r) + 003 T (h) (r)F T3 (W) (r)

+ Oap I3 h(r) i 1 (W) (r) + Bai Iy (r)i T (9) (7).
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Theorem 2.10. Let g, U1 and Wy are integrable functions on [1,00], assume
that condition (A1) holds. Then for r > 1, se, A, ke,

WA (DR (r) = g (r))?
(79) = RIaY2(r) — ilpg(r)ilag(r) — i1y Vi(r)]
— W (D)2 = gl(r)lg — i (r)] + 15 (1) ()7 15 P19 (r)
— R (O (r)p Ig(r) + 715 (V2)g(r)R] (I)(T) R (02) ()il g(r)
+ Rl (W) (MR IR Ya(r) — (L (V1 Wa(r))R 5 (1)(r).

Proof. For p > 1,q > 1, we have

[Wa(q) — 9(a)]lg(p) — \1’1( )]
(80)  +[Wa(p) — 9(@)llg(a) -

+ W2(q)g

( 1
— Us(p)g(p)—T1(p)P2(p)+¥1(q)P2(q)i T2y (1) (r)—P1(q)g() i I3y

Multiplying by 7 ( )[log 2] _1[%]‘(’% and integrating w.r.t. q on [1, c0], and
using equation (1), we can get (79). O

Theorem 2.11. Let g, h be two positive functions on [0, 0], such that Vz > 1,
se, a,ke, ¢ > 1 and JIggP(2) < oo, JIGhP(2) < co. If0 < m < % < M,
m, M, e, Yve(0,2). Then, we have

M(m+2)+1

(1) GGG+ RIRRE < Gy oy A + e

A ) g ) R )

S

v

Q|

(82) [159%(=)]7 + [ 15 [h)7(2)]

Proof. Using h((”% < M,Vve(0, z), we can get [g+€l})(”) < M + 1 and hence

(83) (M +1)7g* < Mg + h]*(v).

Multiplying by T ( )[log ]%71[9]5% and integrating w.r.t. v on [1, o0],

z

& Sy U s < e Y

[SI=

Using the equation (1)

(85) (M +1)% I5rg" (2) < (M) I lg + h)*(2).



42 M.K. AZAM ET AL.

Which gives

M
M

(86) [15g7(2)]1 < B I5 g+ h)7(2)]s.

1

_l’_

Using m < %, Ve(0, 00), we get

1 1
14+ —VIRa(y) < ()2 q
(57) (14 2)hs(w) < (2 )7lg + H ().
Multiplying by m[log %]%_1[5]3% and integrating w.r.t. v on [1, o],
(1+1) 7 Zia_q Vg dU
L tom 2 E e
(LY 7 za g dv
< —m log = Z]s 9(p)— .
(89) < sl [ s Sl )

Using the equation (1)
1 1
1+ —)IghI(v) < (=) 15 h]9(v).
(59) (1 + )RIRI() < ()R Tlg + H9()

Which gives,

S

(90) [{Ih9(0)]7 < ( )itilg +h*(2)] -

m—+1

Adding (42) and (43), we get (40).
Multiplying (42) and (43)

(M +1)(m+1)

1 1 1
(91) 7 (L g? ()] e [ Lrh® ()]« < [ I5lg + h]*(2)] .
Using Minkowski inequalities on R.H.S, we can get (41). O
Applications

There are many applications of the fractional integral inequalities. Some of
them are as under. In boundary value problems, we can use fractional integral
inequalities to establish uniqueness of the solutions. They are also used in finding
the unique solutions in fractional partial differential equations.

Conclusions

Results of fractional integral inequalities are determined by using extended
Hadamard k-fractional integral. With these inequalities the uniqueness and
continuous dependence of the solution of the nonlinear fractional differential
equations can also be established. Furthermore, we can also extend these in-
equalities for a by analytical continuation.
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