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Abstract. Resources hinder control and prevention of diseases in a number of com-
munities in Ghana and Africa in general. Some measures have been put in place in an
attempt to combat infectious diseases. A model that explains the dynamics of hepatitis
B was formulated and analysed. The local and global stability of the disease as well as
the basic reproduction number were determined. It was established that the hepatitis B
infection is locally asymptotically stable whenever the basic reproduction number is less
than unity and unstable otherwise. The population dynamics of the susceptible, infec-
tious and recovered were determined numerically. The effects of contact rate between
the infectious and susceptible population was established numerically. It was evidence
that as contact rate increases, the population infected increase with time. Moreover, as
the contact rate between the treated and recovered populations increase, the population
of recovery increases with time.
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1. Introduction

Hepatitis B is among the world’s leading health complication [1]. It can cause
chronic infection, and if not well managed, can result in death from cirrhosis
and hepatocellular carcinoma [2]. Approximately, hepatitis B deaths in a year
ranges between 500 to 1,200,000 people annually, and it’s among the top 10
causes of death worldwide [2]. An individual is infected when the virus gets into
bloodstream either through vertical transmission or blood, semen and other
bodily fluids of infected persons [3].

There are safe and effective vaccines since 1982 for the prevention of hep-
atitis B infection through vaccination [4]. The vaccines work by activating the
body to produce antibodies that ensure protection against contracting the virus.
Susceptible individuals who are predisposed to the infection or are at high risk
because of their particular circumstances are candidates for vaccination. There-
fore, it is necessary to screen people to ascertain whether they are candidates
for vaccination or not.

Research is still in progress to find a cure for chronic hepatitis B infection.
Reports estimate that about one percent of the chronically infected break free
from the virus each year [5]. One goal of available antiviral therapies is to help
bring down the viral load and thus reduce the chance of disease progression
towards liver scarring and liver cancer that are both extremely life-threatening
[2].

Contact with an infectious person leading to infection can occur through sex,
sharing needles, syringes and contaminated equipment, sharing toothbrushes
and razors. Direct contact with blood or open sore [6, 7].The virus, after it has
left its host for some days, can still infect susceptible individuals [8]. Infected
individuals who are not able to fight off the hepatitis B virus become chronically
infected after about 180 days of infection [9]. This stage of contagiousness in
the transmission model of the diseases is known as the chronic class. If left
untreated, the chronically infected is very likely to die from liver cancer or
hepatocellular carcinoma [10].

Disease models generally describe the transmission dynamics of diseases,
determine the best optimal control mechanism and the most effective cost to be
employed in fighting the infections [11, 12].

A real phenomenon is clearly translated into a disease model for optimal cost
control and employ sensitivity analysis to determine the best control measure
[13, 14, 15].

2. Model description and formulation

The model divides population under study into six compartments with respect
to their disease status at any point in time ¢. Susceptible Humans S(t), Expose
Population E(t), Infected Population I(t), Treated Population T'(¢), Vaccinated
Population V' (t) and Recovered Population R(t). The nutural birth and death
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rates are given by p1 and uo respectively. Vaccination rate of the susceptible is
given by o1 and rate of unsuccessful vaccination is given by 7. 1 and (2 are
transmission rates for infectious and treated populations respectively. « is the
rate at which the exposed are infected. p; is the probability that an infected
person clears the virus and the probability of failing to clear the virus is (1—py).
po is the probability of an infected mother gives birth to an infected baby. o3
is the rate at which the recovered loss immunity and return to the susceptible
class. The rate at which the treated move to the recovered class is given by oy4.
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Figure 1: Hepatitis B Model flow chart

Total population, N(t);
(1) N=St)+E@t)+1(t)+T(t)+V(t)+ R(t).

System of differential equation obtained from the model flow diagram in
Figure (1)

le — (1= paI) + 1V + 03R — [(B1] + BoT) + pa + 1] S,

= (B1d + 2T)S + papal — [p2 + o E,

ki

=aFE — [mA+ (1= p)A+ pell,
= (1= p1)A = [o4 + po]T,

= JlS - [77 + M2]V7

S S

o = p1 M + 04T — [o3 + ps] R.
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3. Model analysis

We provide evidence of well-posedness of hepatitis model by proving the bound-
edness and positivity of the model solution.

3.1 Feasible region

The invariant region is given by, " = {(S(t)+ E(t)+I(t)+T(t)+V(t)+ R(t))) €
RSO+ EW)+IH)+TH)+V(t)+R(t)=N < %} From model equation,
the total population N is given by

AN _dS dE  dI  dT  dV  dR

dt  dt dt dt dt dt  dt

(3) — [~ (S+E+T1+T+V + R)us]
:Ml—N/,LQ,

dN
4 — = — N uo.
( ) dt H1 H2

By solving

dN
p1 — Npo

el
_
p1 — Ny

—In|u — Npo| _
12

—In|py — Npa| = pat + c1,

p1 — Npg = e F2tter,

ot
p1 — Npg = coe” H2°,

= dt,

t 4+ c,

—p2t _
Ny =2¢""—"1
—H2
N(t) = m_ coeH2t
w2

(5) N(t) =2 - (‘“ - N(0)>e—u2t.

Now, as t — oo, N(t) < m Hence, 1 is positively invariant.

12
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3.2 Positivity of model solutions

An epidemic model must epidemiologically meaningful. The positivity of the
model solution must be established.

0,7(t) >0,V(t) >0,R(t) >0} € T then the solution set {S(t), E(t), I(t),T(t)
V(t),R(t)} >0,Vt>0.

Proof. From

ds
(6) T =1 (1 —p2I) +nV 4+ 03R — [(B1] + 52T") + po + 01]S,
we have
ds
e > —[(B1L + BoT) + p2 + 01]S(1),
ds

S > —[(B1 + B2T) + p2 + o1]dt.

Applying anti-derivate on both sides, we have
ds
S(t) =z /_[(511+ BoT) + pg + o1]dt,
I [S@)] = =[(Bil + BoT) + p2 + ot + ¢,
S(t) > e_[(511+f62T)+M2+0'1}t+C’
fort >0
S(t) > S(O)e_[(ﬁlf'f'ﬁzT)-‘rMQ-‘raﬂt > 0.

Therefore S(t) > 0. Next,consider the second equation in the model

dE
(7) i = (Bl + B2T)S + pupel — [n2 + o] E.
Now, we have
dE
— > E(t
dt = [//JQ + a] ( )7
dE
—_ > — dt.
Taking anti derivative of both sides of the equation, we have

5@2/—M+M%
In[E(t)] = —[p2 + ot +¢,
E(t) > e betaltte,
for non-negative values of ¢
E(t) > BE(0)e~k2talt > ¢

Hence, E(t) > 0 similarly, it can be proved that I(t), T(t),V(¢t) and R(t) are all
positively invariant for all non-negative values of ¢. O
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3.3 Disease free equilibrium
At disease free equilibrium, there are no infections and recovery, hence;

dS dE dI _dT dV _dR

) F T T i T T

The DFE of the model is obtained as;

(9) <A1a0a0707A270>7
where
A — paln + po
([p2 + o1]n + po]) — not’
A, — o111

(In + p2llpa + 01]) — o1
3.4 Basic reproduction number, R

Using the next generation matrix approach as outlined in [16, 17]; Considering;

= (B + B2T)S + pap2l — [u2 + olE,

dE
bl

(10) — =l — A+ pll,
P
il (1 —p1)A — [o4 + po]T.
Let
(B + B2T)S(t) —pip2l + [p2 + a|E
Fi(x) = 0 D Vi = | —aB+ Dt
0 —(1 —p1>)\I—|— [U4+/,L2]T

Taking the partial derivative of F;(z) and V;(z) at DFE;

0 S°3; SYB,
(11) F=lo 0 o0
0 0 0
and
[p2 + o —p1 P 0
(12) V= -« A+ 2] 0

0 A1 —=p1) [o4+ pel
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finding the inverse of V'

(13)
A+ po P 0
[+ pol[A+ po] — apn P2 o+ pol[A + po] — apn P
vl o o+ 2 0
[ + MQJ A+ po] —apr Py oo+ puo] [N+ po] — apun Po ’
1 —Pl)a)\ (1 —Pl))\(a+u2) 1
A3 A3 o4 + U2

where As = (2 + o) ([ + pa][A + p2] — 1 P2)

Dy Dy 0
(14) Fv='*lo o0 o],
0 0 0

where

SOB1a(og + pz) + S°Baa(1 — Pr)A
(2 + o) ([a + p2)[A + p2] — cp1 P2)
_ 59B1(04 + pa2)(a + p2) + SBaa(l — Pr)A(ar + pg)
B (k2 + o) ([o + p2] (A + p2] — apn P) '

1=

Do

The spectral radius (largest eigen value) of the matrix F'V ! is the basic repro-
ductive number [18, 19, 20]. Since FV ! is a triangular matrix the eigen values
are D1,0 and 0 therefore the spectral radius is D hence Ry = D;

50/8106(0'4 + ,LLQ) + S’Oﬁga(l — Pl))\

(15) Fo = (2 + 04) ([ + p2][A + pa] — a Py)

Our model is epidemiologically meaningful if
(16) [ + p2][A + pa2] — i Py > 0.

3.5 Local stability of disease-free equilibrium

Theorem 3.1. The disease-free equilibrium point is locally asymptotically stable
if Ry <1 and unstable if Ry > 1.

Proof. The Jacobian matrix is given by

—H; 0 —H; —Hg n o3

0 —Hy, H; Hg 0 0

o a -H 0 0 0

(17) Jore= | 0 Hy —-Hy 0 0
o1 0 0 0 —Hj 0

L 0 0 H10 g4 0 —H6_
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where Hy = [o1+p2], Hy = [uz+al, Hy = [Ap2l, Hy = [oa+p2], Hs = [n+p2],
Hg = [03 4 pol, Hr = P2 + 51S°, Hg = $25°, Hyg = N1 — p1), Hio = Ap1,

S =59

The characteristics equation P(\) = |\ — Jpgr| = 0 becomes

A+ Hy ~ 0 H~ Hg - —03
0 A+ Hs —H; —Hg 0 0
N 0 —Q A+ H3 0 0 0 .
18) P =] 0 —Hy A+Hy 0 o |77
—01 0 0 0 A+ Hs - 0
0 O *HIO —04 0 )\+H6
Let
(19)  P(\) = P(\) x P(\2) =0,

P(X1) = (5\ + HG)[(;\-F H1)(;\+ H5) - (717]] — 0103 =0
=3 + (Hl + Hs + HG)E\Q + (H1H5 + HiHg + H;Hg — 0’17])}
+ H1Hs5Hg — o1nHg — 0103 = 0.

For the other factor

P(X2) = (A + Hy)[(A+ H2)(\ + H3) — aHy] — aHgHg = 0
=3 + (Hz + H3 + H4)5\2 + (H2H3 + HyHy + HsHy — aH7);\
+ H2H3H4 - OzH4H7 — CngHg =0.

Now, we analyze P()\;) = 0 and P()\3) = 0 separately for the nature of their
roots by using the Routh-Hurwitz criteria. Let’s begin with P(A\;) = 0. P(\)
is in the form

(20) P()\_l) = 5\3 + m15\2 + TTLQ;\ +mg = 0

and

m1 = Hi + Hs + Hg
=01+ p2 +n+ p2+ 03+ o2
=01+ 03+ 1+ 3us,
mo = H1Hs + H1Hg + H5Hg — 017
= (o1 + p2)(n + p2) + (o1 + p2)
(03 + p2) + (n + p2) (o3 + p2) — o1n
= pon + (o1 + p2)(p2) + (01 + p2) (03 + p2)
+ (0 + p2)(o3 + p2),
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m3 = H1HsHg — o1mHg — 0103
= (o1 + p2)(n + p2) (o3 + p2)
—o1n(os + p2) — o103
= o112 + p2(01 + 1+ p2)(03 + p2).

According to Routh-Hurwitz criteria, roots of P(\;) will have negative real parts
if the conditions below are satisfied

(i) m1 > 0;
(ii) mg > 0;
(iii) ms > 0;

(V) mimso > Ms;

m1 =01 +03+n+3u2 >0,
mz = o1 + p2(01 + 1+ p2)(os + p2) > 0.

Now,

mymg = (01 4 03 + 1+ 3u2) [p2n + (01 + p2) (u2) + (01 + p2) (03 + p2)
+ (n+ p2) (o3 + p2)],
m3 = o1z + pra(o1 +n + p2)(03 + p2).

Notice that in expanded form , mime contains all the terms in mg3 and will
still be left with additional terms. Therefore mimeo > mg is satisfied. By the
Routh-Hurwitz criteria all the roots of P(A1) = 0 are negative or have negative
real parts.

Let’s now analyze the second factor P()\). P()2) is in the form

(21) P()\_Q) = /_\3 + 015\2 + 025\ +c3 = 0,
where

c1 =Hy+ H3+ Hy =+ A+ 04 + 3ue,

co = HyHz + HyHy + H3Hy — aHy = (o0 + p2) (A + p2) + (oo + p2) (04 + p2)
+ (A + p2) (04 + p2) — a(un Py + B15),

c3 = H2H3H4—04H4H7—CYH8H9:(O£ -+ MQ)()\ + MQ)(O’4+,M2)-O&/J1P2(O’4+,M2)
—af15(04 + p2) — arfaS(1 —p1).

According to the Routh-Hurwitz criterion for P(\2) = 0 to have negative real
parts, ¢; > 0,c3 > 0 and cica > ¢3, ct = a+ A+ 04+ 3u2 > 0,c0 >0 =
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(o + p2)( N+ p2) + (o + p2) (o4 + p2) + (A + p2)(oa + po) — api P > af1S but
from Ry < 1 (v + p2)(A 4 p2) — p1Pa > af1 S, e > 0 holds

c3 = (a+ p2) (A + p2)(og + p2) — apr Pa(og + p2) — af1S(oa + p2)
—aXG2S(1—p1) >0,

(@ + p2) (A + p2) (o4 + p2) — apr Po(og + p2) > af1S(o4 + p2) + arB2S(1 — p1)
af1S(og + p2) + arG2S(1 —p1) < (a+ p2) (A + p2) (o4 + p2) — ap Pa(og + pe),

afB1S(o4 + p2) + arB2S(1 — py)
(o + p2) (N + p2) (o4 + p2) — apr Po(og + p2)

(22) <1

Since Ry < 1, mg > 0 holds.
We now analyze cico > c3 below

(Hy+ Hs + Hy)(HoHz + HoHy + H3Hy — aHy) > HoHzHy

— aHyHy — aHgHy,

(Hy + H3)(HyHz + HyHy + HsHy — aHy) + HyHsHy + HoHyHy

+ HsHHy — aHyH7 > HoHsHy — aH4H7 — aHgHy,

(Ho+ H)(HaHs+Ho Hy+ Hy Hy)—cHy(Hat Hy)+ HyHy(Ho+Hs) > —oHgHy,
(Hy + H3)(HoHs + HyHy + HyHy + HyHy) > aHy(Hs + H3) — aHgHy,

(Ho + Hy)(Hs + Hy)(Hs + Hy) > aHy(Hs + Hy) — aHgHy,

aHy7(Hy + Hs) — aHgHy < (Hy + H3)(Hy + Hy)(Hs + Hy),

substituting the model parameters

a(piPe+ f15)(a+ X+ 2u2) — afaSA(1 —p1) <
(a+ X+ 2u2) (a0 + o4 + 2u2) (A + 04 + 2p2),
(a+ X+ 2u2)01S — afaSA(1 —p1) < (a+ A+ 2u2)(a + o4 + 2u2) (N + 04 + 2u2)
aBaSA(1—p1)
a—+ A+ 2uo
< (a+ 04+ 2u2) (A + 04 + 212) — a1 Py,

—ala+ X+ 2u2) 1 Praff S —

04525)\(1 — pl)

23 S < 2 A 2 — P .
(23) o (a4 o4+ 2u2)( N+ 04 + 2u2) — ap1 Po + o+ 2

From Ry <1

af1S (o4 + p) + afoAS(1 = p1) < (04 + p2) [(@ + p2) (A + p2) — apn Pa],
(24) aB1S(o4 + p2) < (04 + p2) [(a + p2) (A + p2) — apr Pa],
af1S < (a+ p2)(N+ p2) — apg Ps.
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Equation (24) is a true inequality when Ry < 1, therefore equation (23) is also
true because the right hand side of equation (23) is greater than right hand side
of equation (24).

This proves that cico > c3. It follows that P(\2) = 0 has its roots negative
or negative real parts.

In conclusion, the roots of P(\) = 0 are all negatives or have negative real
parts so the disease free-equilibrium is asymptotically stable when Ry < 1 and
unstable when Ry > 1 ]

3.6 Global stability of the disease free equilibrium point (DFE)

Theorem 3.2. If Ry > 1, the disease free equilibrium Q° of the model is globally
asymptotically stable

Let F;,V;, F and V be defined as

(25) flz,y) = (F = V)z = Fi(z,y) + Vi(z, y),

where © = EIT

a+M2 B1S + p1 P B2S E
—(p2 + ) 0 I
A1 =p1)  —(p2+o4)] [T
ﬁlf + ,BQT S — [LleI + (a + /JQ)E
AN+ p2)I — aF
(044 p2)l — X1 —p1)]
(a+p2)E + (B1S + p1 Po)I + B2ST
— (2 + NI
A1 — Pl)f — (2 + 04)T

—(B1] + B2T)S — 1 PoI + (o + po) E 0
+ AN+ p2)I — aF =10
(0’4+/1,2)I—)\(1 —pl)I 0

Also, let 2’ = (F—V)z—F(z,y) but f(z,y) =0..2" = (F-V)z. Let WT > 0 be
defined as the left eigen vector of the nonnegative matrix V' F corresponding
to the eigen value p(V1F) = p(FV~!) = Ry. We proceed to first find V1 F
and p(V~LF)

i A+ 2 1P 0 T
[ + pio] [N+ p2] — cpr P o+ ][N + o] — apy Po
vl «o o+ 2 0
et )N+ po] = P [+ po][A + po] — apun P
(1 —Pl)OL)\ (1 —Pl)/\(a—l—,ug) 1
L Dy Dy o4+ p2
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0 S%; S98
F=1{0 0 0
0 0 0
(A + p2)p1S (A + p2)p2S
[+ pu2] [N + p2] — apn Py [+ p][A + po] — apn P
Volp — prSa PaSa
[a + o)A + po] — o Py oo+ po][A + pio] — P
0 (1 - Pl)a/\ﬁls (1 - Pl)a)\BQS
D() DO

Define g = 1.5, h = 25, j = a+pa, k = A(1—p1), m = (a+p2)(Atp2)—ou P,

o4+ pa, L =X+ po, S = SO, Hence

n =
! hi
0 % e
viE=|o Y @
i ol
mn  mn
For p(V~LF) , first determine eigenvalues, the characteristics equation |(V =1 F)—
Al| = 0 is given by
- -, ahk - k h
3| (29 xy ek )_agxa} o,
m mn mn  m
- < hk - 2ghk 2ghk
Y P Ry W AL ]:o,
m mn m?n m?n
Y )\2_(a9+0‘hk))\] =0,
m  mn
either
- - hk - - hk
-A=0, or )2_%)\:0,)\:(0’0%)’

mn ’ mn
SOB1a(oy + p2) + S°Baa(1 — Pp)A )
(k2 + 04) ([ + p2][A + p2] — e P2) )
- p(VTIF) = p(FV1) = Ry.

S VTIFE = <0,0,
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The left eigen vector of the matrix V~!F corresponding to the eigen value Rg

can be obtained from

gl hl
o = m

(x1 @2 w3) |0 a9 oz =Ry (21 x2 a3),
mn mn

l k hl h hk
g 9y + 29 ), (S + g+ )
m m mn

<0> (*301 + —To + ——3
m m mn
= Ro (.’L‘lRQ .%'QRO LL‘3R0) .

Equating corresponding entries we have

RO‘Tl = 07

gl ag agk

=11+ —x9 + ——x3 = Rowa,
m m mn

hl ah ahk

—x1 + —x9 + —1x3 = Roxs.
m m mn

Simplifying, we have
xr1 = 0,

gnlxy + agnes + agkrs = mnRyxo,

hinzi + ahnzy + ahkrs = mnRoxs,
but x1 = 0, therefore

agnxs + agkrs = mnRoxs = (agn + ahk)xs,
ahnze + ahkxs = mnRoxs = (agn + ahk)zs.

Simplifying further and expressing x3 in terms of xo yields

h — BaSxa _ B2x2
B1S B

x3=*$2—
g

1)) B2

)

Let zo = t, (x1,29,23) = (0,t,="t) = t(O, 1, B—) Therefore, the left eigen vector
1

A

of the matrix V~1F corresponding to the eigen value Ry is W71 = (O, 1

B

1

any scalar multiple of (0,1,

).

2) or
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The Lyapunov function to prove the disease free equilibrium of the model is
given by

Lowmb 0
8 b | w7 E
A=wWTyv—1z = (0,1,63)1/—1 I = (0,1,572) a3 ol
' T ! ak ozlk 1 T
mn mn n
. . E
B (Oé ok j  Bogk  Bo >
= (=4 L 2
m  pfimn m  [fiymn  [in T
_ (o | Bk J . Bajk B2
= (m + ﬁﬂnn)E—'— <m + Blmn>l+ mT
_ aﬁln + ﬁzak‘E i ,817”&] + ﬁzjk‘]_{_ &T
pimn prmn pin
(26) — 5104(0'4 =+ )u2) + ﬁ?a)\(l - pl)
Bi(oa + p2)[(a + p2) (A + p2) — opur P
B1(oa + p2)(a+ p2) + Ba(a + p2)(1 — p1)A B2
27 I T.
B lont )@+ O ) —amPl] | Bl )

Form this it is obvious that
(i) A(z) > 0 for all z € v;
(ii) ||A(z)|] = c0 = ||x|| = oo (that is radially unbounded).

We can directly find the derivative of the Lyapunov function from A. (Refer to
the Appendix ). However, we chose to find it from the equation as shown as

A/ — WTV_IIE,
=WIV(F - V)z — f(z,y)]
=WIVYF - V)z —WIVLf(z,y)
=WV IiFz —WIv-lvze -0
=WV —wly

o 9 M
m
—(m?) 0o X ah x—(o,l,?m

mn mn
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FE F
k h hk

:(o ag | ghak —oh | o ) ) —©12 1

m  fimn  m Simn T p1 T
FE )

Binag + gBaak  Binah + afahk B2
(o I -0,1,2)|1
Bimn Bimn T 51 T

Substituting model parameter for values of g and h

A,:<O BinaBiS + frakpyS ﬁmaﬁzSJraBszSk) AN
prmn Bimn T B1 T
E E
- neatSrakBS g 2y (1) — 0.2 (1
mn /31 T 51 T

Substituting values of m,n and k in terms of parameters for the model

 Prosont ) +mreds¥—p) Ly By (7)o B2y (7
(04 + p2) [(@ + p2) (A + p2) — i Py s\ p B\ p
E E
B2 B2
=Rp(0,1,=—) | I | —(0,1,=) | I
0(7761) T (77/81)T
_ Pepy _ (14 B2
—Ro(1+ﬁ1T) (I+51T)

:(Rg—l)(IJrgiT).

It is easy to see that if Ry <1 then A’ <0, thus A is a Lyapunov function for
the system. In addition, A’ = 0if I =7 = 0 and S = S°. Therefore the largest
compact invariant set in {S(t), E(t),I(t),T(t),V(t), R(t) € RS : A’ = 0} is the
singleton @, the disease free equilibrium of the system. Hence , by La Salle’s
invariance principle QU is globally asymptotically stable in Y if Ry < 1.

4. Endemic equilibrium

It is a constant solution of the model where the disease per exist in the system. In
our model the endemic equilibrium is denoted by Q€. To obtained the endemic
equilibrium we set the system in (2) to zero. Therefore, the endemic equilibrium
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points are given by

S€ =k,
e ()\ + M2)(O’4 + Mg)(k1k2k3 — ki1ks + ]{75)

Oé)\(l — pl)(kﬁ + k1k7 — k‘g) ’
(04 + p2)(k1koks — kiks + ks)

"= A(l—pl)(k(i—l-klkv—k‘g) ’
e _ Fakak = byl + s
ke + k1k7 — kg ’
Ve = kle,
Re — o2k1ko(1 — p1)(ke + k1k7 — kg) + Dg(k1koks — k1ks + ks)

9

(03 + p2)(1 — p1)(ke + k1k7 — ks)

where Dg = [p1(04 + p2) + o4(1 — p1)]

b — (04 + p2) [(p2 + Q)N + p2) — aPopus] P
1= ) 2 — 5
a[Bi(os + p2) + B2A(1 — p1)] 0+ 2
ks = A1 —p1)(os3 + 1), ka = A1 —p1)(o3 + p2)(o1 + p2),
ks = A1 — p1), k7 = B1(os + p2) (04 + p2) + AB2(o3 + p2)(1 — p1),
ke = p1Pa(03 + p2) (o4 + p2), ks = Ao [p1(o4 + p2) + o4(1 —p1)].

Hence, Q¢ = {S¢, E°, I¢,T¢, V¢, R}.

4.1 Global stability of the endemic equilibrium point
Theorem 4.1. If Ry > 1, the endemic equilibrium Q¢ of the model is globally
asymptotically stable.

Proof. The global asymptotic stability of the endemic equilibrium can be prooved
using the Lyapunov function define as;

(28) G(Se,Ee,Ie,Te,Ve,Re) =G1+ G+ G3+ G4+ G5+ Gg
Gi=5-8—8Ing, Gy=E—-E°—~FEhE£
Gy=I1-1°—I°In£, Ga=T-T°—TIn;
Gs=V-Ve-Vem¥, Ge=R—R°—R°In &

By setting the system of equation in (2) to zereo and taking the derivative of G
along the solution of the equations, we obtain

dG dG dG dG dG dG dG
_aGy 2 dbs  aGy 5 6

(29) - ar T a dt & @ T ar
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+M1P215|:*M(

+U1S€{— (
M(e ) o
Sve
+p11¢5¢| — M(

(30)

+B2T¢S¢ —M( =

By substituting and simplifying all terms
y Ie
e - m(- 7 )|+ ere] -2
ke Eel
o0p) 4
I
VyE) M E)
)o(5) -
ak® [ - M (%) -M
ReI Re .
-M Rge) +M( R) +(1e—p1)AI -
(B i)

() ()]
b () " ] ]
%L_M(V

( B¢
)
i) (7))
o L) ) )

(31)

Let
(32)
where

£ puren( L
ng) )_ i ; re M<(IE€)

Re
,M(

— pa REM (

=

(33)

and

e

E
Ly = (B1I°S° + B2T°SC + p1 P21 )M E

(34)

M

E>7W£HwﬂmM(

Ve
—(nVe+vVe+ ,UQVE)M(v) — (P A€+ (1 —p1)

€

SeI
SIe

oM

—I—,u,lpgleM (

o ]

M)
M(5)

I
— 0159 M
) ! (vs

R)’WW+WWM%

919

Ee

7))
N

R

M
)
(

NN

e

)

)
S

S°R
SRe

M

)

ves

)
>—&W?M(

T ReT
) ire(
Tl

TSE®
TeSeE

)

)

R€
) + (V€ +04T* +p1/\Ie)M<E)

Te VE Ie
1 —pl)MeM(?) +alsw(7) +aEeM(7> (i EF 4 aFF)

e

7)

e

7)

e+ MQIE)M(

> B M (;) L BTeSeM (g) .
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Using endemic equilibrium relations

(& SeI e Qe I e Qe T
(36) Lo = 1 PoI M<516> + 511°S M(P) + BoT°S M(T6>

Observation; |L;| is greater than |Ls].
d
Hence, o Li+ 1Ly <0.

Noting that L1 + Lo = 0if (S, E, I,T,V,R) = (S¢, E¢,I¢,T¢,V°.R®). By La
Salle’s invariance principle the endemic equilibrium, Q¢ is globally asymptoti-
cally stable [21]. O

5. Sensitivity analysis

In this section, we conducted an analysis of the contributions of each parameter
to the basic reproductive number [22, 23]. Sensitivity analysis helps determine
which parameter contributes positively or negatively to the basic reproduction

number. Sensitivity index of Ry with respect to some parameter, say p is given

. ARo — 9Ro p_
by: Ap = 9 %

Table 1: parameter and sensitivity indices.
Parameter Sensitivity Index

B 0.6058
Bo 0.3942
(i1 1.0001
1o -3.7908
o1 -0.9599
o5 0.1511
o4 -0.0832
o 0.1415
n 0.0755
A -0.5931

From Table 1, the parameters (1,52,03, a and 1 have positive sensitivity
indices. They have a high impact on the transmission dynamics and prevalence
of Hepatitis B.

However,uo,01,04 and A\ have negative sensitivity indices. Hence, they have
high influence on controlling and combating Hepatitis B infections.

6. Bifurcation analysis

In this section, we carried out the phenomenon of backward bifurcation by
aplying the centre manifold theory on the sysyem of equations in (2) as outlined
in [24]. The phenomenon of backward bifurcation exists only in situations where
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disease free equilibrium (DFE) and disease endemic equilibrium (EE) coexists
[25, 26]. The epidemiological implications is that the idea that whenever Ry < 1,
the disease can be controled is no longer a sufficient condition. Our model
exhibited the phenomenon of backward bifurcation and the bifurcation diagram
in 2 supports our theoretical analysis.

Figure 2: Backward Bifurcation

7. Numerical results

This section discusses the effect of limited medical resources on the spread of the
disease. Controlling and preventing the spread of hepatitis B using treatment
and vaccination require medical resources. The smaller the resources, the smaller
the rates of vaccination and treatment. So in the simulation, we vary the rates of
treatment and vaccination to determine the dynamics of the disease over time.
The essence of controlling hepatitis B is to decrease the infectious population
and increase recovery population. We examine the effects of different rates of
vaccination and treatment on the performance criteria.

8. Population dynamics of susceptible, infectious and recovered

Figure 3 shows the population dynamics of susceptible, infectious and the recov-
ered population with time. As the susceptible population decreases with, there
is an increase in the number of people infected with hepatitis B. This implies
that as the susceptible interact with the infected, the number of people getting
infected with hepatitis B increases.

Moreover, as the number of infectious increases, there is a corresponding
increase in the number of recovery. This shows that contact rate and recovery
rate are directly proportional as shown in Figure 3.
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Table 2: Numerical Values
Parameter Value Reference

51 0.0400 [27]
B 0.002 [28]
1 0.0196 [28]
42 0.0096 [28]
Pl 0.6500 Assumed
D2 0.0025 Assumed
o1 0.2500 [27]
03 0.0020 Assumed
o4 0.0025 [28]
« 0.0550  Assumed
n 0.0010 Assumed
A 0.4500  Assumed

5000
2251
40001 -
g 8220
% o
a?; 0007 é
= 2915
K S
E g
52 0007 & 2101
E =
10001 205
0 1 2 3 4 3 0 1 2 3 4 5
Time (Years) . Time (Years)
) )
304
g
g
201
he=]
o
1]
=
2
o
104
0 T T T T ?
0 1 2 3 4 5
Time (Years)

Figure 3: The population dynamics of susceptible, infectious and the recovered
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8.1 Effects of contact rate on the infectious population

e [31 =0.0400 — [31 =0.0450
ﬁ'. =0.0500 — [31 =0.0355
2254
g
5220
=
oy
29151
g
7
@210
205
200 T
0 1 2 3 4 5
Years

Figure 4: Model flow diagram

An analysis of the effects of interaction between the susceptible and infectious
populations was investigated. This was done by varying the contact rate as
shown in Figure 4.

As the value of the contact rate reduces, the population infected with hepati-
tis B decreases and vice versa. Hence, the infection can be controlled by ensuring
that the contact rate reduces to the barest minimum as shown in Figure 4.

8.2 Effects of treatment rate on the recovered population

An analysis of the effects of treatment on the recovered populations was inves-
tigated. This was done by varying the contact rate as shown in Figure 5.

As the value of the treatment rate reduces, the population recovered from
hepatitis B decreases and vice versa. Hence, the recovery can be achieved by
ensuring that recovery rate increases to the barest minimum as shown in Figure

5.

9. Conclusion

A mathematical model of Hepatitis B with treatment and vaccination as com-
partments was developed and analysed as shown in Figure 1.

The local and global stability of the hepatitis B model was analysed using
the Routh Hurwitz criteria. It was established that depending on the control
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g, =0.0013 g, =00010
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=201
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0 1 2 3 4 5
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Figure 5: Model flow diagram

strategies authorities adopt, the disease can persist or get eliminated from the
region.

The model was simulated to see the population dynamics of disease by plot-
ting the susceptible, infectious and recovered populations inddividually. It was
established the susceptible population decreases as the number of infected per-
sons increases. Moreover, there is an increase in the number of persons recovered
from hepatitis B as the number of infectious increases.

Additionally, the effects of treatment and contact rate was analysed numer-
ically. As the value of the contact rate reduces, the population infected with
hepatitis B decreases and vice versa. Hence, the infection can be controlled
by ensuring that the contact rate reduces to the barest minimum as shown in
Figure 4. As the value of the treatment rate reduces, the population recovered
from hepatitis B decreases and vice versa. Hence, the recovery can be achieved
by ensuring that recovery rate increases to the barest minimum as shown in
Figure 5.
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