
ITALIAN JOURNAL OF PURE AND APPLIED MATHEMATICS – N. 48–2022 (903–927) 903

Stability analysis and modeling the dynamics of Hepatitis B
with vaccination compartment

Dominic Otoo
Department of Mathematics and Statistics
University of Energy and Natural Resources
Sunyani
Ghana
dominic.otoo@uenr.edu.gh

Isaac Odoi Abeasi
Department of Mathematics and Statistics
University of Energy and Natural Resources Sunyani
Ghana
abeasiodoi@gmail.com

Shaibu Osman∗

Department of Basic Sciences
University of Health and Allied Sciences
Ho
Ghana
shaibuo@yahoo.com

Elvis Kobina Donkoh
Department of Mathematics and Statistics

University of Energy and Natural Resources

Sunyani

Ghana

elvis.donkor@uenr.edu.gh

Abstract. Resources hinder control and prevention of diseases in a number of com-
munities in Ghana and Africa in general. Some measures have been put in place in an
attempt to combat infectious diseases. A model that explains the dynamics of hepatitis
B was formulated and analysed. The local and global stability of the disease as well as
the basic reproduction number were determined. It was established that the hepatitis B
infection is locally asymptotically stable whenever the basic reproduction number is less
than unity and unstable otherwise. The population dynamics of the susceptible, infec-
tious and recovered were determined numerically. The effects of contact rate between
the infectious and susceptible population was established numerically. It was evidence
that as contact rate increases, the population infected increase with time. Moreover, as
the contact rate between the treated and recovered populations increase, the population
of recovery increases with time.
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1. Introduction

Hepatitis B is among the world’s leading health complication [1]. It can cause
chronic infection, and if not well managed, can result in death from cirrhosis
and hepatocellular carcinoma [2]. Approximately, hepatitis B deaths in a year
ranges between 500 to 1, 200, 000 people annually, and it’s among the top 10
causes of death worldwide [2]. An individual is infected when the virus gets into
bloodstream either through vertical transmission or blood, semen and other
bodily fluids of infected persons [3].

There are safe and effective vaccines since 1982 for the prevention of hep-
atitis B infection through vaccination [4]. The vaccines work by activating the
body to produce antibodies that ensure protection against contracting the virus.
Susceptible individuals who are predisposed to the infection or are at high risk
because of their particular circumstances are candidates for vaccination. There-
fore, it is necessary to screen people to ascertain whether they are candidates
for vaccination or not.

Research is still in progress to find a cure for chronic hepatitis B infection.
Reports estimate that about one percent of the chronically infected break free
from the virus each year [5]. One goal of available antiviral therapies is to help
bring down the viral load and thus reduce the chance of disease progression
towards liver scarring and liver cancer that are both extremely life-threatening
[2].

Contact with an infectious person leading to infection can occur through sex,
sharing needles, syringes and contaminated equipment, sharing toothbrushes
and razors. Direct contact with blood or open sore [6, 7].The virus, after it has
left its host for some days, can still infect susceptible individuals [8]. Infected
individuals who are not able to fight off the hepatitis B virus become chronically
infected after about 180 days of infection [9]. This stage of contagiousness in
the transmission model of the diseases is known as the chronic class. If left
untreated, the chronically infected is very likely to die from liver cancer or
hepatocellular carcinoma [10].

Disease models generally describe the transmission dynamics of diseases,
determine the best optimal control mechanism and the most effective cost to be
employed in fighting the infections [11, 12].

A real phenomenon is clearly translated into a disease model for optimal cost
control and employ sensitivity analysis to determine the best control measure
[13, 14, 15].

2. Model description and formulation

The model divides population under study into six compartments with respect
to their disease status at any point in time t. Susceptible Humans S(t), Expose
Population E(t), Infected Population I(t), Treated Population T (t), Vaccinated
Population V (t) and Recovered Population R(t). The nutural birth and death
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rates are given by µ1 and µ2 respectively. Vaccination rate of the susceptible is
given by σ1 and rate of unsuccessful vaccination is given by η. β1 and β2 are
transmission rates for infectious and treated populations respectively. α is the
rate at which the exposed are infected. p1 is the probability that an infected
person clears the virus and the probability of failing to clear the virus is (1−p1).
p2 is the probability of an infected mother gives birth to an infected baby. σ3
is the rate at which the recovered loss immunity and return to the susceptible
class. The rate at which the treated move to the recovered class is given by σ4.

Figure 1: Hepatitis B Model flow chart

Total population, N(t);

N = S(t) + E(t) + I(t) + T (t) + V (t) +R(t).(1)

System of differential equation obtained from the model flow diagram in
Figure (1)

(2)



dS

dt
= µ1(1− p2I) + ηV + σ3R− [(β1I + β2T ) + µ2 + σ1]S,

dE

dt
= (β1I + β2T )S + µ1p2I − [µ2 + α]E,

dI

dt
= αE − [p1λ+ (1− p1)λ+ µ2]I,

dT

dt
= (1− p1)λI − [σ4 + µ2]T,

dV

dt
= σ1S − [η + µ2]V,

dR

dt
= p1λI + σ4T − [σ3 + µ2]R.
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3. Model analysis

We provide evidence of well-posedness of hepatitis model by proving the bound-
edness and positivity of the model solution.

3.1 Feasible region

The invariant region is given by, Υ = {(S(t)+E(t)+I(t)+T (t)+V (t)+R(t))) ∈
R6
+;S(t) +E(t) + I(t) + T (t) + V (t) +R(t) = N ≤ µ1

µ2
}. From model equation,

the total population N is given by

(3)


dN

dt
=

dS

dt
+

dE

dt
+

dI

dt
+

dT

dt
+

dV

dt
+

dR

dt
= [µ1 − (S + E + I + T + V +R)µ2]

= µ1 −Nµ2,

dN

dt
= µ1 −Nµ2.(4)

By solving

dN

µ1 −Nµ2
= dt,∫

dN

µ1 −Nµ2
=

∫
dt,

− ln |µ1 −Nµ2|
µ2

= t+ c,

− ln |µ1 −Nµ2| = µ2t+ c1,

µ1 −Nµ2 = e−µ2t+c1 ,

µ1 −Nµ2 = c2e
−µ2t,

N(t) =
c2e

−µ2t − µ1

−µ2
,

N(t) =
µ1

µ2
− c2e

−µ2t

as t = 0, N(t) = N(0), N(0) =
µ1

µ2
− c2, c2 =

µ1

µ2
−N(0). Therefore,

N(t) =
µ1

µ2
−

(
µ1

µ2
−N(0)

)
e−µ2t.(5)

Now, as t → ∞, N(t) ≤ µ1

µ2
. Hence, Υ is positively invariant.
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3.2 Positivity of model solutions

An epidemic model must epidemiologically meaningful. The positivity of the
model solution must be established.

Let the initial values of the parameters be {S(t) ≥ 0, E(t) ≥ 0, I(t) ≥
0, T (t) ≥ 0, V (t) ≥ 0, R(t) ≥ 0} ∈ Υ then the solution set {S(t), E(t), I(t), T (t),
V (t), R(t)} ≥ 0, ∀ t ≥ 0.

Proof. From

dS

dt
= µ1(1− p2I) + ηV + σ3R− [(β1I + β2T ) + µ2 + σ1]S,(6)

we have

dS

dt
≥ −[(β1I + β2T ) + µ2 + σ1]S(t),

dS

S(t)
≥ −[(β1I + β2T ) + µ2 + σ1]dt.

Applying anti-derivate on both sides, we have∫
dS

S(t)
≥

∫
−[(β1I + β2T ) + µ2 + σ1]dt,

ln |S(t)| ≥ −[(β1I + β2T ) + µ2 + σ1]t+ c,

S(t) ≥ e−[(β1I+β2T )+µ2+σ1]t+c,

for t ≥ 0

S(t) ≥ S(0)e−[(β1I+β2T )+µ2+σ1]t ≥ 0.

Therefore S(t) ≥ 0. Next,consider the second equation in the model

dE

dt
= (β1I + β2T )S + µ1p2I − [µ2 + α]E.(7)

Now, we have

dE

dt
≥ −[µ2 + α]E(t),

dE

E(t)
≥ −[µ2 + α]dt.

Taking anti derivative of both sides of the equation, we have∫
dE

E(t)
≥

∫
−[µ2 + α]dt,

ln |E(t)| ≥ −[µ2 + α]t+ c,

E(t) ≥ e−[µ2+α]t+c,

for non-negative values of t

E(t) ≥ E(0)e−[µ2+α]t ≥ 0.

Hence, E(t) ≥ 0 similarly, it can be proved that I(t), T (t), V (t) and R(t) are all
positively invariant for all non-negative values of t.
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3.3 Disease free equilibrium

At disease free equilibrium, there are no infections and recovery, hence;

dS

dt
=

dE

dt
=

dI

dt
=

dT

dt
=

dV

dt
=

dR

dt
= 0.(8)

The DFE of the model is obtained as;(
A1, 0, 0, 0, A2, 0

)
,(9)

where

A1 =
µ1[η + µ2](

[µ2 + σ1][η + µ2]
)
− ησ1

,

A2 =
σ1µ1(

[η + µ2][µ2 + σ1]
)
− σ1η

.

3.4 Basic reproduction number, R0

Using the next generation matrix approach as outlined in [16, 17]; Considering;

(10)


dE

dt
= (β1I + β2T )S + µ1p2I − [µ2 + α]E,

dI

dt
= αE − [λ+ µ2]I,

dT

dt
= (1− p1)λI − [σ4 + µ2]T.

Let

Fi(x) =

(β1I + β2T )S(t)
0
0

 , Vi(x) =

 −µ1p2I + [µ2 + α]E
−αE + [λ+ µ2]I

−(1− p1)λI + [σ4 + µ2]T

 .

Taking the partial derivative of Fi(x) and Vi(x) at DFE;

F =

0 S0β1 S0β2
0 0 0
0 0 0

(11)

and

V =

[µ2 + α] −µ1P2 0
−α [λ+ µ2] 0
0 −λ(1− p1) [σ4 + µ2]

(12)
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finding the inverse of V

V −1 =


λ+ µ2

[α+ µ2][λ+ µ2]− αµ1P2

µ1P2

[α+ µ2][λ+ µ2]− αµ1P2
0

α

[α+ µ2][λ+ µ2]− αµ1P2

α+ µ2

[α+ µ2][λ+ µ2]− αµ1P2
0

(1− P1)αλ

A3

(1− P1)λ(α+ µ2)

A3

1

σ4 + µ2

 ,

(13)

where A3 = (µ2 + σ4)
(
[α+ µ2][λ+ µ2]− αµ1P2

)
FV −1

D1 D2 0
0 0 0
0 0 0

 ,(14)

where

D1 =
S0β1α(σ4 + µ2) + S0β2α(1− P1)λ

(µ2 + σ4)
(
[α+ µ2][λ+ µ2]− αµ1P2

)
D2 =

S0β1(σ4 + µ2)(α+ µ2) + S0β2α(1− P1)λ(α+ µ2)

(µ2 + σ4)
(
[α+ µ2][λ+ µ2]− αµ1P2

) .

The spectral radius (largest eigen value) of the matrix FV −1 is the basic repro-
ductive number [18, 19, 20]. Since FV −1 is a triangular matrix the eigen values
are D1, 0 and 0 therefore the spectral radius is D1 hence R0 = D1

R0 =
S0β1α(σ4 + µ2) + S0β2α(1− P1)λ

(µ2 + σ4)
(
[α+ µ2][λ+ µ2]− αµ1P2

) .(15)

Our model is epidemiologically meaningful if

[α+ µ2][λ+ µ2]− αµ1P2 > 0.(16)

3.5 Local stability of disease-free equilibrium

Theorem 3.1. The disease-free equilibrium point is locally asymptotically stable
if R0 ≤ 1 and unstable if R0 > 1.

Proof. The Jacobian matrix is given by

JDFE =



−H1 0 −H7 −H8 η σ3
0 −H2 H7 H8 0 0
0 α −H3 0 0 0
0 0 H9 −H4 0 0
σ1 0 0 0 −H5 0
0 0 H10 σ4 0 −H6

(17)
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where H1 = [σ1+µ2], H2 = [µ2+α], H3 = [λ+µ2], H4 = [σ4+µ2], H5 = [η+µ2],
H6 = [σ3 + µ2], H7 = µ1P2 + β1S

0, H8 = β2S
0, H9 = λ(1 − p1), H10 = λp1,

S = S0.

The characteristics equation P (λ̄) = |λ̄I − JDEF | = 0 becomes

P (λ̄) =

∣∣∣∣∣∣∣∣∣∣∣∣

λ̄+H1 0 H7 H8 −η −σ3
0 λ̄+H2 −H7 −H8 0 0
0 −α λ̄+H3 0 0 0
0 0 −H9 λ̄+H4 0 0

−σ1 0 0 0 λ̄+H5 0
0 0 −H10 −σ4 0 λ̄+H6

∣∣∣∣∣∣∣∣∣∣∣∣
= 0.(18)

Let

P (λ̄) = P (λ̄1)× P (λ̄2) = 0,(19)

P (λ̄1) = (λ̄+H6)[(λ̄+H1)(λ̄+H5)− σ1η]− σ1σ3 = 0

= λ̄3 + (H1 +H5 +H6)λ̄
2 + (H1H5 +H1H6 +H5H6 − σ1η)λ̄

+H1H5H6 − σ1ηH6 − σ1σ3 = 0.

For the other factor

P (λ̄2) = (λ̄+H4)[(λ̄+H2)(λ̄+H3)− αH7]− αH8H9 = 0

= λ̄3 + (H2 +H3 +H4)λ̄
2 + (H2H3 +H2H4 +H3H4 − αH7)λ̄

+H2H3H4 − αH4H7 − αH8H9 = 0.

Now, we analyze P (λ̄1) = 0 and P (λ̄2) = 0 separately for the nature of their
roots by using the Routh-Hurwitz criteria. Let’s begin with P (λ̄1) = 0. P (λ̄1)
is in the form

P (λ̄1) = λ̄3 +m1λ̄
2 +m2λ̄+m3 = 0(20)

and

m1 = H1 +H5 +H6

= σ1 + µ2 + η + µ2 + σ3 + µ2

= σ1 + σ3 + η + 3µ2,

m2 = H1H5 +H1H6 +H5H6 − σ1η

= (σ1 + µ2)(η + µ2) + (σ1 + µ2)

(σ3 + µ2) + (η + µ2)(σ3 + µ2)− σ1η

= µ2η + (σ1 + µ2)(µ2) + (σ1 + µ2)(σ3 + µ2)

+ (η + µ2)(σ3 + µ2),
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m3 = H1H5H6 − σ1ηH6 − σ1σ3

= (σ1 + µ2)(η + µ2)(σ3 + µ2)

− σ1η(σ3 + µ2)− σ1σ3

= σ1µ2 + µ2(σ1 + η + µ2)(σ3 + µ2).

According to Routh-Hurwitz criteria, roots of P (λ̄1) will have negative real parts
if the conditions below are satisfied

(i) m1 > 0;

(ii) m2 > 0;

(iii) m3 > 0;

(v) m1m2 > m3;

m1 = σ1 + σ3 + η + 3µ2 > 0,

m3 = σ1µ2 + µ2(σ1 + η + µ2)(σ3 + µ2) > 0.

Now,

m1m2 = (σ1 + σ3 + η + 3µ2)
[
µ2η + (σ1 + µ2)(µ2) + (σ1 + µ2)(σ3 + µ2)

+ (η + µ2)(σ3 + µ2)
]
,

m3 = σ1µ2 + µ2(σ1 + η + µ2)(σ3 + µ2).

Notice that in expanded form , m1m2 contains all the terms in m3 and will
still be left with additional terms. Therefore m1m2 > m3 is satisfied. By the
Routh-Hurwitz criteria all the roots of P (λ̄1) = 0 are negative or have negative
real parts.

Let’s now analyze the second factor P (λ̄2). P (λ̄2) is in the form

P (λ̄2) = λ̄3 + c1λ̄
2 + c2λ̄+ c3 = 0,(21)

where

c1 = H2 +H3 +H4 = α+ λ+ σ4 + 3µ2,

c2 = H2H3 +H2H4 +H3H4 − αH7 = (α+ µ2)(λ+ µ2) + (α+ µ2)(σ4 + µ2)

+ (λ+ µ2)(σ4 + µ2)− α(µ1P2 + β1S),

c3 = H2H3H4−αH4H7−αH8H9=(α+ µ2)(λ+ µ2)(σ4+µ2)−αµ1P2(σ4+µ2)

− αβ1S(σ4 + µ2)− αλβ2S(1− p1).

According to the Routh-Hurwitz criterion for P (λ̄2) = 0 to have negative real
parts, c1 > 0, c3 > 0 and c1c2 > c3, c1 = α + λ + σ4 + 3µ2 > 0, c2 > 0 =⇒
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(α+ µ2)(λ+ µ2) + (α+ µ2)(σ4 + µ2) + (λ+ µ2)(σ4 + µ2)− αµ1P2 > αβ1S but
from R0 < 1 (α+ µ2)(λ+ µ2)− µ1P2 > αβ1S, c2 > 0 holds

c3 = (α+ µ2)(λ+ µ2)(σ4 + µ2)− αµ1P2(σ4 + µ2)− αβ1S(σ4 + µ2)

− αλβ2S(1− p1) > 0,

(α+ µ2)(λ+ µ2)(σ4 + µ2)− αµ1P2(σ4 + µ2) > αβ1S(σ4 + µ2) + αλβ2S(1− p1)

αβ1S(σ4 + µ2) + αλβ2S(1− p1) < (α+ µ2)(λ+ µ2)(σ4 + µ2)− αµ1P2(σ4 + µ2),

αβ1S(σ4 + µ2) + αλβ2S(1− p1)

(α+ µ2)(λ+ µ2)(σ4 + µ2)− αµ1P2(σ4 + µ2)
< 1.(22)

Since R0 < 1, m3 > 0 holds.

We now analyze c1c2 > c3 below

(H2 +H3 +H4)(H2H3 +H2H4 +H3H4 − αH7) > H2H3H4

− αH4H7 − αH8H9,

(H2 +H3)(H2H3 +H2H4 +H3H4 − αH7) +H2H3H4 +H2H4H4

+H3H4H4 − αH4H7 > H2H3H4 − αH4H7 − αH8H9,

(H2+H3)(H2H3+H2H4+H3H4)−αH7(H2+H3)+H4H4(H2+H3) > −αH8H9,

(H2 +H3)(H2H3 +H2H4 +H3H4 +H4H4) > αH7(H2 +H3)− αH8H9,

(H2 +H3)(H2 +H4)(H3 +H4) > αH7(H2 +H3)− αH8H9,

αH7(H2 +H3)− αH8H9 < (H2 +H3)(H2 +H4)(H3 +H4),

substituting the model parameters

α(µ1P2 + β1S)(α+ λ+ 2µ2)− αβ2Sλ(1− p1) <

(α+ λ+ 2µ2)(α+ σ4 + 2µ2)(λ+ σ4 + 2µ2),

(α+ λ+ 2µ2)β1S − αβ2Sλ(1− p1) < (α+ λ+ 2µ2)(α+ σ4 + 2µ2)(λ+ σ4 + 2µ2)

− α(α+ λ+ 2µ2)µ1P2αβ1S − αβ2Sλ(1− p1)

α+ λ+ 2µ2

< (α+ σ4 + 2µ2)(λ+ σ4 + 2µ2)− αµ1P2,

αβ1S < (α+ σ4 + 2µ2)(λ+ σ4 + 2µ2)− αµ1P2 +
αβ2Sλ(1− p1)

α+ λ+ 2µ2
.(23)

From R0 < 1

αβ1S(σ4 + µ2) + αβ2λS(1− p1) < (σ4 + µ2)
[
(α+ µ2)(λ+ µ2)− αµ1P2

]
,

αβ1S(σ4 + µ2) < (σ4 + µ2)
[
(α+ µ2)(λ+ µ2)− αµ1P2

]
,(24)

αβ1S < (α+ µ2)(λ+ µ2)− αµ1P2.
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Equation (24) is a true inequality when R0 < 1, therefore equation (23) is also
true because the right hand side of equation (23) is greater than right hand side
of equation (24).

This proves that c1c2 > c3. It follows that P (λ̄2) = 0 has its roots negative
or negative real parts.

In conclusion, the roots of P (λ̄) = 0 are all negatives or have negative real
parts so the disease free-equilibrium is asymptotically stable when R0 < 1 and
unstable when R0 > 1

3.6 Global stability of the disease free equilibrium point (DFE)

Theorem 3.2. If R0 > 1, the disease free equilibrium Q0 of the model is globally
asymptotically stable

Let Fi, Vi, F and V be defined as

f(x, y) = (F − V )x− Fi(x, y) + Vi(x, y),(25)

where x = (E, I, T )T ,

f(x, y) =

−(α+ µ2) β1S + µ1P2 β2S
α −(µ2 + λ) 0
0 λ(1− p1) −(µ2 + σ4)

EI
T


+

−(β1I + β2T )S − µ1P2I + (α+ µ2)E
(λ+ µ2)I − αE

(σ4 + µ2)I − λ(1− p1)I


=

−(α+ µ2)E + (β1S + µ1P2)I + β2ST
αE − (µ2 + λ)I

λ(1− p1)I − (µ2 + σ4)T


+

−(β1I + β2T )S − µ1P2I + (α+ µ2)E
(λ+ µ2)I − αE

(σ4 + µ2)I − λ(1− p1)I

 =

00
0

 .

Also, let x′ = (F−V )x−F (x, y) but f(x, y) = 0 ∴ x′ = (F−V )x. LetW T ≥ 0 be
defined as the left eigen vector of the nonnegative matrix V −1F corresponding
to the eigen value ρ(V −1F ) = ρ(FV −1) = R0. We proceed to first find V −1F
and ρ(V −1F )

V −1 =



λ+ µ2

[α+ µ2][λ+ µ2]− αµ1P2

µ1P2

[α+ µ2][λ+ µ2]− αµ1P2
0

α

[α+ µ2][λ+ µ2]− αµ1P2

α+ µ2

[α+ µ2][λ+ µ2]− αµ1P2
0

(1− P1)αλ

D0

(1− P1)λ(α+ µ2)

D0

1

σ4 + µ2
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F =

0 S0β1 S0β2
0 0 0
0 0 0

 .

Now,

V −1F =



0
(λ+ µ2)β1S

[α+ µ2][λ+ µ2]− αµ1P2

(λ+ µ2)β2S

[α+ µ2][λ+ µ2]− αµ1P2

0
β1Sα

[α+ µ2][λ+ µ2]− αµ1P2

β2Sα

[α+ µ2][λ+ µ2]− αµ1P2

0
(1− P1)αλβ1S

D0

(1− P1)αλβ2S

D0


.

Define g = β1S, h = β2S, j = α+µ2, k = λ(1−p1), m = (α+µ2)(λ+µ2)−αµ1P2,
n = σ4 + µ2, l = λ+ µ2, S = S0. Hence

V −1F =


0

gl

m

hl

m

0
αg

m

αh

m

0
αgk

mn

αhk

mn

 .

For ρ(V −1F ) , first determine eigenvalues, the characteristics equation |(V −1F )−
λ̄I| = 0 is given by

− λ̄

[
(
αg

m
− λ̄)(

αhk

mn
− λ̄)− αgk

mn
× αh

m

]
= 0,

− λ̄

[
λ̄2 − αg

m
λ̄− αhk

mn
λ̄+

α2ghk

m2n
− α2ghk

m2n

]
= 0,

− λ̄

[
λ̄2 −

(αg
m

+
αhk

mn

)
λ̄

]
= 0,

either

− λ̄ = 0, or λ̄2 − αgn+ αhk

mn
λ̄ = 0, λ̄ =

(
0, 0,

αgn+ αhk

mn

)
,

∴ V −1F =

(
0, 0,

S0β1α(σ4 + µ2) + S0β2α(1− P1)λ

(µ2 + σ4)
(
[α+ µ2][λ+ µ2]− αµ1P2

)),
∴ ρ

(
V −1F

)
= ρ(FV −1) = R0.
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The left eigen vector of the matrix V −1F corresponding to the eigen value R0

can be obtained from

(
x1 x2 x3

)

0

gl

m

hl

m

0
αg

m

αh

m

0
αgk

mn

αhk

mn

 = R0

(
x1 x2 x3

)
,

(
0,

(gl
m
x1 +

αg

m
x2 +

αgk

mn
x3

)
,
(hl
m
x1 +

αh

m
x2 +

αhk

mn
x3

))
= R0

(
x1R0 x2R0 x3R0

)
.

Equating corresponding entries we have

R0x1 = 0,

gl

m
x1 +

αg

m
x2 +

αgk

mn
x3 = R0x2,

hl

m
x1 +

αh

m
x2 +

αhk

mn
x3 = R0x3.

Simplifying, we have

x1 = 0,

gnlx1 + αgnx2 + αgkx3 = mnR0x2,

hlnx1 + αhnx2 + αhkx3 = mnR0x3,

but x1 = 0, therefore

αgnx2 + αgkx3 = mnR0x2 = (αgn+ αhk)x2,

αhnx2 + αhkx3 = mnR0x3 = (αgn+ αhk)x3.

Simplifying further and expressing x3 in terms of x2 yields

x3 =
h

g
x2 =

β2Sx2
β1S

=
β2x2
β1

.

Let x2 = t, (x1, x2, x3) = (0, t,
β2
β1

t) = t
(
0, 1,

β2
β1

)
. Therefore, the left eigen vector

of the matrix V −1F corresponding to the eigen value R0 is W T =
(
0, 1,

β2
β1

)
or

any scalar multiple of (0, 1,
β2
β1

).
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The Lyapunov function to prove the disease free equilibrium of the model is
given by

A = W TV −1x = (0, 1,
β2
β1

)V −1

E
I
T

 = (0, 1,
β2
β1

)


l

m

µ1P2

m
0

α

m

j

m
0

αk

mn

αjk

mn

1

n


E

I
T



=

(
α

m
+

β2αk

β1mn

j

m
+

β2jk

β1mn

β2
β1n

)E
I
T


=

(
α

m
+

β2αk

β1mn

)
E +

(
j

m
+

β2jk

β1mn

)
I +

β2
β1n

T

=
αβ1n+ β2αk

β1mn
E +

β1nj + β2jk

β1mn
I +

β2
β1n

T

∴ A =
β1α(σ4 + µ2) + β2αλ(1− p1)

β1(σ4 + µ2)
[
(α+ µ2)(λ+ µ2)− αµ1P2

]E(26)

+
β1(σ4 + µ2)(α+ µ2) + β2(α+ µ2)(1− p1)λ

β1(σ4 + µ2)
[
(α+ µ2)(λ+ µ2)− αµ1P2

] I +
β2

β1(σ4 + µ2)
T.(27)

Form this it is obvious that

(i) A(x) > 0 for all x ∈ υ;

(ii) ||A(x)|| → ∞ =⇒ ||x|| → ∞ (that is radially unbounded).

We can directly find the derivative of the Lyapunov function from A. (Refer to
the Appendix ). However, we chose to find it from the equation as shown as

A′ = W TV −1x′

= W TV −1
[
(F − V )x− f(x, y)

]
= W TV −1(F − V )x−W TV −1f(x, y)

= W TV −1Fx−W TV −1V x− 0

= W TV −1fx−W Tx

= (0, 1,
β2
β1

)


0

gl

m

hl

m

0
αg

m

αh

m

0
αgk

mn

αhk

mn

x− (0, 1,
β2
β1

)x
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=

(
0

αg

m
+

gβ2αk

β1mn

αh

m
+

αβ2hk

β1mn

)E
I
T

− (0, 1,
β2
β1

)

E
I
T


=

(
0

β1nαg + gβ2αk

β1mn

β1nαh+ αβ2hk

β1mn

)E
I
T

− (0, 1,
β2
β1

)

E
I
T

 .

Substituting model parameter for values of g and h

A′ =

(
0

β1nαβ1S + β2αkβ1S

β1mn

β1nαβ2S + αβ2β2Sk

β1mn

)E
I
T

− (0, 1,
β2
β1

)

E
I
T


=

nαβ1S + αkβ2S

mn
(0, 1,

β2
β1

)

E
I
T

− (0, 1,
β2
β1

)

E
I
T

 .

Substituting values of m,n and k in terms of parameters for the model

A′ =
β1αS

0(σ4 + µ2) + β2αλS
0(1− p1)

(σ4 + µ2)
[
(α+ µ2)(λ+ µ2)− αµ1P2

](0, 1, β2
β1

)

E
I
T

− (0, 1,
β2
β1

)

E
I
T


= R0(0, 1,

β2
β1

)

E
I
T

− (0, 1,
β2
β1

)

E
I
T


= R0

(
I +

β2
β1

T
)
−
(
I +

β2
β1

T
)

=
(
R0 − 1

)(
I +

β2
β1

T
)
.

It is easy to see that if R0 ≤ 1 then A′ ≤ 0, thus A is a Lyapunov function for
the system. In addition, A′ = 0 if I = T = 0 and S = S0. Therefore the largest
compact invariant set in {S(t), E(t), I(t), T (t), V (t), R(t) ∈ R6

+ : A′ = 0} is the
singleton Q0, the disease free equilibrium of the system. Hence , by La Salle’s
invariance principle Q0 is globally asymptotically stable in Υ if R0 ≤ 1.

4. Endemic equilibrium

It is a constant solution of the model where the disease per exist in the system. In
our model the endemic equilibrium is denoted by Qe. To obtained the endemic
equilibrium we set the system in (2) to zero. Therefore, the endemic equilibrium
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points are given by

Se = k1,

Ee =
(λ+ µ2)(σ4 + µ2)(k1k2k3 − k1k4 + k5)

αλ(1− p1)(k6 + k1k7 − k8)
,

Ie =
(σ4 + µ2)(k1k2k3 − k1k4 + k5)

λ(1− p1)(k6 + k1k7 − k8)
,

T e =
k1k2k3 − k1k4 + k5
k6 + k1k7 − k8

,

V e = k1k2,

Re =
σ2k1k2(1− p1)(k6 + k1k7 − k8) +D6(k1k2k3 − k1k4 + k5)

(σ3 + µ2)(1− p1)(k6 + k1k7 − k8)
,

where D6 = [p1(σ4 + µ2) + σ4(1− p1)]

k1 =
(σ4 + µ2)

[
(µ2 + α)(λ+ µ2)− αP2µ1

]
α
[
β1(σ4 + µ2) + β2λ(1− p1)

] , k2 =
σ1

η + µ2
,

k3 = λ(1− p1)(σ3 + η), k4 = λ(1− p1)(σ3 + µ2)(σ1 + µ2),

k5 = µ1λ(1− p1), k7 = β1(σ3 + µ2)(σ4 + µ2) + λβ2(σ3 + µ2)(1− p1),

k6 = µ1P2(σ3 + µ2)(σ4 + µ2), k8 = λσ3
[
p1(σ4 + µ2) + σ4(1− p1)

]
.

Hence, Qe = {Se, Ee, Ie, T e, V e, Re}.

4.1 Global stability of the endemic equilibrium point

Theorem 4.1. If R0 > 1, the endemic equilibrium Qe of the model is globally
asymptotically stable.

Proof. The global asymptotic stability of the endemic equilibrium can be prooved
using the Lyapunov function define as;

G(Se, Ee, Ie, T e, V e, Re) = G1 +G2 +G3 +G4 +G5 +G6(28)


G1 = S − Se − Se ln S

Se , G2 = E − Ee − E ln E
Ee

G3 = I − Ie − Ie ln I
Ie , G4 = T − T e − T e ln T

T e

G5 = V − V e − V e ln V e

V , G6 = R−Re −Re ln R
Re

.

By setting the system of equation in (2) to zereo and taking the derivative of G
along the solution of the equations, we obtain

dG

dt
=

dG1

dt
+

dG2

dt
+

dG3

dt
+

dG4

dt
+

dG5

dt
+

dG6

dt
.(29)
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By substituting and simplifying all terms

dG

dt
=µ2Se

[
−M

(
Se

S

)
−M

(
S

Se

)]
+µ2Ee

[
−M

(
Ee

E

)
−M

(
E

Ee

)]
+µ2Ie

[
−M

(
Ie

I

)
−M

(
I

Ie

)]
+ µ2T e

[
−M

(
T e

T

)
−M

(
T

T e

)]
+µ2V e

[
−M

(
V e

V

)
−M

(
V

V e

)]
+ µ2Re

[
−M

(
Re

R

)
−M

(
R

Re

)]
+µ1P2Ie

[
−M

(
SeI

SIe

)
+M

(
Ee

E

)
−M

(
EeI

EIe

)
+M

(
Se

S

)]
+σ1Se

[
−M

(
Se

S

)
−M

(
V eS

V Se

)
+M

(
V e

V

)]
+ ηV e

[
−M

(
V e

V

)
−M

(
SeV

SV e

)
+M

(
Se

S

)]
+σ3Re

[
−M

(
Re

R

)
−M

(
SeR

SRe

)
+M

(
Se

S

)]
+β1IeSe

[
−M

(
ISEe

IeSeE

)
−M

(
Se

S

)
+M

(
I

Ie

)
+M

(
Ee

E

)]
+β2T eSe

[
−M

(
TSEe

T eSeE

)
+M

(
Ee

E

)
−M

(
Se

S

)
+M

(
T

T e

)]

(30)



+ αEe

[
−M

(
Ee

E

)
−M

(
EIe

IEe

)
+M

(
Ie

I

)]
+ p1λIe

[
−M

(
Ie

I

)
−M

(
ReI

RIe

)
+M

(
Re

R

)]
+ (1− p1)λIe

[
−M

(
Ie

I

)
−M

(
T eI

TIe

)
+M

(
T e

T

)]
+ σ4T e

[
−M

(
T e

T

)
−M

(
ReT

RT e

)
+M

(
Re

R

)]
+V e

[
−M

(
V e

V

)
−M

(
ReV

RV e

)
+M

(
Re

R

)]
(31)

Let

dG

dt
= L1 + L2,(32)

where

L1 = −µ2SeM
(

S

Se

)
− µ2EeM

(
E

Ee

)
− µ2IeM

(
I

Ie

)
− µ2T eM

(
T

T e

)
−µ2V eM

(
V

V e

)
− µ2ReM

(
R

Re

)
− µ1P2IeM

(
EeI

EIe

)
− σ1SeM

(
V eS

V Se

)
−ηV eM

(
SeV

SV e

)
− σ3ReM

(
SeR

SRe

)
− β1IeSeM

(
ISEe

IeSeE

)
− β2T eSeM

(
TSEe

T eSeE

)
−αEeM

(
IeE

IEe

)
− p1λIeM

(
ReI

RIe

)
− (1− p1)λIeM

(
T eI

TIe

)
− σ4T eM

(
ReT

RT e

)
−V eM

(
ReV

RV e

)
(33)

and 

L2 = (β1IeSe + β2T eSe + µ1P2Ie)M
(
Ee

E

)
+ (V e + σ4T e + p1λIe)M

(
Re

R

)
+(1− p1)λIeM

(
T e

T

)
+ σ1SeM

(
V e

V

)
+ αEeM

(
Ie

I

)
− (µ2Ee + αEe)

M
(
Ee

E

)
− (σ3Re + µ2Re)M

(
Re

R

)
− (σ4T e + µ2T e)M

(
T e

T

)
−(ηV e + V e + µ2V e)M

(
V e

V

)
− (p1λIe + (1− p1)λIe + µ2Ie)M

(
Ie

I

)
(34)

{
+µ1P2I

eM
(
SeI

SIe

)
+ β1I

eSeM
(

I

Ie

)
+ β2T

eSeM
(

T

T e

)
.(35)
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Using endemic equilibrium relations

L2 = µ1P2I
eM

(
SeI

SIe

)
+ β1I

eSeM
(

I

Ie

)
+ β2T

eSeM
(

T

T e

)
(36)

Observation; |L1| is greater than |L2|.

Hence,
dG

dt
= L1 + L2 ≤ 0.

Noting that L1 +L2 = 0 if (S,E, I, T, V,R) = (Se, Ee, Ie, T e, V e.Re). By La
Salle’s invariance principle the endemic equilibrium, Qe is globally asymptoti-
cally stable [21].

5. Sensitivity analysis

In this section, we conducted an analysis of the contributions of each parameter
to the basic reproductive number [22, 23]. Sensitivity analysis helps determine
which parameter contributes positively or negatively to the basic reproduction
number. Sensitivity index of R0 with respect to some parameter, say ρ is given
by: ΛR0

ρ = ∂R0
∂ρ

ρ
R0

Table 1: parameter and sensitivity indices.
Parameter Sensitivity Index

β1 0.6058
β2 0.3942
µ1 1.0001
µ2 -3.7908
σ1 -0.9599
σ3 0.1511
σ4 -0.0832
α 0.1415
η 0.0755
λ -0.5931

From Table 1, the parameters β1,β2,σ3, α and η have positive sensitivity
indices. They have a high impact on the transmission dynamics and prevalence
of Hepatitis B.

However,µ2,σ1,σ4 and λ have negative sensitivity indices. Hence, they have
high influence on controlling and combating Hepatitis B infections.

6. Bifurcation analysis

In this section, we carried out the phenomenon of backward bifurcation by
aplying the centre manifold theory on the sysyem of equations in (2) as outlined
in [24]. The phenomenon of backward bifurcation exists only in situations where
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disease free equilibrium (DFE) and disease endemic equilibrium (EE) coexists
[25, 26]. The epidemiological implications is that the idea that whenever R0 < 1,
the disease can be controled is no longer a sufficient condition. Our model
exhibited the phenomenon of backward bifurcation and the bifurcation diagram
in 2 supports our theoretical analysis.

Figure 2: Backward Bifurcation

7. Numerical results

This section discusses the effect of limited medical resources on the spread of the
disease. Controlling and preventing the spread of hepatitis B using treatment
and vaccination require medical resources. The smaller the resources, the smaller
the rates of vaccination and treatment. So in the simulation, we vary the rates of
treatment and vaccination to determine the dynamics of the disease over time.
The essence of controlling hepatitis B is to decrease the infectious population
and increase recovery population. We examine the effects of different rates of
vaccination and treatment on the performance criteria.

8. Population dynamics of susceptible, infectious and recovered

Figure 3 shows the population dynamics of susceptible, infectious and the recov-
ered population with time. As the susceptible population decreases with, there
is an increase in the number of people infected with hepatitis B. This implies
that as the susceptible interact with the infected, the number of people getting
infected with hepatitis B increases.

Moreover, as the number of infectious increases, there is a corresponding
increase in the number of recovery. This shows that contact rate and recovery
rate are directly proportional as shown in Figure 3.
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Table 2: Numerical Values
Parameter Value Reference

β1 0.0400 [27]
β2 0.002 [28]
µ1 0.0196 [28]
µ2 0.0096 [28]
p1 0.6500 Assumed
p2 0.0025 Assumed
σ1 0.2500 [27]
σ3 0.0020 Assumed
σ4 0.0025 [28]
α 0.0550 Assumed
η 0.0010 Assumed
λ 0.4500 Assumed

; ;

Figure 3: The population dynamics of susceptible, infectious and the recovered
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8.1 Effects of contact rate on the infectious population

Figure 4: Model flow diagram

An analysis of the effects of interaction between the susceptible and infectious
populations was investigated. This was done by varying the contact rate as
shown in Figure 4.

As the value of the contact rate reduces, the population infected with hepati-
tis B decreases and vice versa. Hence, the infection can be controlled by ensuring
that the contact rate reduces to the barest minimum as shown in Figure 4.

8.2 Effects of treatment rate on the recovered population

An analysis of the effects of treatment on the recovered populations was inves-
tigated. This was done by varying the contact rate as shown in Figure 5.

As the value of the treatment rate reduces, the population recovered from
hepatitis B decreases and vice versa. Hence, the recovery can be achieved by
ensuring that recovery rate increases to the barest minimum as shown in Figure
5.

9. Conclusion

A mathematical model of Hepatitis B with treatment and vaccination as com-
partments was developed and analysed as shown in Figure 1.

The local and global stability of the hepatitis B model was analysed using
the Routh Hurwitz criteria. It was established that depending on the control



924 D. OTOO, I. ODOI ABEASI, S. OSMAN and E. KOBINA DONKOH

Figure 5: Model flow diagram

strategies authorities adopt, the disease can persist or get eliminated from the
region.

The model was simulated to see the population dynamics of disease by plot-
ting the susceptible, infectious and recovered populations inddividually. It was
established the susceptible population decreases as the number of infected per-
sons increases. Moreover, there is an increase in the number of persons recovered
from hepatitis B as the number of infectious increases.

Additionally, the effects of treatment and contact rate was analysed numer-
ically. As the value of the contact rate reduces, the population infected with
hepatitis B decreases and vice versa. Hence, the infection can be controlled
by ensuring that the contact rate reduces to the barest minimum as shown in
Figure 4. As the value of the treatment rate reduces, the population recovered
from hepatitis B decreases and vice versa. Hence, the recovery can be achieved
by ensuring that recovery rate increases to the barest minimum as shown in
Figure 5.
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