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Abstract. Computing the frustration index of a signed graph is a key step towards
solving problems in many fields including social networks, political science, physics,
chemistry, and biology. In social networks the frustration index determines network
distance from a state of structural balance. The focus of this paper is to provide insight
into computing the frustration index and show that exact values of the frustration index
can be computed using optimisation models namely, 0/1 Binary Linear Model.
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1. Introduction

Heider published his important article on the psychology of cognitive organi-
zation in 1946. Since then, theories of cognitive consistency or psychological
balance have proliferated remarkably. The rise of ‘balance theories‘ to such
popularity is explainable in part by their theoretical elegance and simplicity,
but also by their apparent applicability to a wide range of problems in sociol-
ogy and social psychology. Reference group relations, strain toward consistency
in culture, persuasive communication, socialization of self-attitudes, friendship
formation, the formation of group norms and value consensus, group or clique
formation, group reactions to deviant behavior, the effect of initiation rites on
group solidarity, reactions to status inconsistency, even some aspects of interna-
tional relations, all can be given psychologically based interpretations with the
aid of some form of balance theory.

Psychological principles with such broad explanatory potential clearly war-
rant the critical attention of sociologists. Social relations are complex and subtle
(see, [16, 12]), reflecting interactions that could be either positive such as trust,
agreement, approval; or negative such as distrust, disagreement, opposition.
Yet until recently a number of authors began to investigate signed relations by
examining the links in emerging signed social networks. Tom Coleman et.al.
[16] examined the applicability of social psychology theories at multiple signed
networks. F. Harrary et. al [3] further applied classification approaches to pre-
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dict the sign of social relationships. Many researchers focus on discovering the
interplay between relations and behavior. The nontrivial relationship between
behavioral correlation and the sign of social relations motivated researchers to
leverage both social and behavioral evidences when predicting signed social ties.
Hence, study has been done to design models to capture the interplay between
users- behavior of decision making and social interaction in the context of so-
cial networks. The problem of predicting signed social ties, such as trust and
distrust, based on the acquaintance relationships in social networks thereby
to determine, whether a link corresponds to a trustworthy friend or rather an
enemy. The frustration index is one of the key measure for analysing signed
networks.

A better understanding of balance theory and computation of frustration
index can be done using signed graph models. This paper present a graph
model that infer signed ties by capturing the interplay between social relations
and users- behavior of decision making, and thereby compute whether the given
system is balanced or not. For that we need the terms and concepts in graphs
and signed graphs.

2. Graph theoretic concepts

All graphs in this paper are simple and finite. Let G = (V,E) be a simple
graph of order n and size m with vertex set V = {v1, v2, . . . , vn} and edge set
E = {e1, e2, . . . , em}. For the terms and definitions not mentioned in the paper
one may refer [13].

Signed graphs (also called sigraphs) are much studied in literature because
of their extensive use in modeling a variety of socio-psychological processes and
also because of their interesting connections with many classical mathematical
systems (see, [2, 8, 18, 19, 20]).

Formally, a signed graph is defined as

Definition 2.1. A signed graph is an ordered pair Σ = (G, σ) where G = (V,E)
is a graph called the underlying graph of Σ and σ : E → {+1,−1}, is a function
called a signature or signing . E+(Σ) denotes the set of all edges of G that are
mapped by σ to the element +1 and E−(Σ) = E − E+(Σ). The elements of
E+(Σ) are called positive edges and those of E−(Σ) are called negative edges of
Σ.

A signed graph is all-positive (respectively, all-negative) if all of its edges
are positive (negative); further, it is said to be homogeneous if it is either all-
positive or all-negative and heterogeneous otherwise. The sign of a cycle in a
signed graph is the product of the signs of its edges. Thus, a cycle is positive if
and only if it contains even number of negative edges. A signed graph Σ is said to
be balanced or cycle balanced if all of its cycles are positive. Two signed graphs,
Σ1 = (G1, σ1) and Σ2 = (G2, σ2), are isomorphic if there is a graph isomorphism
f : G1 → G2 that preserves signs of the edges. If θ : V → {+1,−1} is switching
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function, then switching of the signed graph Σ = (G, σ) by θ means changing σ
to σθ defined by:

σθ(uv) = θ(u)σ(uv)θ(v).

The switched graph denoted by Σθ, is the signed graph Σθ = (G, σθ). We call
two signed graphs Σ1 = (G, σ1) and Σ2 = (G, σ2) to be switching equivalent
and write Σ1 ∼ Σ2, if there exists a switching function θ : V → {+1,−1} such
that Σ1 = Σθ

2. It can be seen that switching preserves many features of the two
signed graphs including their eigenvalues [14] and balance.

In the classic friend-enemy interpretation of balance theory, a by-product of
computing the frustration index is the partitioning of nodes into two internally
solidary but mutually hostile groups.

Theorem 2.1 ([3]). A signed graph is balanced if and only if, the vertex set V
can be partitioned into two subgraphs, such that vertices within a subgraph are
connected by a positive edge and vertices in separate subgraphs are connected by
a negative edge.

More generally, a signed graph Σ is said to be clusterable or partitionable
if its vertex set can be partitioned into subsets (clusters), so that every positive
edge joins the vertices within the same cluster and every negative edge joins
the vertices in the different clusters. The question to be addressed is that,
is it possible to partition vertices of a signed graph, so that every line that
connects vertices that belong to the same cluster is positive and every line
that connects two vertices that belong to different clusters is negative? If it is
possible to partition vertices in this way, we call the signed graph partitionable
or clusterable. However, it is a general rule that positive and negative relations
among people tend towards balance. Hence, important are balanced signed
graphs where vertices can be partitioned into 2 clusters.

2.1 Computation of frustration index in a signed network

Computing the frustration index of a signed graph is a key step towards solving
problems in many fields including social networks, physics, material science, and
biology. The frustration index determines the distance of a network from a state
of total structural balance. Local ties between entities lead to global structures
in networks. Ties can be formed as a result of interactions and individual pref-
erences of the entities in the network. The dual nature of interactions in various
contexts means the ties may form in two opposite types, namely positive ties and
negative ties. In a social context, this is interpreted as friendship versus enmity
or trust versus distrust between people. The term signed network embodies a
multitude of concepts involving relationships characterizable by ties with plus
and minus signs.

Signed graphs are used to model such networks where edges have positive and
negative signs. Structural balance in signed graphs is a macro-scale structural
property that has become a focus in network science. Structural balance theory
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was the first attempt to understand the sources of tensions and conflicts in
groups of people with signed ties (see, [15]). According to balance theory, some
structural configurations of people with signed ties lead to social tension and
therefore are not balanced. Using graph-theoretic concepts, Cartwright and
Harary identified cycles of the graph as the origins of tension, in particular cycles
containing an odd number of negative edges [3]. By definition, signed graphs
in which no such negative cycles are present satisfy the property of structural
balance. The vertex set of a balanced signed network can be partitioned into
k ≥ 2 subsets such that each negative edge joins vertices belonging to different
subsets [8]. For graphs that are not totally balanced, a distance from total
balance called the measure of partial balance, can be computed. Among various
measures is the frustration index that indicates the minimum number of edges
whose removal or equivalently, negation, results in balance (see, [18, 19, 20]).
Measures based on cycles [7], triangles, and closed walks [17] are not generally
consistent and do not satisfy key axiomatic properties [12]. Among all the
measures, a normalised version of the frustration index is shown to satisfy many
basic axioms [12]. This measure provides a clear understanding of the transition
to balance in terms of the number of edges to be modified to reduce the tension,
as opposed to graph cycles that were first suggested as origins of tension in
unbalanced networks.

2.2 Complexity of computing frustration index

Computing the frustration index is related to the well-known unsigned graph
optimization problem edge-bipartization, which requires minimization of the
number of edges whose deletion makes the graph bipartite. Given an instance
of the latter problem, by declaring each edge to be negative we convert it to the
problem of computing the frustration index. Since edge-bipartization is known
to be NP-hard, so is computing the frustration index. In the converse direction
there is a reduction of the frustration index problem to edge-bipartization which
increases the number of edges by a factor of at most 2. Hence, the frustration
index can be computed in polynomial time for planar graphs (see, [9]), which is
equivalent to the ground state calculation of a two-dimensional spin glass model
with no periodic boundary conditions and no magnetic field [16]. The classic
graph optimization problem MAXCUT is also a special case of the frustration
index problem, as can be seen by assigning all edges to be negative.

3. Frustration count

The number of edges incident to the node i ∈ V represents the degree of node
i and is denoted d(i). By net degree of a vertex v in signed graph we mean
the difference of number of positive and negative edges incident at the vertex
v, denoted respectively as d+(v) (or d−(v)), if the net degree is positive (or
negative) at the the vertex v. We apply BFS Algorithm with the initial condition
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in choosing the root vertex in the given network graph as follows. Choose the
root vertex say u such that net degree d−(u) is maximum. Visit the vertices
that are in the first neighbourhood of the vertex u. Then visit the neighbous of
all the vertices which are already visited, in the order in which they are visited.
That is, represent the m undirected edges in G as ordered pairs of vertices
E = {e1, e2, . . . , em} ⊆ {(i, j), i < j, i, j ∈ V } where a single edge ek between
nodes i and j, i < j, is denoted by ek = (i, j), i < j. Let the number of positive
and negative vertices in the nth level be respectively l+n and l−n . BFS algorithm
separates the edges into two distinct sets namely the set of tree edges and set
of cycle edges (or back edges). Let us denote the set consisting of tree edges by
T and the set consisting of cycle edges by C.

Let Vi, 0 ≤ i ≤ n be the vertex set in level li, 0 ≤ i ≤ n. Then, n + 1 is
the number of levels fixing the root vertex u at the 0th level. Now consider the
partition of the vertex set V , as Vo =

⋃
i Vi, i odd and Ve =

⋃
i Vi, i even, where

i denote the level number.

To compute the frustration index of the signed graph, we only need to con-
centrate on cycle edges, (that are either positive or negative forming cycles),
as the sign of the cycles decide the balance of the signed graph. We prove the
following Lemma first.

Lemma 3.1. Consider the partition of the vertex set as described in BFS algo-
rithm, Vo =

⋃
i Vi, i odd and Ve =

⋃
i Vi, i even. Then, the number of negative

cycle edges appear in the same level and the positive cycle edges in two consec-
utive levels, of the given signed graph decides the frustration index of the given
signed graph.

Proof. Consider the partition of the vertex set obtained by applying BFS al-
gorithm, Vo =

⋃
i Vi, i odd and Ve =

⋃
i Vi, i even.

Case 1. Negative cycle edges in C.

That is, negative cycle edges are in the same partitioned set Vo (or Ve),
say at the ith level. We claim that these negative edges are the ‘bad edges‘ or
‘frustrated edges‘ in the signed graph. Now, if the negative edge in the same
level li is such that the end vertices of the edges are incident to negative tree
edges in level li−1, which again are incident with any father negative edges in
level li−j , 1 ≤ j ≤ i, then we get a negative cycle Cn, n ≥ 3. On the other hand,
if the negative cycles edges appear in the different level, then the negative edges
are such that one of the end vertices of the each of the negative edges are in Ve

and other in Vo. Hence, by Harray’s bipartition theorem, none of these edges
are ‘bad edges‘. Let us call such edges as ‘good‘ or ‘satisfied‘ edges.

Case 2. Consider positive cycle edges in C.

If, the positive cycle edges appear in the different level, then the positive
edges are such that one of the end vertices of the each of the positive edges are
in Ve and other in Vo. Hence, by Harray’s bipartition theorem, all of these edges
are ‘bad edges‘. On the other hand, if the positive cycle edges with both their
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end vertices in the same partitioned set Ve or Vo, then by Harray’s bipartition
theorem, none of these positive edges are ‘bad edges‘.

Hence, deletion of negative cycle edges appear in the same level and the
positive cycle edges in two consecutive levels, of the given signed graph, the
given signed graph becomes balanced.

Remark 3.1. Given a signed network, respectively a signed graph on n vertices,
choosing a proper vertex as root vertex, and applying BFS Algorithm with this
specified condition of choosing the root vertex, we get nn−2 spanning trees, with
two sets of edges namely set with trees edges T and set C consisting of cycle
edges. However, only cycle edges contribute to the frustration index of the
signed graph. Hence, the problem of minimizing the frustration index depends
on the choice of the spanning tree from the set of nn−2 spanning trees. Choose
the spanning tree in such a way that it follows the following rules.
Case (i). Choose the spanning tree in which the number of negative edges with
one end in V0 and other end in Ve is maximum, and the spanning tree in which
the number of negative cycle edges in same set Vo (and in Ve) are minimum.
Case (ii). Choose the spanning tree in which the number of positive edges with
one end in V0 and other end in Ve is minimum, and, the spanning tree in which
the number of positive edges in same set Vo (and in Ve) is maximum.

Let us define these ‘Good‘ and ‘bad‘ edges based on colourings of the nodes.
Colouring each node in Vo with black and the each node in Ve with white, a bad
(satisfied) edge (i, j) is either a positive (negative) edge with different colours
on the endpoints i, j or a negative (positive) edge with the same colours on the
endpoints i, j. On the other hand, a ‘good‘ edge (i, j) is either a negative edge
with different colours on the endpoints i, j or a positive edge with the same
colours on the endpoints i, j. Hence, the problem of computing the frustration
index reduces to optimizing the number of negative edges with same colours
and the number of positive edges with different colours. That is, the problem
of computing the frustration index of a given signed graph reduces to a linear
programming problem.

4. Binary linear programming and frustration count

Now, Vo ∪ Ve = V defines a partition of V . By Colouring each node in V0 with
black and each node in Ve with white. One can view this partition in terms of
coloring, namely, V = X ∪V −X, where X ⊆ V a subset of vertices, with colors
black or white. We call X a colouring set. Now, define the binary variable xi to
denote the colour of node i ∈ V under this colouring set X as xi = 1, if i ∈ X
(black node) and xi = 0 if i ∈ V −X (white node).

Hence, the frustration count of signed graphG under colouringX is fG(X) :=∑
(i,j)∈E fij(X) where fij(X) is the frustration state of edge (i, j), given by



A GRAPH MODELLING TO MEASURE THE FRUSTRATION INDEX IN SIGNED ... 611

(1) fij(X) =


0, if xi = xj and (i, j) ∈ E+

1, if xi = xj and (i, j) ∈ E−

0, if xi ̸= xj and (i, j) ∈ E−

1, if xi ̸= xj and (i, j) ∈ E+

.

The frustration index of a signed graph Σ depends on the choice of the spanning
tree satisfying the conditions Case(i) and Case (ii) of Remark 3.1. That is, the
frustration index L(G) of a graph G can be found by finding the spanning tree
satisfying the conditions Case (i) and Case (ii) of Remark 3.1, such that the
choice of spanning tree that minimizes the frustration count fG(X), which is
obtained by solving the Equation (1).

Hence, the objective function Z of the Binary Linear Programming Model
is to Minimize the frustration count. That is , the binary linear programming
model is as follows.

Fix the objective function to minimize the frustration count. There arises
two cases.

Case (i). For counting the frustration index for the positive cycle edges:

The frustration of a positive edge (i, j) be represented by fij = xi+xj−2(xi
and xj), ∀(i, j) ∈ E+, using the two binary variables xi, xj for the endpoint
colours.

Case (ii). For counting the frustration index for the negative cycle edge:

For a negative edge fij = 1− (xi + xj − 2(xi and xj)),∀(i, j) ∈ E−.

The term xi and xj can be replaced by binary variables xij = xi and xj for
each edge (i, j) that take value 1 whenever xi = xj = 1 (both endpoints are
coloured black) and 0 otherwise.

Hence, this model is a 0/1 linear programming model which computes the
frustration index in the minimisation objective function as

Minimizexi∈V ;(i,j)∈E Z =
∑

(i,j)∈E+(xi + xj − 2xij) +
∑

(i,j)∈E− 1− ((xi +
xj)− 2xij)
Subject to
xij ≤ xi, for all (i, j) ∈ E+

xij ≤ xj , for all (i, j) ∈ E+

xij ≥ xi + xj − 1, for all (i, j) ∈ E−

xi ∈ {0, 1}, for all i ∈ V
xij ∈ {0, 1}, for all (i, j) ∈ E.

Remark 4.1. One may note that the dependencies between the xij and xi, xj
values are taken into account in this constraints. This model has n+m variables
and 2m+ + m− constraints. The dependent variables are xij . Because of the
constraints and the minimisation objective function, one may consider them as
continuous variables in the unit interval, xij ∈ [0, 1].
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5. Conclusion

Solving the 0/1 linear model provides us with the minimum number of frustrated
edges in the given signed graph. This number determines how many edges should
be removed to make the network balanced. By applying BFS algorithm and
selecting the spanning tree among the set of nn−2 spanning trees may be done
by counting the number of negative edges in consecutive levels or by identifying
and counting the vertices with maximum negative net degree. This process
itself give a way to minimize the bad cycle edges in the signed graph so that the
optimization process may converge faster.

One may be interested in generalizing the 2-colour minimum frustration
count optimization problem to k- colour (k ≥ 2). That is, the vertex set of the
signed graph is partitioned onto k subsets (k ≥ 2) such that each negative edges
joins vertices belonging to disjoint subsets. The minimum number of frustrated
edges for general k (k ≥ 3) is referred as correlation clustering problem. Another
generalization of 2 colour minimum frustration count optimization problem by
allowing more than two colours, which is called multi-colour minimum frustra-
tion count optimization problem. Developing a new optimization model based
on optimized multi-colour minimum frustration count is an interesting problem
for further investigation.
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