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Abstract. This paper is a study on Pythagorean fuzzy soft topological spaces and
continuous mappings. Here, relevant topological notions are generalized into the new
setting and proved some fundamental results. Pythagorean fuzzy soft mappings and
continuous mappings are defined and illustrated with examples. Also, certain interesting
properties of these mappings are obtained. Finally, we proved a couple of characteriza-
tion theorems for Pythagorean fuzzy soft mappings.
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1. Introduction

Mathematical modeling of a real-life event is an incredibly difficult task. Many
mathematical theories were developed to model an event with vagueness. Among
these, the most important one is the invention of fuzzy sets (FS) by Zaheh [30].
FS handled vagueness with the help of the membership function. Atanassov [2]
generalized FS by introducing intuitionistic fuzzy sets (IFS) and, then Yager [29]
enhanced it by bringing out the Pythagorean fuzzy sets (PFS). PFS explains
vagueness by the use of the membership function and non-membership function,
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where their square sum lies between 0 and 1. Molodtsov’s soft set theory [8, 11]
is another discovery that can describe fuzziness with the help of a parameter
set. Later, hybridizing FS and soft set, fuzzy soft set (FSS) is proposed by Maji
et.al. [16]. The same authors generalized FSS by introducing intuitionistic fuzzy
soft sets (IFSS) [15]. Similarly, Peng [25] introduced the Pythagorean fuzzy soft
set (PFSS) by combining PFS with the soft set. Since PFSS have a higher
potential to capture fuzziness, many theories based on PFSS are on developing
[3, 1, 4, 10, 15].

The classical topology has also been explored along with generalized sets
mentioned above. Chang [8] proposed a suitable ‘topological structure’ on FS
and since many unsolved problems in classical topology have solutions in this
domain, it is a widely discussing area of research. Coker [9] introduced IFS
topology, and Olgun et.al. [21] used it to define PFS topological structure.
Shabir and Naz [28] studied soft topological spaces and according to them soft
topological space is a parametrized family of topologies on the universal set.
Later, Çağman et.al. [7] proposed a new topological structure on soft sets. In-
stead of considering a parametrized family of topologies, they used a collection
of soft subsets to define the new topology. A nice survey of both approaches can
be found in chapter 3 of the book [11]. After that many studies on soft topology
are developed and that can be seen in [31, 32, 33, 34, 35]. Followed by Çağman’s
approach, a study on mappings and transformations on soft sets is carried out
in [13, 17, 37, 38, 39]. Later, Roy and Samantha [27] considered FSS topological
space and then a study on IFSS topological spaces is carried out in [6, 22, 14].
Subsequently Karata et.al. [12] defined IFSS mappings and IFSS continuous
mappings. Recently Riaz et.al. [12] introduced the PFSS topological space and
explained the multi-criteria decision-making problem as an application. Related
studies on PFSS topology are done in [23, 24, 36]. Also, the notions of compact-
ness, connectedness, continuous mappings and homeomorphisms are suitably
defined and explored in all the above-mentioned generalized sets.

The notion of topology is used to indicate the relationship between spatial
objects and their characteristics. There are real-life situations in which the
boundaries of objects are vague. Using the techniques of topological structures
considered on generalized sets one can analyze objects along with vagueness.
Here we introduce a topological structure on PFSS. As PFSS is a parametrized
family of PFSs, it is a very useful tool to model uncertainty from both parametric
as well as membership points of view. Since PFSS can be considered as a single
representation for a collection of certain related PFSs, it reduces the complexity
of analysis and calculations, particularly in decision-making problems [10, 20].
Thus introducing a topological structure on PFSS has significant relevance and
is of our interest.

In this paper, we have done a study on the topological structure of PFSS.
Fundamental definitions of new notions and the corresponding examples are
included. Some theorems related to interior and open sets are proved. We illus-
trated PFSS mappings with examples and certain properties of PFSS mapping
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are shown. In analogy with the classical settings, we identified a suitable defini-
tion for PFSS continuous mappings and characterized it in terms of PFSS open
sets. The notion of PFSS continuous mappings can be used to compare two
PFSS topological spaces and one can easily see that the collection of all PFSS
with PFSS continuous mappings forms a category. It is also worth mentioning
that our definition of PFSS continuous mapping generalizes IFSS continuous
mapping. Hence it can be used to handle vagueness in many fields such as
machine learning, data analysis, etc. as we have developed the continuous map-
pings from one topological space into another. As in [20], we can improve the
algorithm for decision making with the help of topological space. So if we can
identify the mapping corresponding to one set of parameters to another set and
the corresponding mapping among the universal set, and if the mapping identi-
fied turns out to be continuous, then decision making in the latter situation is
quite easy.

This paper is divided into three sections, besides the introduction. In section
2, we recall some basic definitions which are used in the entire discussion. Section
3 deals with PFSS topological spaces and the related topological notions. In
section 4, we introduce PFSS mappings, PFSS continuous mappings and proved
a couple of characterization theorems.

2. Preliminaries

This section addresses some basic definitions beneficial for entire discussions.
Those are the main definitions connected with Pythagorean fuzzy soft sets and
Pythagorean fuzzy soft topology. Unless otherwise specified, ℧ be the universal
set, L be parameter set, and P (℧) be power set of ℧.

2.1 Pythagorean fuzzy soft sets

Definition 2.1 ([29]). A Pythagorean fuzzy set P on ℧ is defined as the set
{(u, µp(u), νp(u)) : u ∈ ℧} where µp : ℧ → [0, 1] and νp : ℧ → [0, 1] with
0 ≤ µ2

p + ν2p ≤ 1.

Definition 2.2 ([18]). The pair (S,L) is said to be soft set over ℧, if S is a
mapping from L to P (℧). i.e., for each e ∈ L, S(e) is considered as the set of
e-approximate elements of the soft set.

Definition 2.3 ([25]). A Pythagorean fuzzy soft set(PFSS) is defined as the
pair (P,L) where, P : L → PFS(℧) and PFS(℧) is the set of all Pythagorean
fuzzy subsets of ℧.

We are using the notation 0(℧,L) for the PFSS with µp(u) = 0 and νp(u) = 1
corresponding to each e ∈ L and 1(℧,L) for the PFSS with µp(u) = 1 and νp(u) =
0 corresponding to each e ∈ L. For ℧ = {u1, u2, . . . , un} and L = {e1, e2, . . . em}
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the PFSS (P,L) is represented as

(P,L) =



P(e1) = {u1/(a11, b11), u2/(a12, b12), . . . un/(a1n, b1n)}
P(e2) = {u1/(a21, b21), u2/(a22, b22), . . . un/(a2n, b2n)}
· =
· =
· =

P(em) = {u1/(am1, bm1), u2/(am2, bm2), . . . un/(amn, bmn)}

 ,

where (aij , bij) = (µP(ei)
(uj), νP(ei)

(uj)) i.e., membership value and nonmember-
ship value corresponding to parameter ei and universal element uj .

The following definition is helpful to recollect various operations on PFSS.

Definition 2.4 ([20]). Let (P1,L1) and (P2,L2) be two PFSSs on ℧. Then

1. (P1,L1) is subset of (P2,L2) i.e., (P1,L1) ⊑ (P2,L2) if:

(a) L1 ⊆ L2;

(b) for each e ∈ L1, µP1(e)(u) ≤ µP2(e)(u) and νP1(e)(u) ≥ νP2(e)(u), ∀u ∈
℧.

2. The complement of (P,L) i.e., (P,L)c=(Pc,L).

3. The union of (P1,L1) and (P2,L2) i.e., (P1,L1)⊔ (P2,L2) = (P,L1 ∪L2)
where, P(e) = {

(
u,max{µP1(u), µP2(u)},min{νP1(u), νP2(u)}

)
: u ∈ ℧}

for each e ∈ L1 ∪ L2.

4. The intersection of (P1,L1) and (P2,L2) i.e., (P1,L1)⊓(P2,L2) = (P,L1∩
L2) where, P(e) = {

(
u,min{µP1(u), µP2(u)},max{νP1(u), νP2(u)}

)
: u ∈

℧} for each e ∈ L1 ∩ L2.

2.2 Pythagorean fuzzy soft topology

Definition 2.5 ([26]). Let ℧ be the universal set and L be the set of parameters.
A collection τ of Pythagorean fuzzy soft subsets of ℧ over L is said to be PFSS
topology if

i. 0(℧,L), 1(℧,L) ∈ τ;

ii. for any (P,L), (G,L) ∈ τ, we have (P,L) ⊓ (G,L) ∈ τ;

iii. for any (Pi,L)i∈I ∈ τ, we have ⊔i∈I(Pi,L) ∈ τ, where I is any indexed
set.

Hereinafter the triptlet (℧, τ,L) refered PFSS topological space. Every ele-
ment in τ is called an open PFSSs. Closed PFSSs is the complement of open
PFSSs. Also, interior of a PFSS (P,L) is the biggest open PFSS embedded
in (P,L) and closure of (P,L) is the smallest closed PFSS containing (P,L).
Interior and closure of (P,L) is denoted as (P,L)◦ and (P,L) respectively.
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3. More results on PFSS topological space

In this section, some interesting theorems on PFSS topological space are ex-
plained. At first, the relationship between PFSS topological space and fuzzy
soft bitopological space is explained. After that studies on interior and neigh-
borhood are carried out and a characterization theorem of open sets is proved.

Now, (℧, τ1, τ2,L) be known as fuzzy soft bitopological space [19] if the
topologies (℧, τ1,L) and (℧, τ2,L) independently satisfy the axioms of fuzzy
soft topological space. The following theorem says that corresponding to each
PFSS topological space we get a fuzzy soft bitopological space.

Theorem 3.1. Let (℧, τ,L) be a Pythagorean fuzzy soft topological spaces and
τ is given by τ = {0(℧,L), 1(℧,L), (Pi,L)i∈I} where I is arbitrary indexed set. Then

(℧, τ1, τ2,L) is a fuzzy soft bitopological space on ℧, where τ1 = {0̃, 1̃, (µPi ,L)i∈I}
and τ2 = {0̃, 1̃, (νPi ,L)

∁
i∈I}.

Proof. We have to prove that both τ1 and τ2 satisfy all the three axioms of
fuzzy soft topology. 0(℧,L), 1(℧,L) ∈ τ gives that 0̃, 1̃ ∈ τ1 and 0̃, 1̃ ∈ τ2. Thus
first condition is obtained.

Second condition is obtained from the fact that (P1,L)⊓ (P2,L) = (µP1∧P2 ,
νP1∨P2 ,L). So, (P1,L) ⊓ (P2,L) ∈ τ gives (µP1∧P2 ,L) ∈ τ1 and (νP1∨P2 ,L)

∁ =
(νP∁

1∧P∁
2
,L) ∈ τ2.

Let J ⊆ I be any indexed set. Then, we have ⊔j∈J(Pj ,L) = (µ∨j∈JPj , ν∧j∈JPj ,

L). So, ⊔j∈J(Pj ,L) ∈ τ gives (µ∨j∈JPj ,L) ∈ τ1 and (ν∧j∈JPj ,L)
∁ = (ν∨j∈JP∁

j
,L) ∈

τ2. Thus, (℧, τ1, τ2,L) is a fuzzy soft bitopological spaces.

The effect of Theorem 3.1 is from a given PFSS topology we can generate
fuzzy soft bitopological space. But one can easily identify that converse of
Theorem 3.1 is not valid always. But the following example says, even if ζ be a
collection of PFSSs containing 0(℧,L) and 1(℧,L) with the property that (℧, ζ1,L)
and (℧, ζ2,L) are fuzzy soft topological spaces, ζ need not be a PFSS topology.

Example 3.1. Let the universal set ℧ be {u1, u2} and parameter set L =
{e1, e2}. The collection of PFSS ζ is given by ζ = {0(℧,L), 1(℧,L), (P1,L), (P2,L),
(P3,L), (P4,L)}, where

(P1,L) =

(
P1(e1) = {u1/(0.7, 0.3), u2/(0.2, 0.7)}
P1(e2) = {u1/(0.6, 0.6), u2/(0.1, 0.7)}

)
,

(P2,L) =

(
P2(e1) = {u1/(0.8, 0.4), u2/(0.3, 0.6)}
P2(e2) = {u1/(0.7, 0.3), u2/(0.4, 0.5)}

)
,

(P3,L) =

(
P3(e1) = {u1/(0.3, 0.3), u2/(0.2, 0.6)}
P3(e2) = {u1/(0.2, 0.3), u2/(0.1, 0.5)}

)
,

(P4,L) =

(
P4(e1) = {u1/(0.8, 0.4), u2/(0.5, 0.7)}
P4(e2) = {u1/(0.8, 0.6), u2/(0.7, 0.7)}

)
.

It is clear that ζ is not a PFSS topology. Because (P1,L)⊔ (P2,L) is not in
ζ. But ζ1 and ζ2 is given by
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ζ1 =
{
0̃, 1̃,

(
µP1(e1) = {u1/0.7, u2/0.2}
µP1(e2) = {u1/0.6, u2/0.1}

)
,

(
µP2(e1) = {u1/0.8, u2/0.3}
µP2(e2) = {u1/0.7, u2/0.4}

)
,(

µP3(e1) = {u1/0.3, u2/0.2}
µP3(e2) = {u1/0.2, u2/0.1}

)
,

(
µP4(e1) = {u1/0.8, u2/0.5}
µP4(e2) = {u1/0.8, u2/0.7}

)}
ζ2 =

{
0̃, 1̃,

(
µP1(e1) = {u1/0.7, u2/0.3}
µP1(e2) = {u1/0.4, u2/0.3}

)
,

(
µP2(e1) = {u1/0.6, u2/0.4}
µP2(e2) = {u1/0.7, u2/0.5}

)
,(

µP3(e1) = {u1/0.7, u2/0.4}
µP3(e2) = {u1/0.7, u2/0.5}

)
,

(
µP4(e1) = {u1/0.6, u2/0.3}
µP4(e2) = {u1/0.4, u2/0.3}

)}
.

We can easily verify that ζ1 and ζ2 are fuzzy soft topologies.

The following is the definition of neighborhood of a PFSS which is somewhat
different from the classical one. Chang [8] gave this notion for fuzzy topological
space and following this idea here we introduced the definition given below.

Definition 3.1. Let (X, τ,L) be PFSS topological space and (P,L) be a PFSS.
The PFSS (N,L) is said to be a neighbourhood of (P,L) if there exist a (G,L) ∈ τ

such that (P,L) ⊑ (G,L) ⊑ (N,L).

Definition 3.2. Let (P,L) and (G,L) be PFSS in the PFSS topological space
(X, τ,L) such that (G,L) ⊑ (P,L). Then (G,L) serves as interior PFSS of
(P,L) if (P,L) is a neighbourhood of (G,L).

The following example illustrates the definition of the neighborhood of a
PFSS and interior PFSS.

Example 3.2. Consider the PFSS topology given below.
τ = {0(℧,L), 1(℧,L), (P1,L), (P2,L), (P3,L), (P4,L), (P5,L)} is a PFSS topol-

ogy on ℧, where the PFSSs (Pi,L), i = 1, 2, 3, 4, 5 is given by

(P1,L) =

(
P1(e1) = {u1/(0.8, 0.1), u2/(0.9, 0.1), u3/(0.3, 0.4)}
P1(e2) = {u1/(0.8, 0.1), u2/(0.8, 0.1), u3/(0.6, 0.5)}

)
,

(P2,L) =

(
P2(e1) = {u1/(0.8, 0.1), u2/(0.6, 0.2), u3/(0.3, 0.7)}
P2(e2) = {u1/(0.4, 0.4), u2/(0.8, 0.1), u3/(0.6, 0.5)}

)
,

(P3,L) =

(
P3(e1) = {u1/(0.6, 0.3), u2/(0.6, 0.2), u3/(0.2, 0.7)}
P3(e2) = {u1/(0.4, 0.4), u2/(0.6, 0.2), u3/(0.5, 0.6)}

)
,

(P4,L) =

(
P4(e1) = {u1/(0.6, 0.3), u2/(0.9, 0.1), u3/(0.2, 0.4)}
P4(e2) = {u1/(0.8, 0.1), u2/(0.6, 0.2), u3/(0.5, 0.6)}

)
,

(P5,L) =

(
P5(e1) = {u1/(0.9, 0.1), u2/(0.9, 0.0), u3/(0.5, 0.2)}
P5(e2) = {u1/(0.8, 0.0), u2/(0.8, 0.1), u3/(0.7, 0.2)}

)
.

The PFSS (P,L) and (N,L) is given by,

(P,L) =

(
P(e1) = {u1/(0.3, 0.5), u2/(0.4, 0.3), u3/(0.1, 0.8)}
P(e2) = {u1/(0.2, 0.6), u2/(0.6, 0.3), u3/(0.2, 0.7)}

)
,

(N,L) =

(
N(e1) = {u1/(0.9, 0.0), u2/(0.7, 0.1), u3/(0.5, 0.5)}
N(e2) = {u1/(0.8, 0.3), u2/(0.9, 0.1), u3/(0.9, 0.3)}

)
.
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It can be seen that there exist a PFSS (P2,L) ∈ τ such that (P,L) ⊑
(P2,L) ⊑ (N,L). So (N,L) is a neighbourhood of the PFSS (P,L) and thus
(P,L) is the interior PFSS of (N,L).

Theorem 3.2. In a PFSS topological space, a PFSS (P,L) is open if and only
if each subsets of (P,L) are interior PFSSs of (P,L).

Proof. Let (P,L) be open PFSS and let (G,L) be a subset of (P,L). So we
have (P,L) ∈ τ such that (G,L) ⊑ (P,L) ⊑ (P,L). Thus each subsets of (P,L)
are interior PFSSs of (P,L). Conversly, (P,L) is a neighbourhood of each of
its subsets so (P,L) is the neighbourhood of itself. By definition there exist
(O,L) ∈ τ with (P,L) ⊑ (O,L) ⊑ (P,L). Thus (P,L) = (O,L) and so (P,L)
is open.

Theorem 3.2 is a characterisation of PFSS open set using Definition 3.1. And
so this theorem helps to identify the PFSS opens sets. The following theorem
is a modification of Theorem 3.2 because it gives the relationship between the
interior of a PFSS (P,L) and interior PFSSs of (P,L) and also says when a
PFSS is open in terms of the interior of a PFSS.

Theorem 3.3. The union of all interior PFSSs of (P,L) gives the interior of
(P,L) and (P,L) is open if and only if (P,L) = (P,L)◦.

Proof. Let G = ⊔(G,L), where the union varies over all the interior PFSS of
(P,L). We will prove that G is the biggest open set embedded in (P,L). Since
(P,L) is a neighbourhood of each interior PFSS (G,L), (P,L) is a neighbourhood
of G . Hence there exist (O,L) ∈ τ with G ⊑ (O,L) ⊑ (P,L). But (O,L) also
an interior PFSS of (P,L) so (O,L) ⊑ G . Thus G is open and biggest open
set embedded in (P,L). Therefore G = (P,L)◦. For (P,L) is open, (P,L) ⊑
(P,L)◦. Because, (P,L) itself is interior PFSS of (P,L). Thus (P,L) = (P,L)◦.
The converse part is straight forward from the definition of (P,L)◦.

4. PFSS mappings and continuous mappings

This section includes the definition and properties of PFSS mapping and con-
tinuous mapping. From here on, the collection of all PFSS over ℧ under the
parameter set L is denoted as PFS(℧,L). The following is the definition of
PFSS mapping and some related features.

Definition 4.1. Let PFS(X,L1), PFS(Y,L2) be collection of all PFSSs over
(X,L1) and (Y,L2) correspondingly. Also, let J : X → Y and Ω : L1 → L2 be
two mappings. Then

(i) the PFSS mapping JΩ : PFS(X,L1) → PFS(Y,L2) is defined as, for
(P,L1) ∈ PFS(X,L1), JΩ[P,L1] = (J (P),Ω(L1)) and (J (P),Ω(L1)) ∈
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PFS(Y,L2) and it is given by

µJ (P)(β)(y) =


sup

α∈Ω−1(β)∩L1,
x∈J−1(y)

µP(α)(x), if J −1(y) ̸= ∅

0, otherwise,

and νJ (P)(β)(y) =


inf

α∈Ω−1(β)∩L1,
x∈J−1(y)

νP(α)(x), if J −1(y) ̸= ∅

1, otherwise,

, for each β ∈

L2 and y ∈ Y

(ii) the inverse image under JΩ, is defined as, for (G,L2) ∈ PFS(Y,L2),
J −1
Ω [G,L2]=(J −1(G),Ω−1(L2))∈PFS(X,L1) and is given by µJ−1(G)(α)(x)

= µG(Ω(α))J (x) and νJ−1(G)(α)(x) = νG(Ω(α))J (x)

(iii) JΩ is injective (surjective) mapping if J and Ω are injective (surjective)
mappings

(iv) JΩ is identity mapping if J and Ω are identity mappings

Remark 4.1. It can be easily obtained that JΩ[P,L1] and J −1
Ω [G,L2] are PF-

SSs. For J −1(y) ̸= ∅,

(
µJ (P)(β)(y)

)2
+

(
νJ (P)(β)(y)

)2
=

 sup
α∈Ω−1(β)∩L1,

x∈J−1(y)

µP(α)(x)


2

+

 inf
α∈Ω−1(β)∩L1,

x∈J−1(y)

νP(α)(x)


2

= sup
α∈Ω−1(β)∩L1,

x∈J−1(y)

µ2
P(α)(x) + inf

α∈Ω−1(β)∩L1,

x∈J−1(y)

ν2
P(α)(x)

≤ sup
α∈Ω−1(β)∩L1,

x∈J−1(y)

(1− ν2
P(α)(x)) + inf

α∈Ω−1(β)∩L1,

x∈J−1(y)

ν2
P(α)(x) ≤ 1.

For J −1(y) = ∅ we get,
(
µJ (P)(β)(y)

)2
+

(
νJ (P)(β)(y)

)2
= 1. This is true for

each β ∈ L2 and y ∈ Y implies that JΩ[P,L1] ∈ PFS(Y,L2). Similarly, it is
obtained that J −1

Ω [G,L2] ∈ PFS(X,L1).

Example 4.1. Let X = {x1, x2, x3} and Y = {y1, y2, y3} are universal sets and
A = {α1, α2, α3} and B = {β1, β2} are the parameter sets. J : X → Y is given
by J (x1) = y1, J (x2) = y2, J (x3) = y2 and Ω : L1 → L2 is given by Ω(α1) = β1,
Ω(α2) = β1, Ω(α3) = β2. Let (P, A) ∈ PFS(X,A) and (G, B) ∈ PFS(Y,B)
which are given by

(P, A) =

 P(α1) = {x1/(0.8, 0.1), x2/(0.6, 0.5), x3/(0.7, 0.1)}
P(α2) = {x1/(0.9, 0.0), x2/(0.2, 0.1), x3/(0.4, 0.4)}
P(α3) = {x1/(0.9, 0.0), x2/(0.2, 0.1), x3/(0.4, 0.4)}
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and

(G, B) =

(
G(β1) = {y1/(0.1, 0.4), y2/(0.6, 0.2), y3/(0.5, 0.6)}
G(β2) = {y1/(0.9, 0.2), y2/(0.2, 0.1), y3/(0.8, 0.3)}

)
.

Now, the image of (P, A) under JΩ : PFS(X,A) → PFS(Y,B) is given by,

JΩ[P, A] = (J (P),Ω(A)) =

(
J (P)(β1) = {y1/(0.9, 0.0), y2/(0.7, 0.1), y3/(0.0, 1.0)}
J (P)(β2) = {y1/(0.9, 0.0), y2/(0.4, 0.1), y3/(0.0, 1.0)}

)
.

The inverse image of (G, B) under the PFSS mapping JΩ : PFS(X,A) →
PFS(Y,B) is given by

J−1
Ω [G, B] = (J−1(G),Ω−1(L2)) =

 P(α1) = {x1/(0.1, 0.4), x2/(0.6, 0.2), x3/(0.6, 0.2)}
P(α2) = {x1/(0.1, 0.4), x2/(0.6, 0.2), x3/(0.6, 0.2)}
P(α3) = {x1/(0.9, 0.2), x2/(0.2, 0.1), x3/(0.2, 0.1)}

 .

The following two theorems give some properties of PFSS mappings.

Theorem 4.1. Let (P1, A1), (P2, A2) ∈ PFS(X,A) and J : X → Y and Ω :
A → B be two mappings. Then,

1. (P1, A1) ⊑ J −1
Ω [JΩ[P1, A1]], the equality holds when JΩ is injective

2. (P1, A1) ⊑ (P2, A2) =⇒ JΩ[P1, A1] ⊑ JΩ[P2, A2]

3. JΩ[(P1, A1) ⊔ (P2, A2)] = JΩ[P1, A1] ⊔ JΩ[P2, A2]

4. JΩ[(P1, A1) ⊓ (P2, A2)] ⊑ JΩ[P1, A1] ⊓ JΩ[P2, A2]

Proof. We only prove 3 & 4 remaining are trivial.
3. Let (P1, A1) ⊔ (P2, A2) = (I, A1 ∪A2). Then,

JΩ[P1, A1] ⊔ JΩ[P2, A2] = (J (P1),Ω(A1)) ⊔ (J (P2),Ω(A2))

= (J,Ω(A1) ∪ Ω(A2)).

Now, we will prove that J (I) = J for all y ∈ Y & β ∈ Ω(A1) ∪ Ω(A2).
Case 1. If J −1(y)=∅ then µJ (I)(β)(y)=µJ(β)(y)=0, νJ (I)(β)(y) = νJ(β)(y)=1.
Case 2. If β ∈ Ω(A1) − Ω(A2) then it is obtained that there does not exist
α ∈ A2 such that Ω(α) = β. i.e., Ω−1(β) ∩ (A1 ∪ A2) = Ω−1(β) ∩ (A1 − A2).
That implies

µJ (I)(β)(y) = sup
α∈Ω−1(β)∩(A1∪A2),

x∈J−1(y)

µI(α)(x)

= sup
α∈Ω−1(β)∩(A1−A2),

x∈J−1(y)

µI(α)(x)

= sup
α∈Ω−1(β)∩(A1−A2),

x∈J−1(y)

µP1(α)(x)

= µJ(β)(y).

Likewise it is able to show that νJ (I)(β)(y) = νJ(β)(y).
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Case 3. If β ∈ Ω(A2) − Ω(A1) then analogous to case 2, it is obtained that
µJ (I)(β)(y) = µJ(β)(y) and νJ (I)(β)(y) = νJ(β)(y).
Case 4. If β ∈ Ω(A1) ∩ Ω(A2) then

µJ (I)(β)(y) = sup
α∈Ω−1(β)∩(A1∪A2),

x∈J−1(y)

µI(α)(x)

= sup
α∈Ω−1(β)∩A1 ∪ Ω−1(β)∩A2,

x∈J−1(y)

µI(α)(x)

= sup
α∈Ω−1(β)∩A1−Ω−1(β)∩A2,

x∈J−1(y)

µP1(α)(x)

∨
sup

α∈Ω−1(β)∩A2−Ω−1(β)∩A1,
x∈J−1(y)

µP2(α)(x)

∨
sup

α∈Ω−1(β)∩A1∩Ω−1(β)∩A2,
x∈J−1(y)

max
{
µP1(α)(x), µP2(α)(x)

}

= max

 sup
α∈Ω−1(β)∩A1,
x∈J−1(y)

µP1(α)(x), sup
α∈Ω−1(β)∩A2,
x∈J−1(y)

µP2(α)(x)


= µJ(β)(y).

In similar way we can prove that νJ (I)(β)(y) = νJ(β)(y). Thus, from all the
four possible cases it can be concluded that J (I) = J for all y ∈ Y & β ∈
Ω(A1) ∪ Ω(A2).
4. Let (P1, A1) ⊓ (P2, A2) = (I, A1 ∩A2). Then,

JΩ[P1, A1] ⊓ JΩ[P2, A2] = (J (P1),Ω(A1)) ⊓ (J (P2),Ω(A2))

= (J,Ω(A1) ∩ Ω(A2)).

If J −1(y) = ∅ then µJ (I)(β)(y) = µJ(β)(y) = 0, νJ (I)(β)(y) = νJ(β)(y) = 1.
Otherwise,

µJ (I)(β)(y) = sup
α∈Ω−1(β)∩(A1∩A2),

x∈J−1(y)
µI(α)(x)

= sup
α∈Ω−1(β)∩(A1∩A2),

x∈J−1(y)

max
{
µP1(α)(x), µP2(α)(x)

}

≤ max

 sup
α∈Ω−1(β)∩A1,
x∈J−1(y)

µP1(α)(x), sup
α∈Ω−1(β)∩A2,
x∈J−1(y)

µP2(α)(x)


= µJ(β)(y).
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In the similar way we can prove that νJ (I)(β)(y) ≥ νJ(β)(y) for all y ∈ Y &
β ∈ Ω(A1)∩Ω(A2). Thus JΩ[(P1, A1)⊓ (P2, A2)] ⊑ JΩ[P1, A1]⊓JΩ[P2, A2]

The following examples show that the equality need not always hold for 1
and 4.

Example 4.2. This example shows that (P, A) not always equal to J −1
Ω [JΩ[P, A]].

From Example 4.1, we got

JΩ[P, A] =

(
J (P)(β1) = {y1/(0.9, 0.0), y2/(0.7, 0.1), y3/(0.0, 1.0)}
J (P)(β2) = {y1/(0.9, 0.0), y2/(0.4, 0.1), y3/(0.0, 1.0)}

)
.

Now,

J −1
Ω [JΩ[P, A]] =

 P(α1) = {x1/(0.9, 0.0), x2/(0.7, 0.1), x3/(0.7, 0.1)}
P(α2) = {x1/(0.9, 0.0), x2/(0.7, 0.1), x3/(0.7, 0.1)}
P(α3) = {x1/(0.9, 0.0), x2/(0.4, 0.1), x3/(0.4, 0.1)}

.

So, (P, A) ̸= J −1
Ω [JΩ[P, A]]. But (P, A) ⊑ J −1

Ω [JΩ[P, A]].

Example 4.3. From example 4.1, consider

(P1, A1) =

 P1(α1) = {x1/(0.8, 0.1), x2/(0.6, 0.5), x3/(0.7, 0.1)}
P1(α2) = {x1/(0.9, 0.0), x2/(0.2, 0.1), x3/(0.4, 0.4)}
P1(α3) = {x1/(0.9, 0.0), x2/(0.2, 0.1), x3/(0.4, 0.4)}

, and

(P2, A2) =

 P2(α1) = {x1/(0.9, 0.1), x2/(0.2, 0.5), x3/(0.6, 0.6)}
P2(α2) = {x1/(0.8, 0.1), x2/(0.2, 0.5), x3/(0.5, 0.4)}
P3(α3) = {x1/(0.9, 0.1), x2/(0.2, 0.2), x3/(0.4, 0.4)}

 . Then,

JΩ[P1, A1] =

(
J (P)(β1) = {y1/(0.9, 0.0), y2/(0.7, 0.1), y3/(0.0, 1.0)}
J (P)(β2) = {y1/(0.9, 0.0), y2/(0.4, 0.1), y3/(0.0, 1.0)}

)
, and

JΩ[P2, A2] =

(
J (P)(β1) = {y1/(0.9, 0.1), y2/(0.6, 0.3), y3/(0.0, 1.0)}
J (P)(β2) = {y1/(0.9, 0.1), y2/(0.4, 0.1), y3/(0.0, 1.0)}

)
.

JΩ[(P1, A1) ⊓ (P2, A2)] =

(
J (P)(β1) = {y1/(0.8, 0.1), y2/(0.6, 0.3), y3/(0.0, 1.0)}
J (P)(β2) = {y1/(0.9, 0.1), y2/(0.4, 0.2), y3/(0.0, 1.0)}

)
JΩ[P1, A1] ⊓ JΩ[P2, A2] =

(
J (P)(β1) = {y1/(0.9, 0.0), y2/(0.6, 0.3), y3/(0.0, 1.0)}
J (P)(β2) = {y1/(0.9, 0.1), y2/(0.4, 0.1), y3/(0.0, 1.0)}

)
Thus JΩ[(P1, A1) ⊓ (P2, A2)] ̸= JΩ[P1, A1] ⊓ JΩ[P2, A2].

Theorem 4.2. Let (G1, B1), (G2, B2) ∈ PFS(Y,B) and J : X → Y and Ω :
A → B be two mappings. Then

1. JΩ[J −1
Ω [G1, B1]] ⊑ (G1, B1), the equality holds when JΩ is surjective;

2. (G1, B1) ⊑ (G2, B2) =⇒ J −1
Ω [G1, B1] ⊑ J −1

Ω [G2, B2];

3. J −1
Ω [(G1, B1) ⊔ (G2, B2)] = J −1

Ω [G1, B1] ⊔ J −1
Ω [G2, B2];

4. J −1
Ω [(G1, B1) ⊓ (G2, B2)] = J −1

Ω [G1, B1] ⊓ J −1
Ω [G2, B2].

Proof. Proof is analogous to Theorem 4.1.

Since continuity is an inevitable concept in the study of topological space,
the next discussion is about the PFSS continuous mapping. Definition and two
characterisation theorems of continuous mapping are given.
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Definition 4.2. Let (X, τ1,L1) and (Y, τ2,L2) be two PFSS topological spaces.
A PFSS mapping JΩ : PFS(X,L1) → PFS(Y,L2) is said to be PFSS continu-
ous if for each subsets (P,L1) of (X,L1) and for any neighbourhood (V,L2) of
JΩ[P,L1] there exist a neighbourhood (℧,L1) of (P,L1) in a way JΩ[℧,L1] ⊑
(V,L2).

The following two theorems are characterizing the PFSS continuous map-
pings.

Theorem 4.3. Let (X, τ1,L1) and (Y, τ2,L2) be two PFSS topological spaces
and JΩ : PFS(X,L1) → PFS(Y,L2) PFSS continuous iff for each subsets
(P,L1) of (X,L1) and for any neighbourhood (V,L2) of JΩ[P,L1], J −1

Ω [V,L2]
is a neighbourhood of (P,L1).

Proof. Let JΩ is continuous. Consider a subset (P,L1) of (X,L1) and a neigh-
bourhood (V,L2) of JΩ[P,L1]. By Definition 4.2 we have (℧,L1) ⊑ J −1

Ω [V,L2],
where (℧,L1) is neighbourhood of (P,L1). That is, (P,L1) ⊑ (℧,L1) ⊑
J −1
Ω [V,L2]. Since (℧,L1) is neighbourhood of (P,L1), by Definition 3.1,

J −1
Ω [V,L2] is a neighbourhood of (P,L1).
Conversely, let (P,L1) be subset of (X,L1) and (V,L2) be neighbourhood of

JΩ[P,L1]. Then by assumption J −1
Ω [V,L2] is a neighbourhood of (P,L1). From

Definition 3.1, there exist (O,L1) ∈ τ1 such that (P,L1) ⊑ (O,L1) ⊑ J −1
Ω [V,L2].

That implies JΩ[O,L1] ⊑ (V,L2) and hence JΩ is continuous.

Theorem 4.4. Let (X, τ1,L1) and (Y, τ2,L2) be two PFSS topological spaces
and JΩ : PFS(X,L1) → PFS(Y,L2) PFSS continuous iff every open subset
(V,L2) of (Y,L2), J −1

Ω [V,L2] is open subset of (X,L1).

Proof. Assume JΩ is continuous. Consider an open subset (V,L2) of (Y,L2)
and let (P,L1) ⊑ J −1

Ω [V,L2]. i.e., JΩ[P,L1] ⊑ (V,L2). Since (V,L2) is open
and from Theorem 3.2, there is a neighbourhood (N,L2) such that JΩ[P,L1] ⊑
(N,L2) ⊑ (V,L2). We have JΩ is continuous so by Theorem 4.3, J −1

Ω [N,L2]
is a neighbourhood of (P,L1) and contained in J −1

Ω [V,L2]. Since (P,L1) is
arbitrary subset of J −1

Ω [V,L2], by Theorem 3.2, J −1
Ω [V,L2] is open subset of

(X,L1).
On the other hand, let JΩ be a PFSS mapping from (X, τ1,L1) to (Y, τ2,L2).

Also let (P,L1) be subset of (X,L1) and (V,L2) be a neighbourhood JΩ[P,L1].
Then by Definition 3.1 we obtain an open set (O,L2) so that JΩ[P,L1] ⊑
(O,L2) ⊑ (V,L2). By assumption J −1

Ω [O,L2] is open subset of (X,L1). Thus
we get (P,L1) ⊑ J −1

Ω [O,L2] ⊑ J −1
Ω [V,L2]. i.e., J −1

Ω [V,L2] is a neighbourhood
of (P,L1). Hence Theorem 4.3 implies that JΩ is continuous.

5. Conclusion

A study on the PFSS topological structure is carried out in this paper. We
introduced a definition for PFSS continuous mappings which generalizes the ex-
isting definition for IFSS continuous mappings. Finally, we obtained a couple
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of characterization theorems for PFSS continuity. Subject to its real-life appli-
cations, PFSS is one of the developing areas and thus our future work will be
analyzing the further topological properties of PFSS and studying the algebraic
structures associated with a PFSS.
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[21] Olgun, Murat, Mehmet Ünver, Şeyhmus Yardımcı, Pythagorean fuzzy topo-
logical spaces, Complex & Intelligent Systems, 5 (2019), 177-183.

[22] Ismail Osmanoglu, Tokat Deniz, On intuitionistic fuzzy soft topology, Gen-
eral Mathematics Notes, 19 (2013), 59-70.
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