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On time delay velocity feedback control of the composite
cantilever beam model subjected to multi-excitation forces
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Abstract. The vibration rate of a structural dynamic design modelling a nonlinear
composite cantilever beam at simultaneous sub-harmonic and internal resonance excita-
tion is suppressed using delayed velocity feedback control (DVFC) in this article. This
system of second order differential equations with nonlinearity due to quadratic and cu-
bic terms, excited by parametric and external excitations, is presented. The procedure
of multiple time scales perturbation is used to achieve an estimated solution for this
scheme. At this approximation order, all potential resonance cases are extracted and
numerically investigated. Both frequency response formulas and phase-plane trajecto-
ries are used to assess the system’s stability during the worst resonance. The outcomes
of various parameters on the device and controller are numerically investigated. The
simulation results are achieved using Matlab and Maple programs. The time-dependent
displacements are provided, and excellent consensus is reached as compared to results
produced utilizing the Rung-Kutta procedure.
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1. Introduction

In recent times, composite beams have seen a lot of progress in mechanical
science and aerospace. Conscious or smart systems are generated when ac-
tive devices such as actuators and sensors are incorporated into the composite
together with an appropriate control algorithm. They are used to optimize op-
erating parameters or lower structure disruption and vibration. The coupled
nonlinear vibration of several mechanical vibration systems can be simplified to
nonlinear second order differential equations that can be solved analytically and
numerically. The effect of modal correlations on the nonlinear behavior of har-
monically disturbed structural and dynamical models was studied theoretically
and experimentally by A. H. Nayfeh and B. Balachandran [1] and A. H. Nayfeh
et al. [2]. They made discussions about rings, shells, pendulums, arches, ships,
beam systems, and surface waves, as well as the parallels in their qualitative
behavior. Quadratic nonlinear effects distinguish the structures, which can lead
to 2:1 internal and combined parametric resonances. This resonances induce
nonlinear periodic, quasi-periodic, and disorderly motions due to a coupling be-
tween the modes involved in the resonance. Highly low excitation levels were
discovered to generate erratic motions under certain conditions.

An experimental analysis of the nonlinear behavior of an internally-resonant
composite structural system to primary resonant excitation was presented by
B. Balachandran and A. H. Nayfeh [3]. Nonlinear periodic, regularly modu-
lated, and chaotically modulated responses arise from interaction between both
the structure’s directly and explicitly excited vibrational modes. Because of
the relationship among flexural and tensional vibrational modes, too many of
the described nonlinear responses are nonplanar. Weakly nonlinear analysis can
be conducted to model the qualitative and quantitative reaction of an internal
and external resonant structural configuration subjected to constrained primary
resonant oscillations, as shown by B. Balachandran and A. H. Nayfeh [4]. The
research can also be employed to forecast the Hopf bifurcation, defining the con-
trol component values at which regularly and chaotically modulated motions are
most likely to appear. The effectiveness of a velocity feedback dependent non-
linear resonant controller to monitor the free and imposed self-excited vibration
of a nonlinear beam was introduced by Joy Mondal and S. Chatterjee [5]. The
nonlinear function of the derivative of the filter vector, which is transmitted via
a second-order filter with the velocity stimulus from the sensor, is considered
to evaluate the control power. Liang Li et al. [6] established a novel hier-
archical methodology for turbulence analyses of rotating flexible beams with
enhanced active restricted layer damping (EACLD) processing that is partly
shielded for vibration surveys. Via simulating the EACLD patch’s edge por-
tion as an analogous spring with attached tip force the mass influence of the
two inserted edge elements is utilized. The distinct rigid-flexible associated dy-
namic equations of hub-beam schemes with EACLD processing in open-loop and
closed-loop circumstances was obtained through the asserted mode strategy and
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Lagrange’s equations. The beam is non-uniform and buckled at its left side to
its disk’s nucleus, where torque management operates, according to Boumediène
and Smaoui [7], whereas a memory barrier control is located at the right end.
The normal torque control is presented first, accompanied by the boundary con-
trol that is constructed using a particular form of memory phenomena as well as
the dynamic characteristics of the input. Centered on a robust rotating beam
vibration principle, an image recognition technique, and the lifting technique of
data processing, L.F. Lyu and W.D. Zhu [8] introduced a new operational modal
analysis (OMA) approach for a rotating structure. They created a tracking con-
tinually scanning laser Doppler vibrometer (TCSLDV) technique for controlling,
scanning a rotating structure. Image processing was applied to specify the ro-
tating structure’s real-time situation allowing the TCSLDV device to detect a
time-varying scanning path on the rotating structure.

To control the vibration of essentially assisted flexible plates, Sadek et al.
[9] utilized piezoelectric-patch-actuators as active control. To measure actua-
tor’s voltage, an optimum control rule was inferred using the maximum principle
theory. For directing polymer actuator displacement control, Wang et al. [10]
adopted a reverse feed-forward controller system. The direct integration scheme
[11] is used to analyze broad deformation study for a cantilever beam with a
variable bending stiffness under both static and dynamic loads. Chentouf [12]
investigated a model consisting of a nonhomogeneous flexible beam fastened
to a rigid disc at its left end and free at its right end, where another rigid
body is connected. They dealt with a variety of physical circumstances and
devised feedback management rules to match. Kapuria and Yasin [13] investi-
gated piezoelectric fiber-reinforced composite structures for successful vibration
repression of metal laminated surfaces. Warminski et al. [14] investigated the
experimental and theoretical motions of an autoparametric structure made up
of two rectangular-sectioned beams. For irregular and harmonic oscillations,
the experimental analysis of the system, configured at 1:4 internal resonance, is
accomplished. Batista [15] derived the solution of large deflections of a beam
within three-point bending in terms of Jacobi elliptical functions. Li et al. [16]
and Peng et al. [17] implemented the effect of shear deformation and frictional
end supports in the broad deformation of Timoshenko beam study. Huang et al.
[18] recently used FIM to analyze static broad deformation under a dead focused
vertical or horizontal force with exceptionally high precision. FIM is applied to
the static/dynamic large deformation of a beam exposed to various types of
loads using the Trapezoidal law and the integration matrix. Using the elliptic-
function and the shooting process, Nguyen and Buntara [19] investigated broad
deflections for uniform/non-uniform cantilever beams submitted to a moment
at the top.

Zhang et al. [20] discussed the chaotic dynamics of a six-dimensional non-
linear structure that describes the averaged equation of a composite laminated
piezoelectric rectangular plate subjected to transverse compression. The case
of 1:2:4 internal resonances is considered, as well as in-plane excitations and
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excitation filled by piezoelectric layers. Zhang and Li [21] investigated the res-
onant turbulent movements of a strictly assisted rectangular narrow plate with
parametrically and externally excitations including exponential dichotomies and
an averaging method. Sayed and Kamel [22, 23] reviewed the influence of vari-
ous regulators on the vibrating mechanism, as well as the saturation control of
a linear absorber, in order to minimize vibrations caused by rotor blade flap-
ping motions. Both phase plane approaches and frequency response equations
are used to analyze the numerical solution’s stability. Kamel et al. [24] ana-
lyzed a configuration that was subjected to multiple excitation forces from the
outside. The model is a two-degree-of-freedom device with a main system (ma-
chine head) and an absorber that simulates ultrasonic machining (USM). The
perturbation method is used to extract the solution up to the second order ap-
proximation. Both phase-plane and frequency response functions are used to
scrutinize the system’s stability numerically. To minimize the vibrations of a
hybrid Rayleigh–van der Pol–Duffing oscillator, the delayed velocity feedback
control (DVFC) is used by Amer et al. [25]. This system is a one-degree-of
freedom containing the cubic and fifth nonlinear terms and an external force.
F. O. Darwesh et al. [26] investigated the effect of negative velocity feedback
controller on a magnetic levitation system under External and parametric forces.
They concluded that the control of linear velocity feedback is better to reduce
the resulting vibration than the cubic one. Amer et al. [27] analyzed the vibra-
tion properties of a motor rotor and the effect of electro - mechanical couplers
with multi-excitation forces and speed controller. They found that the velocity
feedback controller is more effective for this system under the effect of external
and parametric excitation forces in case of the worst resonance case. The dy-
namics of the dissipative system with a cubic nonlinear time-delayed of the type
of the damping Duffing equation were investigated by Yusry O. El-Dib [28], they
showed numerically that the time delay play dual roles in the stability behavior.

The aim of this research is to compare the effectiveness of delayed velocity
feedback control (DVFC) strategies for significant vibrations of flexible compos-
ite beam structures to other previous studies that used different types of control
systems. Approximate and numerical models are used to produce the results.
The method of multiple scales perturbation technique is applied throughout
to determine the approximation solution, whereas, the Rung-Kutta procedure
of fourth order is applied for obtaining the numerical solution. The stability
of the system is investigated applying both frequency response equations and
phase-plane method. Also, the frequency and force-response curves are deter-
mined. The effects of all different parameters on system behavior are studied
numerically. Comparisons between the numerical and analytical simulations are
investigated.
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Figure 1: Semi-direct Shearer Drive Cutting Transmission Mechanism

2. System model and mathematical analysis

Consider the composite flexible beam in figure 1 given in [29] with a rectan-
gular cross-section, the beam is assumed to be capable of significant flexural
oscillations. The Hamilton’s theory of last operation is used to derive the equa-
tion of motion for the current beam model. The same procedure, but for more
complicated beam system, is shown in Warminske et al. [30]. The model is con-
sidered as the Euler- Bernoulli beam with added nonlinear curvature component
ρν = ν ′′[1 + 1

2 (ν
′)2].

The dimensionless equation of motion takes form:

(1) ν + ν IV (1 + ν ′
2
) + 4ν ′′′ν ′′ν ′

3
= λν ′′,

where λ = −1

2

∫ s
1

∫ s
0 ν ′2 ds ds. is the Lagrange multiplier.

The horizontal and vertical displacements of the first vibration mode are
taken into consideration in further investigations using Galerkin’s approach [31]
on system (1). The linear cantilever beam is supposed to be near to the function
of the mode shape [29]. In the Galerkin’s orthogonalization technique, the mode
of the corresponding linear system is utilized As a result, we have a nonlinear
ordinary differential equation for the first bending mode (based on a linear mode
shape in the orthogonalization procedure):

(2) Ẍ + 2µ ω Ẋ + ω 2X + β X3 − δ(X Ẋ2 + X2Ẍ) = 0,

where X is the generalized coordinate that corresponds to the displacement of
the beam’s tip, are the damping, cubic nonlinear term coefficients. The analysis
is performed for an epoxy, carbon fiber reinforced beam with physical parameters
[29]: ρ = 2100 kg

m3 , b = 12.8mm, h = 1mm, l = 236mm, M = 5 ∗ 10−4kg,
and the dimensionless coefficients ω2 = 9.382, β = 14.4108, δ = 0.930024, µ =
0.01. The oscillations of the nonlinear composite beam model are described by
adapted nonlinear differential equations (with various types of controllers) in
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[32, 33, 34, 35]. In this paper, the system with delayed velocity feedback control
(DVFC) is given by:

p̈+ 2ε µ̂ ω ṗ+ ω 2pε α̂p3 − ε δ̂( p ṗ2 + p2p̈)

= ε( f̂1 cos(Ω1t) + p f̂2 cos(Ω2t)− Ĝ ṗ( t− τ)),(3)

where µ̂ = µ
ε , α̂ = α

ε , δ̂ = δ
ε , f̂1 =

f1
ε , f̂2 =

f2
ε , Ĝ = G

ε , p represent the composite
beam system displacement, µ is the viscous damping coefficient, ω is the natural
frequency accompanied by the composite beam, fn,Ωn, n = 1, 2 are the excita-
tion forces and the excitation frequencies, and α, δ are the main system nonlinear
stiffness coefficient which may be due to material of the beam nonhomogeneity.

2.1 Perturbation analysis

The second order approximation is given by applying the Multiple Time Scales
(MTSM) procedure [36] so p(t) in power series form will be:

(4) p(To, T1, ε) = po(To, T1) + ε p1(To, T1) + O(ε2),

where the time derivative takes the values:

(5)
d

dt
= D0 + εD1 +O(ε2),

d2

dt2
= D2

o + 2εD0D1 +O(ε2)

and Tn = εnt, Dn = ∂
∂Tn

, n = 0, 1.
Switching equations (4), (5) into (3) and equating same power of ε coeffi-

cients to take out:

(6)
O(ε0) :

(D2
o + ω2) p0 = 0,

(7)

O(ε) :

(D2
o + ω2) p1 = −2DoD1 po − 2m̂uωDo po + f̂1 cos(Ω1 t)

+ f̂2 po cos(Ω2 t)− α̂ p3o + δ̂ p0[(Do po)
2 + po(D

2
o po)]− GDo p oτ .

And the homogeneous solution of (6)is given by:

(8) p0 = A(T1) e
iω T0 + cc,

where cc represents the complex conjugate of the preceding term, and A is
complex function in T1.

Let:

p(t− τ) = poτ (To, T1) + ε p1τ (To, T1) + O(ε2)

= po( t− τ, ε( t− τ)) + ε p1( t− τ, ε( t− τ)) + O(ε2),(9)
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where

po( t− τ, ε( t− τ)) = poτ ( t, ε t) = poτ (To, εT1),

p1( t− τ, ε( t− τ)) = p1τ ( t, ε t) = p1τ (To, εT1).(10)

using equation (8), yields:

(11)

poτ ( t, ε t) = po( t− τ, ε( t− τ))

= A(ε( t− τ)) e iω( t−τ) + Ā(ε( t− τ)) e−iω( t−τ)

= A(T1 − ετ)e iω( t−τ) + Ā(T1 − ετ) e−iω( t−τ).

now expanding A(T1)− ετ) using Taylor series:

(12) A(T1 − ετ) = A(T1)− ετ Ȧ(T1) + · · · ≃ A(T1) + O(ε2).

Substituting (12) into ?? and using only the first term approximation so:

(13) poτ (To, T1) = A(T1)e
iω(To−τ) + Ā(T1)e

−iω(To−τ).

Introducing (8), and (13) into 7, yields:

(D2
o + ω2)p1 = −2(iωD1Ae

iωTo − iωD1Āe
−iωTo)

− 2ωµ̂(iωAeiωTo − iωĀe−iωTo)− α̂((AeiωTo − Āe−iωTo)3)

+ δ̂(AeiωTo − Āe−iωTo)((iωAeiωTo − iωĀe−iωTo)2)(14)

− (ω2)δ̂((AeiωTo − Āe−iωTo)2) +
f̂1
2
(eiΩ1To − e−iΩ1To)

+
f̂2
2
(AeiωTo − Āe−iωTo)(eiΩ2To − e−iΩ2To)

−G(iωAeiω(To−τ) − iωĀe−iω(To−τ)).

We study now the system’s severe operating approaches due to the resonance
case, the worst case is the combined primary and subharmonic case i.e.:

(15) Ω1 = ω + ε σ1,Ω2 = 2ω + ε σ2,

where σi, i = 1, 2 are called the detuning parameters. Inserting (15) into (14)
and eliminating coefficients of all secular terms, yields:

(16) −2iωD1A− 2iµ̂ω2A− 3α̂A2Ā+
f̂1
2
eiσ1T1 +

f̂2Ā

2
eiσ2T1 −GiωAeiωτ = 0.

Converting A into the polar form:

(17) A =
a

2
eiγ , D1A =

eiγ

2
[ ȧ+ i a γ̇],
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where a and γ are the system amplitude and phase, respectively.

Introducing (17) into (16) and comparing the real and imaginary parts in the
resulting equation, then we get:

ȧ = −µω a +
f̂1 sin(θ1)

2ω
+

f̂2 sin(θ2)

4ω
− Ga cos(ωτ)

2
,(18)

a θ̇1 = σ1 a− 3 α̂ a3

8ω
− ωδ̂ a3

4
+

f̂1 cos(θ1)

2ω
+

f̂2 a cos(θ2)

4ω
− Ga sin(ωτ)

2
,(19)

where

(20) θ1 = σ1T1 − γ, θ2 = σ2T1 − 2 γ.

2.2 Steady state solution

The amplitude and phase steady state solution is obtained by substituting ȧ =
θ̇1 = 0 into Eqs. (18), and (19), then we obtain:

f̂1 sin(θ1)

2ω
+

f̂2 a sin(θ2)

4ω
= m̂uω a +

Ga sin(ωτ)

2
,(21)

f̂1 cos(θ1)

2ω
+

f̂2 a cos(θ2)

4ω
=

3α̂ a3

8ω
+

ωδ̂ a3

4
+

Ga sin(ωτ)

2
− σ1 a .(22)

Squaring and adding equations (21) and (22) to have the frequency response
equation in the form:

(23) Γ1 a
6 + Γ2 a

5 + Γ3 a
4 + Γ4 a

3 + Γ5 a
2 + Γ6 a + Γ7 = 0,

where:

Γ1 = (
3 α̂

8ω
+

ωδ̂

4
)2,Γ2 = 0,Γ3 = (

G sin(ωτ)

2
− σ1)(

3 α̂

4ω
+

ωδ̂

2
),

Γ4 = 0,Γ5 = (µ̂ω +
G sin(ωτ)

2
)2 + (

G sin(ωτ)

2
− σ1)

2 − f̂2
2

16ω2
,(24)

Γ6 = − f̂1f̂2
4ω2

,Γ7 = − f̂1
2

4ω2
, σ2 = 2σ1.

2.3 Stability analysis

Linearizing equations (18), and (19) according to the Lyapunov first (indirect)
form [37, 38, 39] to address the stability behavior of these solutions, to give the
following system:

(25)

[
ȧ

θ̇1

]
= J

[
a
θ1

]
=

[
υ11 υ12
υ21 υ22

] [
a
θ1

]
,
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where

υ11 =
∂ȧ

∂a
= − µ̂ω +

f̂2 sin( 2 θ1)

4ω
− G sin(ωτ)

2
,

υ12 =
∂ȧ

∂θ1
=

f̂1 cos(θ1)

2ω
+

f̂2 a cos( 2 θ1)

2ω
,(26)

υ21 =
∂θ̇1
∂ a

=
σ1
a

− 9α̂ a

8ω
− 3ωδ̂ a

4
+

f̂2 cos( 2 θ1)

4ω a
− G sin(ωτ)

2ω
,

υ22 =
∂θ̇1

∂θ̇1
= − f̂1 sin(θ1)

2ω a
− f̂2 sin( 2 θ1)

2ω
.

The stability of the steady-state solution therefore, depends on the Jacobian
matrix’s eigenvalues that can be obtained by solving the following characteristic
equation:

(27)

∣∣∣∣ υ11 − λ υ12
υ21 υ22 − λ

∣∣∣∣ = 0,

or

(28) λ2 − tr( J)λ+
∣∣ J

∣∣ = 0,

where λ denotes the Jacobian matrix
∣∣ J

∣∣ eigenvalues, As shown by the Routh-
Huriwitz criterion [40] the solution of the state is asymptotically stable if and
only if

(29) tr( J) > 0,
∣∣ J

∣∣ > 0.

Routh-Huriwitz conditions (29) are established numerically with the help of
MATLAB software for estimating the stable and the unstable regions in the
frequency response curves.

3. Results and discussion

In this section, the behavior of the system’s amplitude and phase in resonance
and non-resonance situations are demonstrated. The Rung-Kutta procedure of
order four is utilized to evaluate the numerical solution of the given scheme,
supposing the following parameters: µ = 0.001, f1 = 0.01, f2 = 0.05, δ =
0.0001, α = 0.002, ω = 4.

The time response is seen in Figure 1 (a) magnitudes at non-resonant sit-
uation and without control (Γ = 0), where Figure 2 (b) represents the system
phase plane, the periodic solution is shown with asymptotically stable situation.
Figure 3 (a) shows the time response for the system without applying control
with resonance instance, Ω1 = ω+ε σ1, Ω2 = 2ω+εσ2, furthermore, a Poincaré
maps obtained in Figure 3 (b) for uncontrolled system at the same parame-
ters. We observe that trajectory approaches a center of the graph in a very long
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Figure 2: Time response in the normal operation (without resonance) and with-
out applying control. (b) System phase plane.

Figure 3: (a) Time response in the resonance case Ω1 = ω, Ω2 = 2ω and without
applying control (G = 0). (b) Poincaré mapping without control
(G = 0).

time (stable center). The influence of applying delayed velocity feedback control
(DVFC) on the system is clarified in Figure 4 (a),G = 1.5, τ = 0.274, while Fig-
ure 4 (b) shows Poincaré maps obtained for the controlled model and trajectory
approaches a center of the graph in a very short time compared to uncontrolled
model. Figure 5 shows a comparison between the (DVFC) and active control
introduced in [32]. From this figure, we conclude that the (DVFC) is more ef-
fective than the previous work in [32] and also more effective than the delayed
control in the displacement. The effective of (DVFC) is about 99.93�where the
active control introduced in [32] it is about 96.71 �. Another one important
advantage of using (DVFC) is that the system reaches the steady state more
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Figure 4: (a) Time response in the resonance case and with applying
DVFC,(G = 1.5) (blue curve) and without applying control (G = 0)
(red curve). (b) Poincaré mapping with control (G = 1.5, τ = 0.274).

Figure 5: Comparison between (DVFC) and active control given in [32], G =
1.5, for both case.

rapidly than the case of active control introduced in M. Sayed et al. [32]. In
Figure 6, for controlled processes with G = 1.5, τ = 0.274, and near resonance
case Ω1 = ω + ε σ1, Ω2 = 2ω + ε σ2, the response curve is shown for different
values of the external force f1 = 0.01, 0.05, 0.1 . This curves show that, system
peaks is proportional to f1, and inversely proportional to the damping coeffi-
cient µ as shown in Figure 7 for. Figure 8 illustrate the frequency response by
applying different values for the controller gain G, the figure clarify the inverse
relation between the amplitude and the gain . Modifying the original natural
frequency ω of the system modes changes the amplitudes in the response curves
inversely, as clarified in Figures 9 at the values ω = 0.5, 1, 2. Both solution
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Figure 6: Effect of external excitation f1, f1 = 0.01, 0.05, 0.1, G = 1.5, τ =
0.274).

Figure 7: Effect of damping coefficient µ, µ = 0.01, 0.1, 0.2, G = 1.5, τ = 0.274).

induced by (MTSM) and numerical solution using Rung-Kutta Method (RKM)
of fourth order are matched in Figures 10-13 for time history and frequency
response curves for the system. Figure 10, show good agreement between the
approximate solution (blue curve) and the numerical outcome (green curve) of
the resonance case without applying control scheme, while time response with
applying (DVFC) is shown in Figures 11 by applying both RKM and MTSM at
G = 1.5 . Good results for the frequency response between the numerical and
approximate method for frequency response at G = 1.5, G = 0 are shown in
Figures 12, and 13 respectively. The change of amplitude range with varying of
the delay time τ is shown in Figure 14, we observe that the optimum range for
the time delay on the velocity feedback controller is 0 ≤ τ < 0.347 . Parameters
effect on the system amplitude are illustrated on Figures 15, 16, the system
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Figure 8: Effect of controller gain G, G = 0.5, 1, 1.5, τ = 0.274).

Figure 9: Effect of natural frequency ω, ω = 0.5, 1, 2, G = 1.5, τ = 0.274).

mounts is decreased with the increase of the damping coefficient µ, we observed
that from Figure 15, the optimum damping coefficient is µ > 0.1, the system will
has minimum amplitude and will be asymptotically stable with larger values of
µ, but we cannot find a material with suitable value of damping coefficient or
it can be found with highly costs, so we use a suitable material for the system
and adding controller like (DVFC) for saving the system from damaging during
resonance states and save system stability. A suitable value for controller gain
G > 0.5 is illustrated in Figure 16.
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Figure 10: Comparison between numerical results (green curve) and approxi-
mate solution (blue curve),G = 0 .

Figure 11: Comparison between numerical results (red curve) and approximate
solution (green curve),G = 1.5, τ = 0.274).

4. Conclusion

A dynamical representation of structural model architecture exhibiting a nonlin-
ear composite cantilever beam with multi-excitation forces was investigated and
solved in this analysis using multiple time scales methodology. The tragic res-
onance events were treated using the delayed velocity feedback control DVFC.
The effective range for the delay time on the velocity feedback controller have
been given by 0 ≤ τ < 0.34 . The worse situation of resonance is the simul-
taneous case (Ω1 = ω, Ω2 = 2ω). The amplitude of the composite beam was
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Figure 12: Comparison between numerical results and approximate solution
with resonance, G = 1.5, τ = 0.274).

Figure 13: Comparison between numerical results (green curve) and approxi-
mate stable solution (solid black curve), with resonance, G = 0 .

increased to about 1203 times of the excitation forces amplitude at resonance
instance. The impact of DVFC was explained and debated. The control effect
was found to be 99.93 �according to the DVFC result, and 96.71 �due to the
effect of the active control applied in the previous work for M. Sayed et al.
[32], implying that the DVFC was more efficient for this device in the resonance
situation. An appropriate stability analysis was also performed and adequate
feedback gains are detected in order to significantly reduce the amplitude peak
and increase the stability region. Furthermore, numerical formulations achieved
through using fourth-order Rung-Kutta technique were compared to approxi-
mate solutions derived via the multiple scales method. Both approximately and
numerical techniques, the comparison provided strong consensus. Finally, the
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Figure 14: Effect of the time delay on the amplitude.

Figure 15: Effect of the damping coefficient on the amplitude.

Figure 16: Effect of the controller gain on the amplitude.

influence of parameters on the scheme amplitude and the implications for the
system’s stability requirements were planned.
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