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Abstract. In the present paper we have studied the Finslerian hypersurfaces of a
Finsler space with the special («, ) metric. We have examined the hypersurfaces of
this special metric as a hyperplane of first, second and third kinds. Further, we the
condition under which this hypersurface will be C2-like Finsler space also obtained the
value of Main Scalar I in two-Dimensional frame of Finsler Space.
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1. Introduction

In 1992 Matsumoto [5] summarised all the result of a Finsler space based on
a Finsler metric L(«, ) in a differentiable manifold M™ by considering L is
a positively homogeneous function of degree one in two variable o which was
a Riemannian metric and § one-form metric on M™. Further in 1998 he [7]
introduced a special (a, 8)- metric which was known as Douglas metric and
studied the conditions for some special Finsler spaces. Since the Douglas space
is the generalization of Berwald space form the viewpoint of geodesic equation,
so this metric is very important in the development of the Finsler geometry.
Further in 2004 Lee and Park [1] introduced a r-th series (o, 3)-metric and by
considering r = oo he defined the above metric as infinite series metric.

The concept of Finslerian hypersurface was first introduced by Matsumoto
in 1985 and further he defined three types of hypersurfaces that were called a
hyperplane of the first, second and third kinds. Further many authors studied
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these hyperplanes in different changes of the Finsler metric [2, 3, 8, 9, 10, 11, 12]
and obtained different important results.

In the present paper we combine the metric Douglas metric and Infinite series
metric in a special manner and introdue a generalized metric and examined the
hypersurfaces of this metric as a hyperplane of first, second and third kinds.
Further we obtained the condition under which this hypersurface will be C2-like
Finsler space and the value of Main Scalar I in two-Dimensional frame of Finsler
Space.

2. Preliminaries

In 1998 Matsumoto introdued the concept of Douglas type metric which was
defined as

,82

1 L=a+™

(1) at—,

where a? = a;;(x)y'y’ is a Riemannian metric and 8 = b;(z)y" one-form metric.
In 2004 Lee and Park [1] introduced a r-th series (v, 3)-metric

2) L(a,B) = Bg) (g)k

where they assume o < . If we consider the above infinite series metric in the
case of 8 < a and r = oo then the above metric becomes

52

a—p
and the metric given by (3) named as special infinite series («, 3)-metric.

In the present paper we combine the metric (1) and (3) in a special manner
and introdue a new combination of metric in following way

2 ,32

4 Lia,8) = A1(a+—)+ A
(4) (@.8) = Arla+ )+ Aol
where A7 and As are any constant. If A1 = 0 then the above metric becomes
special infinite series metric also if A3 = 0 the above metric becomes Doglas

type.
Now, differentiating equation (4) partially w.r.t o and [ are given by

3) L(a, ) =

);

2 2 a2
La:Al(l_i)*‘Aﬂ—(a?B)g)» Lﬁ:Al(ZB)—I—AQ(M),
252 2[32 2 202
Laa Al(ﬁ) + A2(m), Lgg = Al(a) + Aﬂﬁ)
-2 —-92
Lo = Ax() + Ao ),
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oL
where L, = %, Lg= %, Loo = 8;701’ Lgp = Tﬁﬂ’ Lap = aaLﬁa'

In the Finsler space F" = {M", L(«a, 8)} the normalized element of support
l; = 0;L and angular metric tensor h;; are given by [5]:

li = a 'L,Yi + Lgb;,
hij = paij + qobibj + q-1(b;Y; + b;Yi) 4+ ¢-2YiYj,

where Y; = aijyj.
For the fundamental function (4) above constants are

p= o™t = S aun G P
g1 =LLyga ' = —A3 (2° Zfﬁz)ﬁ _ A2 (a2_5:;)4
5) - AAy (208 + iﬁfﬁfﬁ —dag?
4r = Lo (Lo — Loa) = 47207 2?’3 =a +A§M

(2a4 —Tap3 4+ 20368 + 354)52
ad(a—p)3

Fundamental metric tensor g;; = %&-@LQ and its reciprocal tensor g% for L =
L(a, ) are given by [4, 5]

— A1 Ay

(6) 9ij = paij + pobib; + p_1(b;Y; + b;Y;) + p_2Y;Y,
where
(7) po=aq+L3 p1=q1+L 'pLy, p_y=q2+p°’L7"

The reciprocal tensor g% of gij is given by
(8) g7 =ptal — spb't) — s_1 (b + Vyt) — s_oy'y’

where b* = aijbj and b? = aijbibj

1 2\ 2
so = Tp{Ppo + (pop—2 — pZ1)a’},

1 2
S_1 *Tp{pp—l + (pop—2 — p=1)B},
1 2 \2
(9) S_o9 = pr{pp_2 + (pop—2 — p21)b%},

7= p(p + pob® + p_18) + (pop—2 — p21)(a®b* — B?).
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The hv-torsion tensor Cjji, = %5kgij is given by [9]

(10) 2pCijk = p—1(hiymy + hjpm; + hyimj) + yimymjmy,
where

. dpo _ -2
(11) "= pﬁ — 3p-19o, m; = b; —a” “BY;.

Here m; is a non-vanishing covariant vector orthogonal to the element of support
i

Y
Let {3k} be the component of christoffel symbols of the associated Rieman-

nian space R" and v7;, be the covariant derivative with respect to z* relative to
this christoffel symbol. Now we define,

(12) QEU = bij + bji7 QE] = bi]’ — bjia

where bz‘j = iji~
Let CT = (I'};, I, 1) be the cartan connection of F™. The difference
tensor D;k = Fﬂ; — ;k} of the special Finsler space F" is given by

;k = BiEjk + FZ,BJ' + F‘;Bk + B;b()k + B]iboj — bOmgimBjk
(13) — C AT = Ch, AT + Ciem AT'g"™ + X°(CF,,C

jm~'sk
7 m m i
+ CkmCsj - Cjk ms)?

where
By = poby +p-1Yy, B'=g¢"B;, FF=g"Fy,
{p-1(aij — a72YiY)) + Pomim;} :
Bjj = 2 : , B =g¢"Bji,
(14) W= Bj'"Eoy + B"Eyo + BiFy" + BoF}",

A" = B™Ey + 2BoFy', By= Biyia

where 0 denote contraction with 3 except for the quantities pg, gy and sq.

3. Induced Cartan connection

Let F"~! be a hypersurface of F™ given by the equation 2’ = 2*(u®) (where
a=1,2,3...(n —1)). The element of support 3° of F™ is to be taken tangential
to F"~L, that is [6],

(15) y' = By (u)”
the metric tensor g,g and hv-tensor Cyg, of F "—1 are given by

9op = 9iiBaBY,  Cagy = Cij BL B} BY
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and at each point (u®) of F™"~1, a unit normal vector N’(u,v) is defined by
gij{l'(u, U)a y(ua ’U)}B(ixNj =0, gij{x(uv U)> y(“? U)}NZN] =L
Angular metric tensor h,g of the hypersurface are given by

(16) hap = hing,B%n

(B&, N;) inverse of (Bf, N*) is given by

hijB:N7 =0, hyN'N? =1,

Bf = g*°g;;B},  BLB] =63, B{N'=0, BiN;=0,
Ni=gyN’, Bf=g"Bj,  BLBj +N'N; =4.

The induced connection ICT = (FE‘}/, G3, ng) of F"~! from the Cartan’s con-

nection CT" = (Fﬁc, ret Cj*,i) is given by [6].
Ui = BY(BY, + TjiBBY) + M3 H,
G§ = B (Bis +T4:BS),  Cf, = BCyBLBY,

where
Mg, = NiCjBLBY, Mg = 9" Mg, Hp = Ni(Bi +T5iB})
and .
BY = Gy 08 = DPag? -

The quantities Mg, and Hg are called the second fundamental v-tensor and
normal curvature vector respectively [6]. The second fundamental h-tensor Hg,
is defined as [6]

(17) Hgy = Ny(Bjy, + I5i BLBE) + MgH,,
where
(18) Mg = N;C}y BLN*.

The relative h and v-covariant derivatives of projection factor BY, with respect
to ICT are given by

ng = H,sN', Bl|s= M,N"
It is obvious form the equation (17) that Hg, is generally not symmetric and
(19) Hpy — Hyp = MgHy — My Hp.
The above equation yield
(20) Hy,=H,, Hyy=H,+ M,Hy.

We shall use following lemmas which are due to Matsumoto [6] in the coming
section



FINSLERIAN HYPERSURFACES OF A FINSLER SPACE WITH SPECIAL (o, 8)-METRIC 1141

Lemma 3.1. The normal curvature Hy = Hgvﬁ vanishes if and only if the
normal curvature vector Hg vanishes.

Lemma 3.2. A hypersurface F"=1) is a hyperplane of the first kind with respect
to connection CT if and only if Hy, = 0.

Lemma 3.3. A hypersurface F"=Y is a hyperplane of the second kind with
respect to connection CT' if and only if Ho, =0 and H,g = 0.

Lemma 3.4. A hypersurface F"=1) is a hyperplane of the third kind with respect
to connection CT' if and only if Hy, =0 and Hog = Myg = 0.

4. Hypersurface F("~1)(c) of a special Finsler space

. . . . _ B2 B?
Let us consider a Finsler space with the metric L(a, 8) = Ai(a+ )+ A2(5=53),

o
where, vector field b;(x) = ggﬁ’i is a gradient of some scalar function b(x). Now,
we consider a hypersurface F("~1(c) given by equation b(z) = ¢, a constant [9].

From the parametric equation z° = z*(u®) of F"~1(c), we get

ob(z) 0 ob(z) Ox'
oue 9zt du

=0, b;B, =0.

Above shows that b;(z) are covariant component of a normal vector field of
hypersurface F"~!(c). Further, we have

(21) biB. =0 and by'=0 ie B=0
and induced metric L(u,v) of F"~!(c) is given by
(22) L(u,v) = aagv®®, a0p = aijBéBé

which is a Riemannian metric.
Writing 8 = 0 in the equations (6), (7) and (9) we get
(23)  p=4A4}, q@=2(A1+A14), ¢1=0 go=—Aja?
Po = 2(14% + AlAQ) p_1=0 po=0 7= A?(3A1 -+ 2A2)b2,
. 2(A1 + Ag)
A%(?)Al + 2A2)b2

S0 S_1 = 0 S_9 = O,

from (8) we get,

— by
A2 A2(3A1 + 245)D2

thus, along F"~!(c), (24) and (21) leads to

b2

Uph. —
g beJ Ay (3141 + 2A2) .
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So, we get

_ b? 2 i
(25) bz(ﬂf(u))—\/Al(%%Nu b* = a"b;by,

where b is the length of the vector b'.
Again from (24) and (25), we get

(26) b = a"b; = A1(341 + 242)N*
thus, we have

Theorem 4.1. In a special Finsler hypersurface F("*l)(c), the Induced Rie-
mannian metric is giwen by (22) and the scalar function b(z)is given by (25)

and (26).
Now, the angular metric tensor h;; and metric tensor g;; of F™ are given by

2

A
(27) hij = Afa;j + 2A1 (A1 + A2)bib; — a—%YYJ

and
gij = Alai; + 2A1(A; + Ag)bib;.

From equation (21), (27) and (16) it follows that if hglﬁ) denote the angular

metric tensor of the Riemannian a;j(x) then we have along F(Z)_l, hap = hglﬁ).
3
Thus, along F(’z)_l, %—‘? = 6Aé{A2 from equation (12) we get r; = GAEXAQ,
m; = b; then hv-torsion tensor becomes
3A1As
(28) Cijk = Y bibjby

in the special Finsler hypersurface F((Sfl). Due to fact from (16), (17), (19),

(21) and (28) we have
(29) Mz =0, M, =0.
Therefore, from equation (20) it follows that H,g is symmetric. Thus we have

Theorem 4.2. The second fundamental v-tensor of the special Finsler hyper-

surface F((Sfl) is given by (29) and the second fundamental h-tensor Hag is

symmetric.
Now, from (21) we have b;B!, = 0. Then we have b; 3B, + b,-Bi‘ﬂ = 0.
Therefore, from (19) and using b; 3 = biUBé + bi|; N7 Hg, we have

(30) biy; BB, + by, BLNT Hy + biHopN' = 0
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since b;|; = —th’ihj, we get b;;BL,N7 = 0. Therefore, from equation (30), we
have
(31) v Hgp + b;; BB, =0

A1(BA; +24) 7 TIPS

because b;|; is symmetric. Now, contracting (31) with v? and using (15) we get

¥

b2 .
Y, 4b,Biy =0,
(82) \/ A (34, § 24y) 1o T bisBay

Again, contracting by v equation (32) and using (15), we have

b2 .
by = 0.
(39 \/Al<3Al+2Az>H°+ iy =0

From Lemma 3.1 and 3.2, it is clear that the hypersuface F((S_l) is a hyperplane

of first kind if and only if Hy = 0. Thus from (33) it is obvious that F; (751 is a

hyperplane of first kind if and only if b jyiyj = 0. This b;; being the covariant
derivative with respect to CT" of F'"* defined on y*, but b;; = </;b; is the covariant
derivative with respect to Riemannian connection {zk} constructed from a;;(x).
Hence b;; does not depend on y’. We shall consider the difference b;); —bij where
bij = V;b; in the following. The difference tensor D}, =TI — {%;} is given by
(14). Since b; is a gradient vector, then from (13) we have E;; = b;;, Fij = 0
and sz = 0. Thus, (14) reduces to

(34) Dl = B'bji, + Bjbor + Biboj — bomg ™ Bjk — Cjp AT
- ClzcmA;n + CjkmA;ngis + )‘S(C;m ;Tllc + Clzcmcgjl - Cﬁ 7Zns)v

where
. 2(A1 + AQ) .
35 B; =2A1(A1 + A3)b;,, B'= ——— 20,
(35) 1AL+ A) (3A; + 2A,)
AA
)\m — me007 Bij — gbiij
«o
. A A
Bi A2 gy

i~ a(3A1 + Ag)
k= Bi'boo + B byo.
In view of (23) and (24), the relation in (15) becomes to by virtute of (35) we

have Bé = 0, B;jp = 0 which leads Aj' = B™byo.
Now, contracting (34) by y* we get

;'0 = Bibjo + B;-boo - BmCJZmboo
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Again, contracting the above equation with respect to 3/ we have

; ; 24, +A
Djyy = Blby = (3(All+ 2;;) b2boo.
Paying attention to (21), along F((Z)Lfl), we get
. 2(A1 + AQ) 9 3A2b2
b;D'y = ————5b"bjo+ ———bib
7 BA +24y)) 0T a3 Ay +245) 00
2(A1 + AQ) .
— =2 h;b"™C%, boo.
(36) (3A, 1 24,)"7" Cimboo

Now, we contract (36) by 3/ we have

2(A; + Ag) B2
(341 + 245)

(37) bz‘Déo -

From (17), (25), (26), (29) and M, = 0, we have
bb™C?,, Bl, = > M, = 0.

Thus, the relation b;; = bj; — b, Dj; the equation (36) and (37) gives

¥

(3 —20%) + 245(1 — b?)

i ] r Ay
A 7 Y

}bog .

Consequently (32) and (33) may be written as

b2 A1(3 —2b%) +245(1 — b?) ,
38) 4/—=———H, bioB:, = 0,
(38) \/A1(3A1 +2A45) +{ (3A1 +2A4,) bio
b2 A1(3 —20%) 4+ 245(1 — b?)
- _Hy+ boo = 0.
\/ A1(3A; +245) { (3A; + 2A,) Fboo

Thus, the condition Hy = 0 is equivalent to bgy = 0. Using the fact 8 = by’ = 0
the condition byyp = 0 can be written as b;;y'y’ = b;y'b;y’ for some c¢;j(z). Thus,
we can write

(39) 2b;; = bic; + bjc;.

Now, from (21) and (39) we get bop = 0, bijBf)Bé =0, b;;Bl,y’ = 0. Hence,
from (38) we get H, = 0, again from (39) and (35) we get bjph’ = #,)\m =
0, A?B} = 0 and B;; B, B} = 0.

Now, we use equation (17), (24), (25), (26), (29) and (34) then, we have
(40) b.D! B!

i

J_
BB—O.
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Thus, the equation (31) reduces to

b2
41 - _H,3=0.
(41) ¢&@m+1%)ﬁ

Hence, the hypersurface F (72)_1 is umbilic.

Theorem 4.3. The necessary and sufficient condition for in a Finslerian hyper-
surface F("_l)(c) of the Finsler space F" equipped with a special (o, B)-metric
defined in equation (4) to be a hyperplane of first kind is (39).

Now, from Lemma 3.3, F ((Sfl) is a hyperplane of second kind if and only if

H, =0 and H,z = 0. Thus from (40), we get ¢y = ¢;(x)y" = 0. Therefore, there
exist a function ¢ (x) such that ¢;(z) = ¥ (x)b;(x). Therefore (39) we get 2b;; =
bi(x)p(x)bj(x) + bj(x)(x)b;i(x). This can also be written as b;; = 1 (z)b;b;.

Theorem 4.4. The necessary and sufficient condition for in a Finslerian hyper-
surface F(”*l)(c) of the Finsler space F™ equipped with a special (o, B)-metric
defined in equation (4) to be a hyperplane of second kind is (41).

Again Lemma 3.4, together with (29) and M, = 0 shows that F{(‘:)_l become
a hyperplane of third kind.

Theorem 4.5. The necessary and sufficient condition for in a Finslerian hyper-
surface F(”*l)(c) of the Finsler space F" equipped with a special («, 3)-metric
defined in equation (4) is a hyperplane of the third kind.

5. Some important result of hypersurface F("~1)(¢) of a Finsler space
F"(c) with metric A;(a+ %2) + As( 52ﬁ)

o—

The hv-torsion tensor Cjjx of F("~V(c) with deformed infinite series metric
written in equation (28) as

A1 A
Cijp = 222,11,
(67

Contracting by ¢7%, we have

b2b;.

k 1412
C; = Cijkg] = —

This implies that b; = m&. Therefore, equation (28) becomes

Oé2

42 Cijh = —5—5v
(42) 9 A AZpS

C;C;iCh.

Definition 5.1. A Finsler space F™ is called C2-like,if the (h) hv-tortion tensor
Cijk 1s written in the form Cij, = %C’iC’jCk.
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Thus, using the above definition and equation (42) we have

_ 3A; Agb?

(43) C -

Thus

Proposition 5.1. The Finslerian hypersurface F(”_l)(c) of the Finsler space
F" equipped with a special (o, B)-metric defined in equation (4) is always be a
C2-like Finsler space if equation (43) is satisfied.

Since the main scalar of two dimensional Finsler space is defined as LCjj, =
I'm;mjmy,. Since m; = b; then we have LC;;, = Ib;bjb,. Contracting ¢* we
have LC; = Ib%b; which gives b; = b%CZ-.

Now, the main scalar of two dimensional Finsler

I3

From equation (5.1) and (5.3), we have

Oé2

4 I=———.
(45) 9A1 AxL?

Proposition 5.2. The main scalar I of a Finslerian hypersurface F(”_l)(c) for
the Finsler space F™ equipped with a special (c, 3)-metric defined in equation
(4) in a two dimensional case is given by (45).

6. Conclusion

In the present paper we have combined Matsumoto douglas type Finsler metric
and special Infinite series metric and introduced a special Finsler metric (4)
with certain scalar A1 and As. Further we obtained the necessary and sufficient
condition for a Finslerian Hypersurface F(”_l)(c) of a Finsler space F™ equiped
with a special (o, ) metric will be hyperplane of first, second and third kind in
the Theorem 4.3, 4.4 and 4.5 respectively. Further as application point of view
for the above deformed metric we obtain a Proposition 5.1 in which it stated
that this hypersurface will be C2-like Finsler space and in propostion (5.2) the
value of main scalar I in two-dimensional frame of Finsler Space is obtained.
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