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On the solutions of the Diophantine equation Mx + (M − 1)y = z2
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Abstract. A Mersenne prime M is a prime number of the form 2p−1, where p is also
a prime number. In this study, we consider the Mersenne prime-involved exponential
Diophantine equation Mx+(M−1)y = z2. The main goal is to find the complete set of
solutions of the given Diophantine equation in non-negative integers x, y and z. Though
it is not yet known whether there are infinitely many Mersenne primes, we have proven
that the equation under consideration has only finitely many solutions. The proof uses
techniques on quadratic congruence, factorization and modular arithmetic.
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1. Introduction

Number theory is considered as the Queen of Mathematics and one of the pre-
cious jewels on its crown is the family of Diophantine equations. Diophantine
equations are simply equations with the condition that only integer solutions are
required. They come in different forms. The simplest type is the two-variable
linear Diophantine equation ax + by = c, where x and y are the unknowns
and the rest of the parameters are integer constants. There is also the class of
exponential Diophantine equations, wherein the exponents are the unknowns.
Recently, exponential Diophantine equations of the form ax+by = z2 are widely
studied. Researchers study these equations in connection with several prime
pairs, such as the twin primes, sexy primes and cousin primes. The literature
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contains a large number of published articles (cf. [1], [2], [3], [4], [5], [6] and [7].)
In this work, we consider the exponential Diophantine equation

(1) Mx + (M − 1)y = z2,

where M is a Mersenne prime. It is conjectured that there are infinitely many
Mersenne primes but as of now, there are only 51 Mersenne primes being dis-
covered. The search for other Mersenne primes is still an active research area.
Fortunately, we have shown that no large Mersenne primes that satisfy equation
(1). More precisely, we found out that there are only a finite number of solutions
to (1).

2. Preliminaries

The following definitions, lemmas and a theorem are needed for the main result
of this study.

Definition 2.1. A Mersenne prime is a prime number of the form 2p−1, where
p is also a prime number.

Lemma 2.1. For all Mersenne primes M > 3, the congruence M ≡ 7 (mod 8)
always hold.

Proof. From M > 3, we get 2p − 1 > 3. It follows that p > 2 and thus,
2p ≡ 0 (mod 8). This yields to M = 2p − 1 ≡ −1 (mod 8) which is equivalent
to M ≡ 7 (mod 8).

Definition 2.2. Let p be an odd prime and gcd(a, p) = 1. If the quadratic
congruence z2 ≡ a (mod p) has a solution, then a is said to be a quadratic
residue of p. Otherwise, a is called a quadratic nonresidue of p.

Lemma 2.2 (Euler’s criterion). Let p be an odd prime and gcd(a, p) = 1. Then,
a is a quadratic residue of p if and only if a(p−1)/2 ≡ 1 (mod p).

Lemma 2.3 ([8]). The Diophantine equation 3x + 2y = z2 has exactly three
nonnegative integer solutions (x, y, z), namely, (1, 0, 2), (0, 3, 3), (2, 4, 5).

Theorem 2.1 (Mihailescu’s Theorem [9]). The quadruple (3, 2, 2, 3) is the unique
solution for the Diophantine equation ax−by = 1, where a, b, x and y are integers
with min{a, b, x, y} > 1.

3. Main results

We now state the main result which is about the solutions of the Diophantine
equation (1).

Theorem 3.1. The quadruples (3, 1, 0, 2), (3, 0, 3, 3) and (3, 2, 4, 5) are the only
nonnegative integer solutions (M,x, y, z) of the exponential Diophantine equa-
tion Mx + (M − 1)y = z2, where M is a Mersenne prime.
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Proof. The proof is divided into two cases for the Mersenne prime M .
Case 1. If M = 3, then equation (1) becomes

(2) 3x + 2y = z2.

By Lemma 2.3, equation (2) has exactly three solutions (x, y, z), which are
(1, 0, 2), (0, 3, 3) and (2, 4, 5). Thus, the quadruples in the set

{M,x, y, z} = {(3, 1, 0, 2), (3, 0, 3, 3), (3, 2, 4, 5)}

are solutions of equation (1).
Case 2. For M > 3, we consider two cases for the exponent y.
Subcase 2.1. If y is even, let y = 2t for some integer t ≥ 0. Then, equation

(1) becomes
Mx + (M − 1)2t = z2.

This can be expressed as Mx = z2 − (M − 1)2t = (z + (M − 1)t)(z − (M −
1)t). There exist nonnegative integers α and β with α + β = x and α >
β such that z + (M − 1)t = Mα and z − (M − 1)t = Mβ. Combining these
two equations leads to 2(M − 1)t = Mα −Mβ. By factoring out Mβ, we get
2(M − 1)t = Mβ(Mα−β − 1). Since M is an odd prime and gcd(M,M − 1) = 1,
it follows that

(3)

{
Mβ = 1,

Mα−β − 1 = 2(M − 1)t.

From the first equation of the system (3), it can be implied that β = 0. Hence,
α = x > 0 and z = (M−1)t+1. The second equation of the system (3) becomes

Mx − 1 = 2(M − 1)t.

Note that Mx − 1 ≡ −1 (mod M), and 2(M − 1)t ≡ 2(−1)t (mod M). These
two congruences imply that Mx− 1 = −1+nM and 2(M − 1)t = 2(−1)t+mM
for some integers m and n. Thus,

(4) −1 + nM = 2(−1)t +mM.

If t is odd, then equation (4) becomes −1+nM = −2+mM which can be written
as M(n−m) = −1. But this impossible because M > 3. On the other hand, if
t is even, then equation (4) becomes −1 + nM = 2 +mM which is equivalent
to M(m − n) = 3. This means that M = 3, which contradicts the assumption
that M > 3. Thus, equation (1) has no solution for even y and M > 3.

Subcase 2.2. If y is odd, then Mx + (M − 1)y ≡ −1 (mod M) for positive
integer x; hence z2 ≡ −1 (mod M). Since M > 3, it follows that M ≡ 7
(mod 8) by Lemma 2.1. So, there exists an integer m such that M = 8m + 7.
Using Euler’s criterion, (−1)(M−1)/2 = (−1)(8m+6)/2 = (−1)4m+3 = −1. Hence,
−1 is a quadratic nonresidue of M . This means that quadratic congruence
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z2 ≡ −1 (mod M) has no solution and so does the equation (1) for positive
integer x, odd integer y and M > 3. For the case when x = 0, the equation (1)
becomes 1+(M −1)y = z2. By Mihailescu’s Theorem, M = 3, y = 3 and z = 3.
This is a contradiction to M > 3. Hence, equation (1) has no solution for odd
integer y and M > 3.

To sum up all the cases, the Diophantine equation (1) has exactly three non-
negative solutions (M,x, y, z) which are (3, 1, 0, 2), (3, 0, 3, 3) and (3, 2, 4, 5).

Corollary 3.1. The quintuples (3, 1, 0, 2, 1), (3, 0, 3, 3, 1) and (3, 2, 4, 5, 1) are
the only nonnegative integer solutions (M,x, y, z, n) of the exponential Diophan-
tine equation Mx + (M − 1)y = z2n, where M is a Mersenne prime and n is a
natural number.

Proof. Let x, y and z be nonnegative integers, n be natural number, and M be
a Mersenne prime such that Mx + (M − 1)y = (zn)2. By Theorem 3.1, we can
see that (M,x, y, zn) = (3, 1, 0, 2), (3, 0, 3, 3) and (3, 2, 4, 5). By the primality of
2, 3 and 5, we get n = 1. Thus, the have the solutions (3, 1, 0, 2, 1), (3, 0, 3, 3, 1)
and (3, 2, 4, 5, 1).

4. Concluding remarks

In this study, we have proven that there are exactly three nonnegative integer
solutions of the Diophantine equation (1), and these solutions exist only for the
Mersenne prime M = 3. For other Mersenne primes larger than 3, the equation
(1) will have no solution. A list of some exponential Diophantine equations with
no solutions in the set of nonnegative integers is given in Table 1.

Table 1: List of Some Exponential Diophantine Equations of the Form
Mx + (M − 1)y = z2 with No Solution

1.) 7x + 6y = z2 6.) (219 − 1)x + (219 − 2)y = z2

2.) 31x + 30y = z2 7.) (231 − 1)x + (231 − 2)y = z2

3.) 127x + 126y = z2 8.) (261 − 1)x + (261 − 2)y = z2

4.) 8191x + 8190y = z2 9.) (289 − 1)x + (289 − 2)y = z2

5.) 131071x + 131070y = z2 10.) (2107 − 1)x + (2107 − 2)y = z2
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