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Two equations in unequal powers of primes and powers of 2
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Abstract. In this paper, we obtained when k = 176, every pair of large even integers
satisfying some necessary conditions can be represented in the form of a pair of two
prime squares, two prime cubes, two prime fourth powers and k powers of 2.
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1. Introduction

As an approximation to Goldbach’s problem Linnik proved in 1951 [8] under the
assumption of the Generalized Riemann Hypothesis (GRH), and later in 1953
[9] unconditionally, that each large even integer N is a sum of two primes p1, ps
and a bounded number of powers of 2, namely

N =p1+p2+2" +--- 2%

In 2002, Heath-Brown and Puchta [1] applied a rather different approach to
this problem and showed that & = 13 and, on the GRH, £k = 7. In 2003,
Pintz and Ruzsa [16] established this latter result and announced that k = 8 is
acceptable unconditionally. This paper is yet to appear in print. Elsholtz, in an
unpublished manuscript, showed that k£ = 12; this was proved independently by
Liu and Li [15].

*. Corresponding author
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In 1999, Liu, Liu and Zhan [11] proved that every large even integer N can
be written as a sum of four squares of primes and a bounded number of powers
of 2, namely

N =pl+ps+p3+pi+2" 4 +2%.

Subsequently Liu and Liu [10] got that & = 8330 suffices. Later Liu and Lii [12]
improved the value of k of (1.2) to 165, Li [7] improved it to 151 and Zhao [18]
improved it to 46. Finally Platt and Trudgian [17] revised it to 45. In 2011, Liu
and Lii [14] considered the problem on the representation of large even integers
N in the form

N =pi+p3 +p§ +pf +2" 4o 420

They showed that k£ = 161 is acceptable and Zhao [19] improved it to 18. Also
in 2017, Liu [13] construct that every large even integers N can be represented
in the form

(1.1) N = pi +p3 + psy + i+ ps + pg + 27 + -+ + 2%

He showed that k = 41 is acceptable.
As a comparison, Kong [5] first considered the result on pairs of linear equa-
tions in four prime variables and powers of 2, in the form

Ni=p1+p2+27 4 - 4 2%,

No =p3+pg+ 290 + -+« 4 2%,
where k is a positive integer. She proved that the simultaneous equations are
solvable for k = 63. Then Platt and Trudgian [17] and Kong and Liu [6] revised

it to 62 and 34. Later, Hu and Liu [2], Hu and Yang [3][4] considered other
equations

Ny = p? +p3 + p§ +pf + 2" + - + 2%,
No = p3 + p§ +p7 +p§ + 2 + - + 2%,

Ny =p1+p5+p3+2" +- -+ 2%,
No = pa+p3 +pg + 2 + -+ 2%,

Ny =pi+p3+p3+pf+2" +-- +2%,
No = ps + p§ + pi +p§ + 2 +--- + 2%,

and proved that these equations are solvable for k = 142, 332, 455.
In this paper, comparing to (1.1), we shall consider the simultaneous repre-
sentation of pairs of positive even integers No > N1 > Na, in the form
1.2) N1 =pi +p3 + 03+ pf + p§ +pg + 2 - 2%,
' No = p? + p§ + p§ + plo + piy + iy + 29 4+ 2%,

where k is a positive integer. Our result is stated as follows.
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Theorem 1.1. For k = 176, the equations (1.2) are solvable for every pair of
sufficiently large positive even integers N1 and No satisfying No > N1 > Ns.

Our proof of Theorem 1.1 uses the Hardy-Littlewood circle method and
draws on the strategies adopted in the works of Hu and Yang [4] and Liu [13].

Throughout this paper, the letter ¢ denotes a positive constant which is
arbitrarily small but may not the same at different occurrences. And p and v
denote a prime number and a positive integer, respectively.

2. Outline of the method

Here we give an outline for the proof of Theorem 1.1.
Throughout, we assume that NV;,7 = 1,2 are sufficient large even integers.
Then we set

U= - )N, Vi=@N/2)Y3, Wi=@N/2)"/!

for ¢ = 1,2, where 7 is a small positive constant. We set

flag,Us) = Z (log p)e(p* ),

U; /2<p<U;

gan V)= 3 (ogplepar),
Vi/2<p<V;

(2.1) hai, W)= > (logp)e(p'ai),
Wi/2<p<Wi

(22)  Glai) =) e(2e), Exi={o €[0,1]: |G(ay)| = AL}.

v<L

where i = 1,2, e(x) := exp(2miz) and L = logy Nj.
In order to apply the circle method, we set

(2.3) P = Ni3/20_2€7 Qi = N}7/20+e’

7

for ¢ = 1,2. For any integers aq, as, q1, ¢2 satisfying
I1<ar<q < Py(a,q) =1,1< a2 < g2 < Py, (a2, q2) = 1,

we define the major arcs M;, My and minor arcs C(M;), C(Mas) as usual,
namely

1 1
ey M=) U Miaa), C(Mi)z[‘,H} \M;,
¢;<P; 1<a;<q;
(as,9:)=1
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where ¢ = 1,2 and

./\/li(ai,qi) = {O&i € [0, 1] Te%

It follows from 2P; < @; that the arcs M (a1, q1) and Ma(az, g2) are mutually
disjoint respectively.
Let
R(Ny, Np) = logpilogps -+ -logpi

be the weighted number of solutions of (1.2) in (p1,--- ,pi2,v1,- - , V) With

p1,p2 ~ Ui, p3,pa~Vi, p5,p06 ~ Wi,
p7,p8 ~ Uz, p9,p1o ~ Vo, p11,p12 ~ W,
’Uj < L,

for j =1,2,--- k. Then R(Ni, N3) can be written as

R(Nl,Ng / / f2 041,U1) (al,Vl)h (Oél,Wl)f (OJQ,UQ) (OéQ,VQ)

X h OéQ,WQ (011 + 042) ( a1 N7 — OéQNQ dagdag

SR S RN § 0T AT S

x f2(a1, U1)g* (a1, Vi)h2 (a1, Wh) f2 (g, Us)g*(az, Va)

X h (052, WQ)G (Otl + ag)e(—alNl — OéQNQ)dOéldOéQ
3

3
= Z ZRst(Nla Na),
s=1

—1 ¢=1

where Ry (N1, N2) denotes the combination of s-th term in the first bracket and
the ¢-th term in the second bracket.

We will establish Theorem 1.1 by estimating the term Rg (N7, N2) for all
1 < s,t < 3. We need to show that R(N1, N2) > 0 for every pair of sufficiently
large even positive integers No > Ni > No.

We need the following lemmas to prove Theorem 1.1.

Lemma 2.1. Let £, = {a € (0,1] : |G(a) = AL|}. We have meas(&y) <
NEN with £(0.90365) > 131/168 + 10710,

)

Proof. This is Lemma 2.3 in Liu [13]. O

Let

(2.5) &) =3 An,q),
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where

ij C3a.0)C3a. )CHa e (-2 ).

a=1
(a,q)=1

i ()
(m,q)=1

Lemma 2.2. Let M; be as in (2.4), with P; and Q; determined by (2.3). Then
for 2 <n < N;, we have

[ 00U 0 VP W —om) o=y @m0 +ON] °L ).

Here, the singular series &(n) is defined as in (2.5) and satisfies S(n) > 1 for
= 0(mod 2). J(n) is defined as

3(n) == >, (mama) > (mgma) =/ (msme) /%,
mi+...+me=n
(Ui/2)2<m1,m2<Ui2
(Vi/2)2<m3,m4<‘/;.2
(Wi/2)2<m5,m6<Wf

and satisfies NZ/6 < J(n) < ]\77/6

Proof. This is Lemma 2.1 in Liu [13]. O
Lemma 2.3. For all integers n = 0(mod 2), we have S(n) > 1.072808.
Proof. This result can be found in Section 3 in Liu [13]. O

Lemma 2.4. Let B(N;, k) ={(1 —n)N; <n; < Nj:n; =N; =21 — ... — 2%}
with k > 2. Then, for N1 Ny = 0(mod 2), we have

> J(n1)J(ng) > 57.87TNT/ONT/O Lk

n1 € B(N1, k)
ny € B(Na, k)
n1 = ng = 0(mod 2)

Proof. Using [13, Lemma 4.2], we have

> I(n)I(na) > (7.607695)2 NNy /0 31,

ny € B(Ny, k)
s € BN D) (@
ni = ng = 0(mod 2)

where ((v)) means that vy, --- , vy satisfies

1<v, o <L, 244 2% = Ny(mod 2).
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Then following the argument of [13, Lemma 4.1], we have
Z 1>(1-¢L

Then we get the proof of this lemma. O
Lemma 2.5. Let f(a;,U;), g(eu, Vi), be defined by (2.1), C(M;) by (2.4). Then

sup |f(0427 )| < N7/16+€ sup |g(a“ )| < N13/42+e
O:EC(MZ') aeC(Mi)

Proof. The proof of this lemma can be found in [13, Lemma 2.4],which is based
on the estimate of exponential sums over primes. O

Lemma 2.6. Let f(a;,U;), g(ai, Vi) and h(a;, W;) be defined by (2.1). Then
we have

1
/ |f(c, Uy)g(ar, Vi)h(o, W) |2dey; < 0.8485N,/°.
0
Proof. This is Lemma 2.2 in [13]. O

3. Proof of Theorem 1.1

In this section, we will give the proof of Theorem 1.1.
We begin with the estimate for Ry1(Ny, N2). Applying Lemmas 2.2, 2.3 and
2.4 and introducing the notation B(N;, k), we can get

R11(N1, N2)

= fz(oq, Ul)g2(a1, Vl)hz(al, Wl)Gk(al)e(—alNl)dal
My

X f2(()é2, UQ)QQ(OQ, Vz)hQ(OQ, Wg)Gk(ag)e(—agNz)dOQ
Mo

B1) = > 2 (a1, Un)g* (e, Vi)h®(ar, Wh)e(—anmi )daq

n1€B(N,k My
ny€B(Ng, k)

X fz(az,Ug)g2(a2,Vg)hZ(ag,Wg)e(—agng)dQQ

Mo
1 2 NTIONT/S
> ggrp) X SOOI ) + O N] Lk
ny1€B(N,k
nQeB(NQk)
S (1 2 5 7/6 nrT/6 1k
> e - (LOT2808)% - 5T.8TTINT N O LF,

where we used ]7\17’1 =1+ O(L™Y) for n; € B(N;, k).
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Now, we turn to give an upper bound for Ri3(Ni, N3). The estimate for
R21(N1, N2) is similar. By Cauchy’s inequality, we can get |G(a; + a2)| <
VIG(201)G(202)]. For ag € C(M3)\Ey and sufficiently large Ny, we have

G(2a)| < |G(ai)| +2 <AL +2 < (1+ 0(1))AL.

Then, using the definition of £y, the trivial bound of G(«;), Lemmas 2.1, 2.5
and 2.6, we have

R12(N1, N»)

_/ / F2(a1,U1)g? (a1, Vi) R (e, Wh) £ (a2, Us) g* (a2, Va)
M1 JC(M2)NEA

X h2(a2, Wg)Gk(Ozl + 042)6(—041N1 — agNg)daldag

< / 1£2(on, Uh) g2, V)R (et W1) GF/2 (20 ) day
My
(3.2) x / | £2(a9, Un) g2 (v, Vi) h2(cua, W) GH/2(2010) | devs
C(Mg)ﬂ&\
<<Lk/2_2/ | £2(c, Ur)g* (o, Vi) h? (e, W1)G?(2a1) |day
My
X/ ‘fQ(OdQ,UQ)g2(052,VQ)]’LZ(CMQ,WQ)Gk/Q(QCMQ)’dQQ
C(M2)NéEx

N7/6Lk/2Lk/2 U. 2 v
<V Mé%?j\(@)v(%, 2)9” (a2, V2)|

1 1/2
X </ |2 (ca, Ua)g* (a2, Vo) x h2(042>W2)|d042>
0

1 1/2\ 2/3
X </ ’f2(0427U2)h4(042,W2)\da2> )
0
1/3
: </ 1da2> < NJIOLFN PO NS EOS o NTONTIO LR
Ex

Similarly, we can get
(3.3) Rot (N1, Ny) < N{/ONZ/6ph=1,

Next, we give an upper bound for R;3(Ni, N2). By Lemma 2.6, using the
trivial bound |G(2«)| < L when a € M; and the bound |G(2a)| < (14 0(1))AL
when a € C(M2)\E), we have

|R13(N1, Na)|

/ / a1, U1)g? (a1, Vi)h2 (a1, Wh) f2 (g, Us) g*(az, Va)
My JoM)\E

x h% (oo, Wg)Gk(al + ag)e(—a1 Ny — aaNo)dagdag
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(3.4) S / ‘f2(041,Ul)QZ(Oq,Vl)h2(a1,Wl)Gk/Q(Qal)’qu
My
y / F2(as, U) g% (s, Vo) B2 (g, W) GF2 (20 ders
(M2)\Ex
< LK/ / (a1, U1)g(an, VDR, W) |dan
M1

<O [, Ua)g? an, Vo, W)l da
(M2)\Ex
< (0.8485)2\F/2NT/ONT/O Lk,
We can obtain the estimate for R3; (N1, N2) analogously,
(3.5) |Ra1 (N1, No)| < (0.8485)2\F/2NT/CNT/O k.

Similar with the estimate of R12(N7.N2), We give the estimate for R (N1, Na)
by the trivial bound for G(a), Lemma 2.1, 2.5, 2.6 and the definition of &,

Ry3(N1, Na)
:/ / f2 (0, U1) g% (a, Vi)h*(on, Wh) f2 (2, Uy)
CM1)NEXJC(M2)NEx
(36) X 92(a2,V2)h (Ozz, WQ)G (Ozl + ag)e(—olel — OéQNQ)dOéldO(Q
<</ |f (a1, Un)g?(an, Vi)R2 (a1, W1)G*2(2a)|de
c(M

X / ‘f2(062, UQ)QQ(OZQ, Vg)h2(a2, Wz)Gk/2(2a2)|da2
(M2)NEx
< N17/6Lk/2—1N27/6Lk;/2_1 < Nf/6N27/6L]€_1‘
For Ra3(Ni, N3), we can easily get
Ry3(N1, Na)
/ / fZ (a1, Ur)g? (o, Vi) (e, Wh) f2 (a2, Us)
C(M1)NEX JC(M2)NE
(3.7) X 92(a Vg)h (g, Wg)Gk(al + ag)e(—a1 N1 — ag No)dadas
</ P an, Un)g(an, Vi)h2(ar, W) G2 2a1) [day
C(M1)NEx
1P U s VR, W) GH(203) da
(M2)\EA
< N17/6Lk/2—1N27/6Lk/2 < N17/6N27/6Lk_1'
Similarly, we have

(3.8) Raa (N1, Ny) < N{/ONZ/6ph=1,
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In the end, we provide the upper bound for Rs3(Ny, Na).
| R33(N1, N2)|

/ / a1, U g* (a1, Vi)h? (a1, W1) f2(ag, Us)
C(M1)\EN J C(M2)\EN

(39) X 2(042, ‘/2)h2(0[2, Wg)Gk(Oq + 052)6(—0[1]\71 - agNg)qudaQ

Q

|2 (a1, Ur)g*(an, Vi)h? (aq, W1)GY2 (201 ) |day
(M1)\Ex

n
S

|2 (a2, Us)g? (2, Vo) 2 (a2, Wa) GF/2 (202) | dar
(M2)\Ex

(AL)/2 x 0.8485N7/ 6) ((AL)k/Q x 0.8485N27/6>

X
S

<

> A/~

< AF(0.8485)2 N/ NJ/O LF,

Combining (3.1)-(3.9), we can obtain

R(N1, N2) > R11(N1, Na) — Ri3(N1, N2) — R31(N1, N2) — R33(N1, Na)
+O(N/° Ny O L)

>

- (1.072808)2 - 57.877IN /S NT/O  k
s5177g  (1L072808)° - ST.8TTIN] O N,

— 2 x (0.8485)2\F/2N/O NI/ Lk
— \(0.8485)2NT/ NI/ Lk + O(NT/SNI/O LR,

We therefore solve the inequality R(Ny, N2) > 0 and get k& > 176. Consequently
we deduce that every pair of large even integers N1, N satisfying No > Ny > No
and N1 = Ny = 0(mod 2) can be written in the form of (1.3) for k£ > 176. Thus,
Theorem 1.1 follows.
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