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Abstract. In this paper, we construct an analytical solution for a system of the
Fractional coupled Korteweg-de Vries differential equations in the sense of Caputo defi-
nition. We give the basic properties of the fractional differential equation and a coupled
Korteweg-de Vries equation. We applied the homotopy analysis transform method to
obtain the analytic solution for this equation, and we compared the result with other
obtained solutions by different numerical methods. A comparison study observed the
efficacy and accuracy of the present algorithm.
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1. Introduction

Fractional differential equations are one of the important branches in the field
differential equations, because of various phenomena in physics and chemistry,
electronic and electrical, medicine and epidemiology spread, engineering, can be
formulated into a fractional differential equation such as the coupled Korteweg-
de Vries equation [1]:

∂u(x, t)

∂t
= η

∂3u(x, t)

∂x3
+ γu(x, t)

∂u(x, t)

∂x
+ µv(x, t)

∂v(x, t)

∂x
,

∂v(x, t)

∂t
= λ

∂3v(x, t)

∂x3
− νv(x, t)

∂v(x, t)

∂x
.(1)

The solution of coupled Korteweg-de Vries is introduced using different numeri-
cal methods, to obtain the accurate approximations and their properties, such as
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the Spectral collocation method used by Khader [4], and Hussain [5]. Bashan [6]
used the Finite difference method and differential quadrature method. Bakodah
applied the decomposition method [7], homotopy perturbation method investi-
gated by Bothayna S. Kashkari [8], homotopy analysis method (HAM) in [11]
used by Abbsbandy and homotopy analysis transform method [12] by Saad.

The homotopy analysis method is one of the most important approximate
methods for solving the linear and nonlinear differential equations, as partial dif-
ferential equations [13], delay differential equtions [14], fuzzy differential equa-
tions [15], including the fractional differential equations [16]. HAM proposed in
Ph.D. dissertation in 1992 of Shijun Liao [17],[18], and [19]. The method has
many applications in various classes of famous differential equations. For frac-
tional differential equations, the scientists used the coupled Laplace transform
with the homotopy analysis method (HATM), to write a simple algorithm cor-
responding to this type of equations, easily solved by Mathematica and Maple.
The method introduced by Sunil Kumar [21], [22], Devendra Kumar [23], Majid
Khan [24].

In this paper, we investigate the HATM for the following fractional differen-
tial equation [1]

∂αu(x, t)

∂tα
= η

∂3u(x, t)

∂x3
+ γu(x, t)

∂u(x, t)

∂x
+ µv(x, t)

∂v(x, t)

∂x
,

∂βv(x, t)

∂tβ
= λ

∂3v(x, t)

∂x3
− νu(x, t)

∂v(x, t)

∂x
,(2)

where CDα is the fractional derivative operator of order α in the sense of Ca-
puto. We compare the numerical solutions with the result obtained by Mohamed
Elbadri [1], who used the Naturel decomposition method (NDM), and spectral
collection method [2] .

2. Basic definitions of fractional calculus

In this section, we give some basic definitions of fractional calculus theory used
in this paper:

Definition 2.1. A real function h(t) is said Cµ, µ ∈ R if there exists a real
number p > µ, such that h(t) = tph1(t) where h1(t) ∈ C(0,∞) and it is said to
be in space Cn if and only if h(n) ∈ Cµ, n ∈ N.

Definition 2.2. The Riemann-Liouville fractional operator of order α ≥ 0, of
a function h ∈ Cα, α ≥ −1 is defined as [1]

Iαh(t) ==
1

Γ(α)

∫ t

0
(t− α)(α−1)h(τ)dτ, µ > 0, t > 0,

I0h(t) = h(t),

where Γ(.) is well-known Gamma function.
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Definition 2.3. The Caputo fractional derivative of h, h ∈ Cm
−1 is defined as

Dα
Ch(t) =

1

Γ(m− α)

∫ t

0
(t− ς)(m−α−1)h(m)(ς)dς,

where m− 1 < α < m,m ∈ N

Definition 2.4. The Laplace transform for the function h(t) of the Caputo
fractional derivative given by [22]:

(3) L[Dα
t h(t)] = sαL[h(t)]−

n−1∑
k=0

s(α−k−1)h(k)(0), n− 1 < α ≤ n.

3. The homotopy analysis transform method

Firstly, we give some basic idea of the homotopy analysis transform method,
so we consider the following fractional differential equation to illustrate the
application of the HATM for the fractional differential equation:

(4) CDαh(x, t) +Rh(x, t) +Nh(x, t) = f(x, t), 0 < α ≤ 1,

where CDα
t h(x, t) is the Caputo derivative of h(x, t) , R and N are the linear

and nonlinear operator respectively, f(x, t) is the source term.

Firstly, by applying the Laplace transform L on the (4), we obtain,

(5) sαL[h(x, t)]−sα−1h(x, 0)+L[Rh(x, t)]+L[Nh(x, t)] = L[f(x, t)], 0 < α ≤ 1

after simplification,

(6) L[h(x, t)]=
1

s
h(x, 0)+

1

sα
(L[f(x, t)]−L[Rh(x, t)]− L[Nh(x, t)]), 0 < α ≤ 1.

By applying the homotopy analysis method shown in [10],[11] and [12], we define
the non-linear operator

N [ϕ(x, t, q)] = L[ϕ(x, t, q)]− 1

s
h(x, 0)− 1

sα
(L[f(x, t)]

+ L[Rϕ(x, t, q)] + L[Nϕ(x, t, q)]).(7)

where ϕ is a real-valued function of x, t, and q ∈ [0, 1]. The zeroth-order defor-
mation constructed by Liao [10],[11] is

(8) (1− q)L[ϕ(x, t, q)− h0(x, t)] = ℏqN [ϕ(x, t, q)],

where ℏ ̸= 0 is nonzero convergent control parameter, h0(x, t) is the initial guess,
N is the nonlinear operator and L is an injective linear operator. Here, we choose
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the linear operator as a Laplace operator L = L . Obviously ϕ(x, t, 0) = u0(x, t)
and ϕ(x, t, 1) = h(x, t). Expanding ϕ(x, t, q) in Taylor series with respect q,

ϕ(x, t, q) =
n∑

i=0

hi(x, t)q
i,

where

(9) hi(x, t) =
1

m!

∂mϕ(x, t, q)

∂qm
|q=0,

by differentiating (8) m times with respect q, and taking q = 0, we obtain the
mth order deformation equation

(10) L[hm(x, t)− ℓmhm−1(x, t)] = ℏH(x, t)Rm(hm−1(x, t)).

Applying L−1 in (10) we get:

(11) hm(x, t) = ℓmhm−1(x, t) + ℏL−1[Rm(hm−1(x, t))],

where

ℓm =

{
0, m ≤ 1

1, m > 1

Now, for the system (2), we define a system of nonlinear operator as:

N1[ϕ(x, t, q), ψ(x, t, q)] = L[ϕ]− 1

s
u(x, 0)− 1

sα
(η
∂3ϕ

∂x3
+ γϕ

∂ϕ

∂x
+ µψ

∂ψ

∂x
),

N2[ϕ(x, t, q), ψ(x, t, q)] = L[ψ]− 1

s
v(x, 0)− 1

sβ
(λ
∂3ψ

∂x3
− νϕ

∂ψ

∂x
)(12)

the mth order deformation equation is

L[um(x, t)− lmum−1(x, t)] = ℏH(x, t)Km[−→u m−1(x, t),
−→v m−1(x, t)],

L[vm(x, t)− lmvm−1(x, t)] = ℏH(x, t)Rm[−→u m−1(x, t),
−→v m−1(x, t)],(13)

where

Kn = un−1(x, t)−
(1− ln)

s
u0(x, t)

+
1

sα
(L[η

∂3un−1

∂x3
+ γ

n−1∑
i=0

ui(x, t)
∂un−1−i

∂x
+ µ

n−1−i∑
i=0

vi
∂vn−1−i

∂x
]),

Rn = vn−1(x, t)−
(1− ln)

s
v0(x, t)

+
1

sβ
(L[λ

∂3vn−1

∂x3
− ν

n−1∑
i=0

ui(x, t)
∂vn−1−i

∂x
]).
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By applying the inverse Laplace operator for (13), we obtain:

um(x, t) = ℓmum−1(x, t) + ℏL−1Km[−→u m(x, t),−→v m(x, t)],

vm(x, t) = ℓmvm−1(x, t) + ℏL−1Rm[−→u m(x, t),−→v m(x, t)],(14)

where L−1 is the inverse Laplace transform operator, and in this case, we men-
tion that u(x, t), and v(x, t) is written as a series

u(x, t) = u0(x, t) +
∞∑
i=1

ui(x, t),

v(x, t) = v0(x, t) +
∞∑
i=1

vi(x, t),(15)

with the initial conditions,

u(x, 0) = u0(x, t), v(x, 0) = v0(x, t).

4. Application

In this section, we evaluate the coupled Korteweg-de Vries (2) using HATM with
two different initial conditions.

Example 4.1. We consider (2) with η = −a, γ = −6a, µ = 2b, λ = −r and
ν = 3r:

(16) u(x, 0) = ζ
a

(
sech(12

√
ζ
ax)

)2

, v(x, 0) = ζ√
2a

(
sech(12

√
ζ
ax)

)2

.

for η = −1, γ = −6, µ = 6, λ = −1 and ν = 3, we obtained the first-order
approximation :

u0(x, t) = (sech(
x

2
))2,

u1(x, t) = −
ℏtα(sech[x2 ]

4 tanh[x2 ]
2 + sech[x2 ]

2 tanh[x2 ]
3)

Γ[α+ 1]
,

u2(x, t) = −
ℏtα(sech[x2 ]

4 tanh[x2 ]
2 + sech[x2 ]

2 tanh[x2 ]
3)

Γ[α+ 1]

+ ℏ(

ℏtαsech6(x2 )(t
α(22 cosh(x) + cosh(2x)− 39)Γ(α+ β + 1)

− 12Γ(2α+ 1)tβ(2 cosh(x)− 3))

8Γ(2α+ 1)Γ(α+ β + 1)

−
ℏtα

(
tanh

(
x
2

)
sech4

(
x
2

)
+ tanh3

(
x
2

)
sech2

(
x
2

))
Γ(α+ 1)

),
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for v(x, t), we have:

v0(x, t) =
sech2

(
x
2

)
√
2

,

v1(x, t) =

√
2htβ tanh

(
x
2

)
sech4

(
x
2

)
Γ(β + 1)

−
3htβ tanh

(
x
2

)
sech4

(
x
2

)
√
2Γ(β + 1)

−
htβ tanh3

(
x
2

)
sech2

(
x
2

)
√
2Γ(β + 1)

,

v2(x, t) = −
3h2sech6

(
x
2

)
tα+β

2
√
2Γ(α+ β + 1)

+
3h2 cosh(x)sech6

(
x
2

)
tα+β

2
√
2Γ(α+ β + 1)

+
9h2t2βsech6

(
x
2

)
8
√
2Γ(2β + 1)

−
7h2t2β cosh(x)sech6

(
x
2

)
4
√
2Γ(2β + 1)

+
h2t2β cosh(2x)sech6

(
x
2

)
8
√
2Γ(2β + 1)

−
3htβ tanh

(
x
2

)
sech4

(
x
2

)
√
2Γ(β + 1)

+

√
2htβ tanh

(
x
2

)
sech4

(
x
2

)
Γ(β + 1)

+ ...

Example 4.2. For the second test example, we consider (2), with the new
initial conditions

(17) u(x, 0) =
4c2ecx

(1 + ecx)2
, v(x, 0) =

4c2ecx

(1 + ecx)2
.

Applying the HATM, with η = −1, γ = −6, µ = 3, λ = −1, and ν = 3, we obtain

u0(x, t) =
4c2ecx

(ecx + 1)2
,

u1(x, t) = − 1

Γ(α+ 1)

(
−

12c2ecx( 4c3ecx

(ecx+1)2
− 8c3e2cx

(ecx+1)3
)

(ecx + 1)2

− 4c2
(

c3ecx

(ecx + 1)2
− 6c3e2cx

(ecx + 1)3
+ 3cecx

(
6c2e2cx

(ecx + 1)4
− 2c2ecx

(ecx + 1)3

)
+ ℏtαecx

(
− 2c3ecx

(ecx + 1)3
+

18c3e2cx

(ecx + 1)4
− 24c3e3cx

(ecx + 1)5

)))
,

u2(x, t) = − htα

Γ(α+ 1)

(
−

12c2ecx( 4c3ecx

(ecx+1)2
− 8c3e2cx

(ecx+1)3
)

(ecx + 1)2

− 4c2
(

c3ecx

(ecx + 1)2
− 6c3e2cx

(ecx + 1)3

+ ecx
(
− 2c3ecx

(ecx + 1)3
+

18c3e2cx

(ecx + 1)4
− 24c3e3cx

(ecx + 1)5

)
+ 3cecx

(
6c2e2cx

(ecx + 1)4
− 2c2ecx

(ecx + 1)3

)))
+ . . .
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and for v(x, t), we obtain

v0(x, t) =
4c2ecx

(ecx + 1)2
,

v1(x, t) =
4c5ℏecxtβ

Γ(β + 1) (ecx + 1)2
− 56c5ℏe2cxtβ

Γ(β + 1) (ecx + 1)3

+
48c5ℏe2cxtβ

Γ(β + 1) (ecx + 1)4
+

144c5ℏe3cxtβ

Γ(β + 1) (ecx + 1)4

− 96c5ℏe3cxtβ

Γ(β + 1) (ecx + 1)5
− 96c5ℏe4cxtβ

Γ(β + 1) (ecx + 1)5
,

v2(x, t) =
48c5ℏe2cxtβ

Γ(β + 1) (ecx + 1)4
+

144c5ℏe3cxtβ

Γ(β + 1) (ecx + 1)4

− 96c5ℏe3cxtβ

Γ(β + 1) (ecx + 1)5
− 96c5ℏe4cxtβ

Γ(β + 1) (ecx + 1)5

+
48c8ℏ2e4cxtα+β

(ecx + 1)6 Γ(α+ β + 1)
+

4c8ℏ2ecxt2β

Γ(2β + 1) (ecx + 1)6

− 56c8ℏ2e2cxt2β

Γ(2β + 1) (ecx + 1)6
+

72c8ℏ2e3cxt2β

Γ(2β + 1) (ecx + 1)6
+ · · · .

5. Convergence analysis

Theorem 5.1. If the series solutions
∑n

i=0 ui(x, t), and
∑n

i=0 vi(x, t) are con-
vergent, where um and vm are governed by equation (9), then must be solutions
of (11).

Proof of Theorem 5.1. Suppose that
∑n

i=0 ui(x, t) and
∑n

i=0 vi(x, t) are con-
vergent, i.e limn−→∞ un(x, t) = limn−→∞ vn(x, t) = 0. From the equation (13),
we get:

ℏH
∑∞

m=1Km = limk−→∞
∑k

m=0 L[um − ℓmum−1]

= L[limk−→∞
∑k

m=0[um − ℓmum−1]] = L[limk−→∞ uk],

where L is a Laplace operator. Since limk−→∞ uk = 0, H ̸= 0 and ℏ ̸= 0, this
implies

∑∞
m=1Km = 0. Now, expand N1[Φ(x, t, q), ψ(x, t, q)] about q = 0, then

set q = 1,
N1[Φ(x, t, 1), ψ(x, t, q)] = 0,

we can see that u(x, t) = Φ(x, t, 1) =
∑∞

i=0 ui(x, t), and v(x, t) = ψ(x, t, 1) =∑∞
i=0 vi(x, t) solve equation (2).

Theorem 5.2 ([20]). Let the solution component h0(x, t), h1(x, t), h2(x, t), ... be
defined as (11). The series solution

∑∞
m=0 hm(x, t) defined in (15) converge if

there exist 0 < γ < 1 such that ∥hm+1(x, t)∥ ≤ γ∥hm(x, t)∥,∀m > m0, for some
m0 ∈ N.
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Theorem 5.3 ([20]). Suppose that the series solution
∑∞

m=0 hm(x, t) is con-

vergent to the solution h(x, t). If the truncated series
∑k

m=0 hm(x, t) is used as
approximation to the solution h(x, t), then the truncated error satisfies

∥ h(x, t)−
k∑

m=0

hm(x, t) ∥≤ 1

1− γ
γk+1 ∥ h0(x, t) ∥ .

6. Numerical result and discussion

In Fig. 2 and 3, we plot the 5-th order approximation solutions and the exact
solution of (2), we can see that the graphs coincide with the graphs of the exact
solution.

Now, to control the convergence of the series in the frame of HATM, by the
auxiliary convergence parameter ℏ, we plot the so-called ℏ-curve for utt(0, 0)(ℏ)
and vtt(0, 0)(ℏ) In Fig1,4,6 and 8. we can see from those figures that the best
value of ℏ for the first example is in the convergence region −1.2 ≤ ℏ ≤ −0.6,
and for the second example is −1.3 ≤ ℏ ≤ −0.7 so we have a freedom to choice
ℏ in this region to get a convergence series. In table 6.1, and 6.3 we compare our
results with other result obtained using the NDM solutions [1], and the spectral
collection method [2]. In Table 6.2, the approximation solutions for different
value of α, and β are given.

Table 6.1. Comparison of our results of u(x, t), and v(x, t) with other result
obtained by other numerical methods for different values of α = β = 1.

x t Exact( u(x, t) ) HATM Error (HATM) Error(NDM)[1] Error[2]

−10 0.1 0.000164304 0.000164304 2.47239 × 10−13 2.95039 × 10−8 2.99039 × 10−8

−10 0.2 0.000148670 0.000148670 1.56036 × 10−11 2.30335 × 10−7 2.33335 × 10−7

−5 0.1 0.024092321 0.024092321 8.91166 × 10−12 3.93592 × 10−6 3.96592 × 10−6

−5 0.2 0.021824797 0.021824797 5.83638 × 10−10 3.08049 × 10−5 3.38049 × 10−5

5 0.1 0.029347625 0.029347625 8.43378 × 10−12 2.02966 × 10−4 3.97592 × 10−6

5 0.2 0.032383774 0.032383773 5.22271 × 10−10 5.15558 × 10−4 3.78049 × 10−5

10 0.1 0.000200678 0.000200678 2.54363 × 10−13 2.11254 × 10−8 2.96039 × 10−8

10 0.2 0.000221781 0.000221781 1.65158 × 10−11 2.28173 × 10−7 2.37335 × 10−7

x t Exact( v(x, t) ) HATM Error (HATM) Error(NDM)[1] Error[2]

−10 0.1 0.000116180 0.000116180 1.74825 × 10−13 2.08624 × 10−8 2.18624 × 10−8

−10 0.2 0.000105125 0.000105125 1.10334 × 10−11 1.62872 × 10−7 1.64872 × 10−7

−5 0.1 0.017035843 0.017035843 6.30149 × 10−12 2.78312 × 10−6 2.88312 × 10−6

−5 0.2 0.015432462 0.015432462 4.12694 × 10−10 2.21782 × 10−5 2.87824 × 10−5

5 0.1 0.020751905 0.020751905 5.96358 × 10−12 2.9094 × 10−6 2.98312 × 10−6

5 0.2 0.022898786 0.022848786 3.69301 × 10−10 2.238036 × 10−5 2.47824 × 10−5

10 0.1 0.000141901 0.000141901 1.79862 × 10−13 2.19313 × 10−8 2.09624 × 10−8

10 0.2 0.000156823 0.000156823 1.16785 × 10−11 1.79991 × 10−7 1.72872 × 10−7

In the above tables, we can see that the approximation solution obtained by
HATM, is agreed and appropriate with the exact solution more than the NDM
and spectral collection methods.
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Table 6.2. Numerical solutions of u(x, t), and v(x, t) for different values of
α, β. Numerical solutions of u(x, t), and v(x, t) for different values of α, β

x t Exact u(x, t) α = β = 0.9 α = β = 0.8 α = β = 0.6
−10 0.1 0.000164304 0.000159449 0.000153648 0.000139462
−10 0.2 0.000148670 0.000142868 0.000136314 0.000123400
−5 0.1 0.024092321 0.023388290 0.022546135 0.020472920
−5 0.2 0.021824797 0.020954214 0.020024033 0.018074633
5 0.1 0.029347625 0.030919078 0.031537740 0.035657141
5 0.2 0.032383774 0.033919078 0.035900711 0.041940955
10 0.1 0.000200678 0.000207156 0.000215926 0.000244977
10 0.2 0.000221781 0.000232514 0.000246460 0.000290077
x t Exact v(x, t) α = β = 0.9 α = β = 0.8 α = β = 0.6

−10 0.1 0.000116180 0.000112747 0.000108646 0.000098614
−10 0.2 0.000105125 0.000100894 0.000096389 0.000087257
−5 0.1 0.017035843 0.016538018 0.015942525 0.014476541
−5 0.2 0.015432462 0.014816867 0.014159129 0.012780695
5 0.1 0.020751905 0.021410870 0.022300550 0.025213406
5 0.2 0.022898786 0.023984410 0.025385636 0.029656733
10 0.1 0.000141901 0.000146481 0.000152682 0.000173225
10 0.2 0.000156823 0.000164412 0.000174273 0.000205115

For the second example, we compare with the exact solution, the approxi-
mate solutions for [3] in Table 5.3. In Fig. 4 the 10-th order of solution with the
exact solution u(x, t) = ζ

a(sech(
1

2
√

ζ
a
(x−ζt)

))2,u(x, t) = ζ√
2a
(sech( 1

2
√

ζ
a
(x−ζt)

))2

for example1 are presented, and u(x, t) = v(x, t) = 4c2ec(x−c2t)

(1+ec(x−c2t))2
for the second

example. In Fig 6, the graphs traced for different values of α, β.

Table 6.3. Comparison of numerical solutions of u(x, t), and v(x, t) with other
obtained by other numerical methods for different value of α = β = 1.

x t Exact HATM(α = β = 1) Error (HATM) Error(NDM)[1] Error[3]

−10 0.1 0.000164304 0.000164304 2.47240 × 10−13 2.95039 × 10−8 2.95039 × 10−8

−10 0.2 0.000148670 0.000148670 1.56036 × 10−11 2.30335 × 10−7 2.30335 × 10−7

−5 0.1 0.024092321 0.024092321 8.91164 × 10−12 3.93592 × 10−6 3.93592 × 10−6

−5 0.2 0.021824797 0.021824797 5.83638 × 10−10 3.08049 × 10−5 3.08049 × 10−5

5 0.1 0.029347625 0.029347625 8.43377 × 10−12 4.11452 × 10−6 4.11452 × 10−6

5 0.2 0.032383774 0.032383773 5.22271 × 10−10 3.36633 × 10−5 3.36633 × 10−5

10 0.1 0.000200678 0.000200678 2.54363 × 10−13 3.10155 × 10−8 3.10155 × 10−8

10 0.2 0.000221781 0.000221781 1.65158 × 10−11 2.54546 × 10−7 2.54546 × 10−7

x t Exact HATM(α = β = 1) Error (HATM) Error(NDM)[1] Error[3]

−10 0.1 0.000164304 0.000164304 2.47240 × 10−13 2.95039 × 10−8 2.95039 × 10−8

−10 0.2 0.000148670 0.000148670 1.56036 × 10−11 2.30335 × 10−7 2.30335 × 10−7

−5 0.1 0.024092321 0.024092321 8.91164 × 10−12 3.93592 × 10−6 3.93592 × 10−6

−5 0.2 0.021824797 0.021824797 5.83638 × 10−10 3.08049 × 10−5 3.08049 × 10−5

5 0.1 0.029347625 0.029347625 8.43375 × 10−12 4.11452 × 10−6 4.11452 × 10−6

5 0.2 0.032383774 0.032383773 5.22277 × 10−10 3.36633 × 10−5 3.36633 × 10−5

10 0.1 0.000200678 0.000200678 2.54363 × 10−13 3.10155 × 10−8 3.10155 × 10−8

10 0.2 0.000221781 0.000221781 1.65158 × 10−11 2.54546 × 10−7 2.54546 × 10−7
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Concluding remarks

In this work, we successfully applied the HATM for a coupled Korteweg-de Vries
equation, and we show that this method is efficient and applicable for this type of
fractional differential equations, we compared our results with others obtained
by different numerical method. The algorithm is powerfully for solving this
kinds of equations.

References

[1] Mohamed Elbadri, Shams A. Ahmed, Yahya T. Abdalla, Walid Hdidi, A
new solution of time-fractional coupled KdV equation by using natural de-
composition method, Abstract and Applied Analysis, Volume 2020, Article
ID 3950816, 9 pages.

[2] B. Albuohimad, H. Adibi, S. Kazem, A numerical solution of time-
fractional coupled Korteweg-de Vries equation by using spectral collection
method, Ain Shams Engineering Journal, 9 (2018), 1897–1905.

[3] R. Shah, H. Khan, P. Kumam, M. Arif, D. Baleanu, Natural transform de-
composition method for solving fractionalorder partial differential equations
with proportional delay, Mathematics, 7 (2019), 532.

[4] M.M. Khader, Khaled M. Saad, Numerical studies of the fractional
Korteweg-de Vries, Korteweg-de Vries-Burgers and Burgers equations,
Proc. Natl. Acad. Sci., India, Sect. A Phys. Sci.

[5] Manzoor Hussaina, Siraju Haqa, Abdul Ghafoor, Meshless spectral method
for solution of time-fractional coupled KdV equations, Applied Mathematics
and Computation, (341), 321-334.

[6] Ali Bashan; A mixed algorithm for numerical computation of soliton solu-
tions of the coupled KdV equation: finite difference method and differential
quadrature method, Applied Mathematics and Computation, (360), 42-57.

[7] H.O.Bakodah, M.A.Banaja, B.A.Alrigi, A.Ebaid, R. Rach; An efficient
modification of the decomposition method with a convergence parameter
for solving Korteweg de Vries equations, Journal of King Saud University-
Science, 31 (2019), 1424–1430.

[8] Bothayna S. Kashkari, S.A. El-Tantawy, Alvaro H. Salas, L.S. El-Sherif,
Homotopy perturbation method for studying dissipative nonplanar solitons
in an electronegative complex plasma, Chaos, Solitons and Fractals, 130
(2020), 109457.

[9] Xiu-Bin Wang, Bo Han, Application of the Riemann–Hilbert method to the
vector modified Korteweg-de Vries equation, Nonlinear Dyn., 99 (2020),
1363–1377.



794 Y. MASSOUN and A.K. ALOMARI

[10] Chong Li, Amit Kumar, Sunil Kumar, Xiao-Jun Yang, On the approxi-
mate solution of nonlinear time-fractional KdV equation via modified homo-
topy analysis Laplace transform method, J. Nonlinear Sci. Appl., x (201x),
xxx–xxx.

[11] S. Abbasbandy, The application of homotopy analysis method to solve a
generalized Hirota–Satsuma coupled KdV equation, Physics Letters A Vol-
ume, 361 (2007), 478-483.

[12] K.M. Saad, Eman. H.F. AL-Shareef, A.K. Alomari, Dumitru Baleanu, J.F.
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