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1. Introduction

Let C be a open complex plane and two functions f and g are non-constant
and meromorphic in C. In this article standard notations like T'(r, f), m(r, f),
N(r, f) of Value Distribution Theory are used see ([1], [2], [3]). In this paper,
we denote C\ {0} as C'. For a € CU {oo}, if f and g have the same point
a with same multiplicities then f and g share a CM. If we do not take the
multiplicities into account then f and g share the value a IM. A meromorphic
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function a is said to be a small function of f provided T'(r,a) = S(r, f) i.e.,
T(r,a) =0O{T(r,f)} asr — oo,r € E.

Definition 1.1 ([14]). Let k € NU{0} U {co}. Fora € CU{oco} we denote by
Ex(a; f) the set of all a-points of f where an a-point of multiplicity m is counted
m times if m < k and k+ 1 times if m > k. If Ex(a; f) = Ex(a;g), we say that
f, g share the value a with weight k.

We write f, g share (a,k) to mean that f, g share the value a with weight
k. Clearly, if f, g share (a, k) then f, g share (a,p) for any integer p, 0 < p < k.
We note that f, g share a value a IM or CM if and only if f, g share (a,0) or
(a,0) respectively.

Definition 1.2 ([8]). Let a € CU{oo}. Forp € N we denote by N(r,a; f| < p)
the counting function of those a-points of f (counted with multiplicities) whose
multiplicities are not greater than p. By N(r,a; f| < p) we denote the corre-
sponding reduced counting function.

Similarly we can define N(r,a; f| > p) and N(r,a; f| > p).

Definition 1.3 ([14]). Let p € NU{oo}. We denote by Ny(r,a; f) the counting
function of a-points of f, where an a-point of multiplicity m is counted m times
if m < p and p times if m > p. Then

Np(r,a; f) = N(r,a; f) + N(r,a; f| = 2) +... + N(r,a; f| > p).

Clearly N1(r,a; f) = N(r,a; f).

In 2011, K. Liu, X. L Liu and T. B Cao [10] studied the uniqueness of the
difference monomials and obtained the following results

Theorem 1 ([10]). Let f(z) and g(z) be two transcendental meromorphic func-
tions with finite order. Suppose that c € C' andn € N. Ifn > 14, f"(2)f(z+c¢)
and g"(2)g(z+c) share 1 CM, then f(2) = tg(2) or f(2)g(z) = t, where "t = 1.

Theorem 2 ([10]). Let f(z) and g(z) be two transcendental meromorphic func-
tions with finite order. Suppose that ¢ € C" and n € N. Ifn > 26, f"(z)f(z+c¢)
and g™ (2)g(z+c) share 1 IM, then f(z) = tg(z) or f(2)g(2) = t, where t"1 = 1.

In 2015, Y. Liu, J. P Wang and F. H Liu [13] improved Theorems 1 and 2
and obtained the following results.

Theorem 3 ([13]). Let ¢ € C' and let f(z) and g(z) be two transcendental
meromorphic functions with finite order, and n(> 14), k(> 3) be two positive
integers. If Ex(1, f™"(2)f(z + ¢)) = Ex(1,9"(2)g(z + ¢)), then f(z) = t19(z) or
f(2)g(z) = ta for some constants t1 and ty satisfying t’f“ =1 and tg“ =1.
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Theorem 4 ([13]). Let ¢ € C' and let f(z) and g(z) be two transcendental
meromorphic functions with finite order, and n(> 16) be a positive integers. If
E(L f"f(z + ¢)) = Ea(1,9"g(z + ¢)), then f(2) = t1g(2) or f(2)g(z) = t2 for
some constants t1 and to satisfying t?“ =1 and tg“ =1.

Theorem 5 ([13]). Let ¢ € C' and let f(z) and g(z) be two transcendental
meromorphic functions with finite order, and n(> 22) be a positive integers. If
Bi(L, " f(z + ) = Er(1,6"g(= + c)), then f(2) = trg(2) or f(2)g(2) = ta for
some constants t1 and to satisfying t?“ =1 and t;“ =1.

In 2017, S. Majumder [12] proved following theorem by taking non-zero
polynomial in place of sharing value 1 CM and came out with the following
results.

Theorem 6 ([12]). Let f(z) and g(z) be two transcendental meromorphic func-
tions of finite order, ¢ € C' and n € N be such that n > 14. Let p(z)(# 0)
be a polynomial such that deg(p) < "?71 Suppose f(z)f(z + ¢) — p(z) and
9" (2)g(z + ¢) — p(z) share (0,2), then one of the following two cases holds:

(i) f(z) = tg(z) for some constant t such that t"*1 = 1;

(ii) f(z)g(z) = t, where p(z) reduces to a non-zero constant ¢ and t is a

constant such that t"+1 = 2.

Theorem 7 ([12]). Let f(z) and g(z) be two transcendental meromorphic func-
tions of finite order, ¢ € C' and n € N be such that n > 16. Let p(z)(Z 0)
be a polynomial such that deg(p) < %71 Suppose f"(z)f(z + ¢) — p(z) and
9" (2)g(z + ¢) — p(2) share (0,1). Then conclusion of Theorem 6 holds.

Theorem 8 ([12]). Let f(z) and g(z) be two transcendental meromorphic func-
tions of finite order, ¢ € C' and n € N be such that n > 26. Let p(z)(Z 0)
be a polynomial such that deg(p) < “5t. Suppose f"(2)f(z + ¢) — p(z) and
9" (2)g(z + ¢) — p(z) share (0,0). Then conclusion of Theorem 6 holds.

Regarding Theorems 6-8, one may ask the following question.

Question 1. What happens if f"(z) f(z+c) is replaced by f™(z)P(f) H?Zl flz+
¢;)" in Theorems 6-87

To answer the above question affirmatively, we prove the following results
which is the main results of this article.

Theorem 9. Let f(z) and g(z) be two transcendental meromorphic functions
of finite order, ¢ € C' and n € N be such that n > 7+ 6m+To. Let p(z)(Z£ 0) be
a polynomial such that deg(p) < m—% Suppose f™(z)P(f) H;l:1 flz+¢) —
p(2) and g"(z)P(g) H?:l g(z+c¢j)% —p(z) share (0,2), then one of the following
two cases holds:

(1) f(z) =tg(z) for some constant t such that t"T™t7 =1;

(13) f(2)g(z) = t, where p(z) reduces to a non-zero constant ¢ and t is a
constant such that t"tmTo = 2,
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Theorem 10. Let f(z) and g(z) be two transcendental meromorphic functions
of finite order, c € C' and n € N be such that n > 8 + 6m + 8c. Let p(z)(£ 0)
be a polynomial such that deg(p) < "F2=2. Suppose ["(z)P(f) H?:l f(z +
¢j) —p(z) and g™ (2)P(g) H?:l g(z+¢j)% —p(z) share (0,1). Then conclusion
of Theorem 9 holds.

Theorem 11. Let f(z) and g(z) be two transcendental meromorphic functions

of finite order,c € C' and n € N be such that n > 134 6m + 130. Let p(z)(Z£ 0)
be a polynomial such that deg(p) < "t2=2. Suppose f"(z)P(f) H?Zl flz+

¢;)" —p(z) and g"(2)P(g) H;-lzl g(z+¢;)% —p(z) share (0,0). Then conclusion
of Theorem 9 holds.

Remark 1. If m = 0 and 0 = 1 in Theorems 9-11, then Theorems 9-11 reduces
to Theorems 6-8.

2. Some lemmas

In this segment, we present few Lemmas which will be used further.
Let F', G be two non-constant meromorphic functions. From now onwords
let us use H to denote the following functions.

F// 2F/ G// 2G/
1 = (L 2 ) (& _
S (F’ F—1> (G’ G—1>
Lemma 2.1 ([11]). Suppose f(z) is a meromorphic function in the complex

plane C and the polynomial is defined by P(2) = amf™ + am_1f™ 1+ ... +
a1 f + ag, where an(£0), ag, a1, ,..., am—1 are small functions of f(z). Then

T(r,P(f)) = mT(r,f)+S(r, f).

Lemma 2.2 ([5]). Let f(z) be a meromorphic function of finite order p, and
let ¢ € C' be fized. Then for each € > 0,we have

Lemma 2.3 ([5]). Let f(z) be a transcendental meromorphic function of finite
order, ¢ € C' be fized. Then

T(r,f(z+¢)=T(r )+ S(r, f).

Lemma 2.4 ([6]). Let f(z) be non-constant meromorphic function of finite
order and c € C. Then:

N(r,0; f(z 4 ¢)) < N(r,0; f(Z)) S(r, f),
N(r,00; f(z +¢c)) < N(r,00; f(z)) + 5(r, f),
N(r,0; f(2 +¢)) < N(r,0; f(z Y+ S(r, f),
N(r,00; f(2 +¢)) < N(r,00; f(2)) + S(r, f).
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Lemma 2.5 ([16]). Let f(z) be a transcendental meromorphic function of hyper
order, po < 1 and F(z) = f"(2)P(f) H;-lzl f(z+¢j)%, where m, n € N. Then
we have,

(m+m—o)T(r,f) <T(r,F)+S(r, f) < (n+m+o)T(r,f).

Lemma 2.6. Let f(z) and g(z) be two transcendental meromorphic functions
of finite order, ¢ € C' and n € N such that n > 2. Let p(z) be a non-zero
polynomial such that deg(p) < "2=2. Then:

(i) if deg(p) > 1, then f(2)P(f)IIj=1 f(z + ¢;)"g"(2)P(9) [1]—, (= +
cj)'i # p?(2);

(1) if p(z) = ¢ € C', then the relation

d
H z+c

J=1

9z +¢) = p*(2)

Hz&

always implies that fg =t where t is a constant such that t"T™m+o = (2.

Proof. Suppose

d

2) P ] fE+e)

j=1 ]:1

g(z +¢;)" = p*(2).

z&

Let h = fg then from equation (2) becomes,

1
hn+m<am +.- )(amg + am-19"™"" 4+ ap)
gm hm
2
p*(2)
(3) ]

Hj:l h(z + ¢;)"i ‘
Let us discuss following two cases.

Case 1. Suppose h is a transcendental meromorphic function. Now, by Lem-
mas 2.1, 2.2 and 2.4, we get

(n+m)T(r,h) = T(r, ""t™) + S(r, h)

2(z
=T (r, HGL Z(ij—cj')”f> + S(r, h)

7j=1
<oT(r,h)+ S(r,h)

which is a contradiction.

Case 2. Suppose h is rational function. Let

(4) =t
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where h; and hy are two non-zero relatively prime polynomials. By equation
(4), we have

(5) T(r,h) = maz{deg(hy), deg(ha)}og r+ O(1).
Now, by equations (3) - (5), we have

(n +m)max{deg(hi), deg(hz2)}logr
T(r,h™™™) +0(1)
(6) < T(r,h%) +T(r,p*(2)) + S(r, f)
< oT(r,h)+2T(r,p) + S(r, f)
= max{deg(h1), deg(hy)} logr + 2deg(p)
+logr + O(1).

This implies,
(n+m —o)T(r,h) < 2T(r,p) + S(r, f).

Hence,
(n+m — o) < 2deg(p).

We see that max{deg(hi), deg(h2)} > 1. Now by see (6), we deduce that

. . . + —
(n+m—o0)/2 < deg(p), which contradicts our assumption that deg(p) < “5=2.
Hence h must be a non-zero constant. Let

(7) h=tecC.

Now, when deg(p) > 1. By see (3) and (7) we arrive at a contradiction. There-
fore f™(z)P(f) Hj’l:1 f(z +¢j)¥g"(2)P(g) H?:l g(z + ¢;)% # p*(z). Suppose
p(z) = c € C'. So by 3 we see that A"+ = 2. By (7) we get t""+7 = 2,
This completes the proof. O

Lemma 2.7 ([14]). Let f(z) and g(z) be two non-constant meromorphic func-
tions sharing (1,2). Then one of the following holds:

(Z) T(ﬁ f) < NQ(ra 0; f) + NQ(Tv 079) + N2(T7 005 f) + NQ(rv OO;g) + S(Tv f) +
S(r,9);

(i1) fg =1,

(iii) f=g.

Lemma 2.8 ([4]). Let F and G be two non-constant meromorphic functions
sharing (1,1) and H # 0. Then

1
T(r,F) < Na(r,0; F') + Na(r,0; G) + Na(r,00; F') + Na(r,00; G) + 5]\7(7“, 0; F)

+ 5N (r,00:F) + S(r, F) + (1, G).
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Lemma 2.9 ( [4]). Let F' and G be two non-constant meromorphic functions
sharing (1,0) and H # 0. Then

T(r,F) < No(r,0; F) + Na(r,0; G) + Na(r,00; F) + No(r,00; G) + 2N(r,0; F)
+ N(r,0;G) +2N(r,00; F) + N(r,00; G) + S(r, F) + S(r, G).
Lemma 2.10 ([15]). Let H be defined as in (1). If H =0 and

N . N . N . N .
T (r,0; F) + N(r,0; G) + N(r,00; F) + N(r,00; F) 1 rel
r—00 T(T‘)

where I is a set of infinite linear measure, then ' =G or F.G = 1.

3. Proof of main results

Proof of Theorem 9.

"(z d 2+c;)YI "(z d 2+c;)%
Proof. Let F(z) = SOPOIL I g oy = 8P st

Then, F' and G share (1,2) except for the zeros of p(z). Now by Lemma 2.7, we
see that one of the following three cases holds:

Case 1. Suppose
T(r,F) < Na(r,0; F)+Na(r,0; G)+ Na(r, 00; F)+ Na(r, 00; G)+S(r, F)+S(r, G).

Now, by applying Lemmas 2.1 and 2.4, we have

N(r,0;F)<(1+m+o)T(r,f)+ S(r, f).

Similarly,
N(r,0;G) < (1+m+0)T(r,g) + S(r, f),
N(r,o0; F) < (14+m+ao)T(r, f) + S(r, f),
N(r,00;G) < (L+m+0)T(r,g) + S(r, f).
Therefore,
T(r,F) < Ny(r,0; F) + Na(r,0; G) + Na(r,00; F)
+ Ny(r,00;G) + S(r, F) 4+ S(r,G)
< 2N(r,0; F) +2N(r,0; G)
+ N(r,00; F) 4+ N(r,00; G) + S(r, f) + S(r, 9)
<20+m+0o)T(r,f)+20+m+0)T(r,9) + (1 +m+o)T(r, f)
+ (L +m+0o)T(r,g)+S(r, f) + S(r, g)
<314+m+o){T(r,f)+T(r,g)} +S(r, f)+ S(r,g).
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By Lemma 2.5,
8 n+m—0o)T(r,f) <31+m+o){T(r,f)+T(r,g)} + S(r,f)+ S(r,9).
Similarly,
9) (m+m—0)T(r,g9) <3(1+m~+o){T(r,f)+T(r,g9)} +S(r,f)+ S(r,g).
Combining equation (8),(9)

(n+m —o)T(r) < 6(1+m+o)T(r) + S(r).

where T'(r) = max{T'(r, f), T(r,g)} and S(r) denotes any quantity satisfying
S(r) = o(T(r)) as r — o0, outside of a possible exceptional set of finite logarith-
mic measure. Therefore n < 6+5m+ 70 which contradicts with n > 7+5m+7o.

Case 2. F' = G. Then we have

(10) S Hfz"“cjvj_g

7j=1

g(z+¢j)"

||::g

Let h = g. Then f = gh, with these equation (10) becomes,

g(z+¢j)"

||::]g

d
(gh th (z4¢)" =9"(2

d
h"(2)[amg™h™ + ... + ao] H (z+¢)" = P(g).
7=1

P(g) '
H;l:1 h(z + ¢j)¥i

(n+m)T(r,h) < T(r, h"+m)+Sr h)

SN(T, )—H’n(r L )
H h(z + ¢;)® J 1h(z+c])

<T|r,
H h(z + ¢;j)"
<T(r, hU)—l-Srh

<oT(r,h)+ S(r,h).

Since n > 2, we see that h is a constant. Then, we have h"» ™9 = 1. Therefore,
f(z) = tg(z), where t"tM*7 = 1.

[amg™h™ ™™ + ... + agh"]

+S(r

Case 3. F.G = 1. Then we have f™(z)P(f) H;l:l f(z4¢;) g™ (2)P(g) H;'l:1 g(z+
¢j)% = p*(z). Hence Theorem 9 follows by Lemma 2.6. This completes the
proof. O
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Proof of Theorem 10. Let

f"(2)P(f) H;-lzl f(z+¢j)
p(2)

F=

and
g"(2)P(g) TT=y 9(z + ¢;)¥
p(2) '
Then, F and G share (1,1) except for the zeros of p(z). We now consider the
following two cases.

G =

Case 1. H #0. By Lemma 2.3, we have

N(r,0;F) <(1+m+o)T(r,f)+ S(r, f)

Similarly,
N(r,0;G) < (1+m+0o)T(r,g)+ S(r, f)

N(r,00;F) < (L+m+0)T(r, f) +S(r, f)
N(r,00,G) < (1+m+0)T(r,9) + S(r, f)-
Now by applying Lemmas 2.1, 2.4 and 2.8 we have,
1—
T(r,F) < Na(r,0; F) + Na(r,0; G) + Na(r, 00; F') + Na(r,00; G) + 5]\7(7’, 0; F)
1__
+ NG, 001 F) + S(r, ) + 5(r,0)
_ . _ _ 1__
< 2N(r,0; F) + 2N (r,0;G) + N(r,00; F') + N(r,00; G) + §N(T,O;F)

+%N(T,OO;F)+S(Taf)+S(T’g)

<{20+m+o

~—

+(1+m+cr)+%(1+m+a)+%(1+m+a)}T(r,f)

+{20+m+o0)+ (1 +m+o0)}T(r,g)+ S(r, f)+S(r,9)
<4(1+m+0o)T(r,f)+3(0+m+0o)T(r,g) + S(r, f) + S(r,9).

~—

By Lemma 2.5, we have

(n+m—0)T(r,f) <41 +m~+0)T(r,f)+3(1+m+0)T(r,g)
(11) + S(r, f)+ S(r,g).

Similarly,

(n+m—0)T(r,g) <4(1+m+0)T(r,9) +3(1+m+o)T(r, f)
(12) + S(r, f)+ S(r,g).
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Adding inequalities (11) and (12) we get,
(n+m—0)T(r) <7(1+m+a)T(r) + S(r).

where T'(r) = max{T(r, F), T(r,G)}, S(r) = max{S(r, f),S(r,g)}. Which im-
plies that n <7+ 6m + 8¢ which contradicts with n > 8 4+ 6m + 8o.

Case 2. H = 0. In view of Lemmas 2.4 and 2.5 we get

N(r,0; F) + N(r,0;G) + N(r,00; F) + N(r, 00; Q)
<2(04+m+o)T(r,f)+2(1 +m+o0)T(r,g) + S(r, f) + S(r,9)

2(1 2(1
< A D p ) 4 K D ) 4 500, )+ (0,0
<AAEMA) ey L g,
n+m-—o

where T'(r) = max{T(r, F),T(r,G)}, S(r) = max{S(r, f),S(r,g)}. Since n >
8 + 6m + 8o, we have

o N(r,0; F)+ N(r,0;G) + N(r,00; F) + N(r, 00; G) <1
r—»00 T(r)

and so by Lemma 2.10, we have either F' = G or F.G = 1. Hence, Theorem 10
follows by the proof of Theorem 9. This completes the proof.

Proof of Theorem 11. Let

PP T =+ )

Fz) = p(2)

and
9" (2)P(g) T1=y 9(z + ¢;)"
p(2)
Then, F' and G share (1,0) except for the zeros of p(z). We now consider the
following two cases.

G(z) =

Case 1. H # 0. By Lemma 2.3, we have
N(r,0;F) < (1+m+o)T(r, f) + S(r, f).

Similarly,
N(r,0;G) < (1+m+0)T(r,g)

N(r,00; F)

S(r, f),
(r, ),
(

+
<(A+m+o)T(r,f)+ )
+ S(r, f).

< S
N(r,00;G) < (14+m+o)T(r,g)+ S
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Now, by Lemmas 2.1, 2.4 and 2.9 we have

T(r,F) < No(r,0; F) + Na(r,0; G) + Na(r,00; F) + Na(r,00; G) + 2N (r,0; F)
+ N(r,0;G) 4+ 2N (r,00; F) + N(r,00; G) + S(r, f) + S(r, g)
< 2N(r,0; F) 4+ 2N(r,0; G) + N(r,00; F) + N(r,00; G) + 2N (r,0; F')
+ N(r,0;G) 4+ 2N(r,00; F) + N(r,00; G) + S(r, f) + S(r, g)
<{20+m+o)+(1+m+o)+2(01+m+0)}T(r, f)
+{20+m+o)+(1+m+o)+1+m+o)+ 1 +m+o0)}T(r,9)
<T7T14+m+0o)T(r, f)+50+m+o0)T(r,g) +S(r, f)+ S(r,g).

By Lemma 2.5, we have

(n+m—0)T(r,f) <7T1+m+0o)T(r,f)+5(1+m+0o)T(r,g)
(13) + S(r, f)+ S(r,g).

Similarly

(n+m—0)T(r,g) <71+m+0)T(r,g) +51+m+o)T(r,f)
(14) +8(r, f) + 5(r,9).

Adding inequalities (13) and (14) we get
(n+m — )T (r,g) + T(r. f)} <12(1 +m +0){T(r,g) + T(r, )}
+8(r, f) + 5(r,9).
i.e., n <12+ 11m + 130, which contradicts with n > 13 + 11m + 130.

Case 3. H = 0. Hence Theorem 11 follows from the proof of Theorems 9 and
10. This completes the proof.
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