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Abstract. Instituted stability result with regard to the sextic functional equation

fnx +y) + fnz —y) + flz+ny) + flz—ny) = (n* +n?)[f(z +y) + [z —y)]
+2(n° —n* —n? + 1)[f(z) + f(y)]

in Fuzzy normed space.
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1. Introduction and preliminaries

The theory of Fuzzy space has much advance . We used the concept of F.N
space mentioned in the references [1, 5| to test a fuzzy version of generalized
stability of the functional equation (this equation is from the reference [3, 4])

fnz +y) + f(nz —y) + f(z +ny) + f(z —ny)
(1) = '+ n)[f(z+y) + f(@ —y)]
+2(n® —nt —n? +1)[f(2) + f(v)]

in the F.N vector space setting.

Definition 1.1 ([2]). Let be a real linear space. A function N : X x R — [0, 1]
(the so -called fuzzy subset) is said to be a fuzzy norm on X if for all x,y € X
and all s,t € R;

N1) N(z,c) =0, for c <0;
N2) x =0 if and only if N(x,t) =1, for all ¢ > 0;
(C.’L't) (7“)72]"07&0

N
N(zx+y,s+1t) > min{(z,s), (y,t)};
N

=

(V1)
(N2)
(N3)
(IV4)
(NV5)

N5

(x,.) is a non-decreasing function on R and limy_,oo N(z,t) = 1;
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(N6) for z =0, N(z,.) is (upper semi) continuous on R.

The pair N(X, N) is called a fuzzy normed linear space. One may regard N(x,t)
as the truth value of the statement the norm of x is less than or equal to the real
numbert.

Example 1.1 ([2]). Let (X, |.|]|) be a normed linear space. Then

' ftso,
N(z,t) = t+ ]

0, ift <0,
is a Fuzzy norm on X.

Definition 1.2 ([5]). Let (X, N) be a fuzzy normed vector space. A sequence
Ty in X is said to be convergent or converge if there exists an x in X such that
lim,, o0 N(zy, — x,t) = 1, for all t > 0. In this case x is called the limit of the
sequence {x,} and we denote it by N — lim,,_, ooz, = .

Definition 1.3 ([1]). Let (X, N) be a fuzzy normed vector space. A sequence
Ty in X is called Cauchy if for each € > 0 and each t > 0 there exists an ng € N
such that for all n > ng and all p > 0, we have N(xpip — Tp,t) > 1 —¢.

It is well-known that every convergent sequence in a fuzzy mormed vector
space is Cauchy. If each Cauchy sequence is convergent, then the fuzzy norm is
said to be complete and the fuzzy normed vector space is called a fuzzy Banach
space.

2. Fuzzy stability

Theorem 2.1. Let X be linear space and let (Z,N') be F.N space, let 9 :
X x X = Z a function such that for some 0 < x < nS

(2) N (¢(n,0),t) > X (ay)(z,0),t)
and
(3) lli)I& N/(w(nlxv nly)v nGZt) =1,

Vrz,y € X andt > 0. Let (Y,R) be a fuzzy Banach space and f : X — Y be a
P-approximately sextic mapping in the sense that

(4) R(Ds f(x,y),t) > W (4(,0),t)

Vao,y € X, t >0 where Dyf(z,y) = f(nx—i—y)—i—f(n:c— y)+ f(z+ny)+ f(x—
ny) — (n* +n?)[f(z +y) + flz —y)] = 2(n° —n* —n? + 1)[f(z) + f(y)]. Then
erists sextic mapping A : X — Y s.t

(5) R(A(z) — f(z),1) > R (¢(x,0),2t(n° — a))

Vee X, t>0.
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Proof. Impose y =0 in (4)
(6) R(2f (na) — 2n° f(x),t) > N'(4(x,0), 1),

Vo € X, t > 0. Replacement z by n*z in (6) and employ (2) we obtain
R(2f (0" 2) =208 f (nF2), ) 2N (4 (nF2, 0), ) 2N (¥4 (, 0), 1) =N (¢ (, 0), ik),
a

k > 0. Replacement t by ot we see that

f(Fa)  fnbe) oM ,
™ 0 (! - 1050 i) 2 ¥ 0.0
Vee X,t>0,k>0. From
f(nz) o (fta)  fnta)
nbi f(x) = 20< nbG+l) 6 >

and (7) perform

f(niz) I o
N < 16 —f(x)azw)

j—1
| fntle)  fwz) ot
(8) 2> min U <N < nb(+1) B nbe ’ 2n6(l+1)>)

Ve € X, t >0, 7 >0. By replacement = by n™x in (8) we observe that

o[ fnre) - att
nbitbm —  6m ’Z 27, 6(1+6m)

(9) > N((n™,0),8) > N (™ (x,0),1) = N (wx, 0), atm>

whence

i j—14+m
fitmz)  f(nma) a't /
R ( nbi+6m B nbém ’ Z 2n6(2+1) > N (1/}(‘7;7 0)7t)7

Vee X,t>0,5>0m>0. Hence

j+m m
(10) N <f7(17éj+6;) _ f(nnGm:z:)’t) >N <¢(x,0), Zj_H_th pn ) ,

1=m on6(+1)

Vz e X,t>0,j>0m>0. Since 0 < a <nband 3 (:%)" < o0.
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The Cauchy concept for convergence and (N5) show that {f (:67;? )} is a

Cauchy sequence in (Y, N). Since (Y, R) is a F.B. space, this sequence converges
to some point A(z) € Y.Setz € X and impose m = 0 in (10) to gain

m“m@—fmxwzw(w >tlt),

z]
0 27,6G+1)

t >0, 7 > 0. From which we obtain

R(A() — 70, 0) 2 mins (o) - L8 2) e (1020 ), 1)

t
>N <w< 0), 1 >
Zz OQng[(zErl)

for 2 large enough. Taking the limit an j — oo and using (N6) we gain
R(A(z) = f(2),t) > N(4(x,0), 2t(n° — o))

replacement x,y by n'z, n'y respectively in (4) to gain

N(Ddﬁhwﬁ” ﬂ)>N%u#%Jﬁm¢»

n6z nﬁ
Then

n6z

N(Djmmwwx)zwwm%m@wﬂm

Vo € X, Vt > 0, since lim,_,o, N/ (1)(n'z, n'y),n%) = 1 we infer that A complete
(5). To state the uniqueness of the S. Fun C, presume exists a S. Fun D : X —
Y which satisfies (5) Set z € X. Clearly A(nx) = n8A(z) and D(nx) = n®D(x)
then A(n'z = n%A(z) and D(n'r = n%D(z) V2 € N. Accompany from (5) that

N(A(z) — D(z),t) = X <‘4(”Z‘””) _D ;”g“’) , t)

nbe
. A ) f ) t A 1 f 1 t
> min{X < (nn&x) - (:6;8)72> s R( (nr;lx) - (7;2;6):2)

n%t(nb —
> N (¢p(n'z,0), Gzt(n —a)) > W <¢(:U,0), t(az)>

62
. . +(nb— .
since lim, o =% — 56 and 0 < o < 1 we gain

lim R/ <¢(:c,o) M) =1,

1—00 o’

therefore, N(A(z) — D(z),t) = 1Vt > 0 whence A(z) = D(z). O
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Example 2.1. Let X be a Banach algebra space and Z be a normed space.
Denote by X and X' the Fuzzy norms obtained as Example (1.2) on X and Z |
respectively . ¢ : X x X — Z realized by ¥(z,y) =8n°(|| z | + || v ||) -

Define f : X — X by f(x) = 2%+ || @ || 2¢ for some unit vector xo € X.
Then

t

t+ || N(Dsf(z,9) )
t

>
t+2n+n+2)(lz |+ =)

t
> =N Y),t
s ey - W)

N(Dsf(x,y),t) =

and

t t
= <
t+8nT x| = 87 [ x|
6’Lt

N (¢(nz,0),t) = N'(o< 9(z,0),t),

n
lim
100 nO1t + 8nb(|| || + || v [])

Hence, conditions of theorem (2) for @« = n are complete. Therefore, exists
sextic mapping A : X — X s.t

R(A(z) — f(2),t) = N (¢(x,0),2t(n® —n)).
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