ITALIAN JOURNAL OF PURE AND APPLIED MATHEMATICS — N. 46-2021 (885-893) 885

z-clean and strongly z-clean rings

Maryam Raofi

Department of Mathematics
Faculty of Mathematical Sciences
University of Mazandaran
Babolsar

Iran

Raofi.m@chmail.ir

Yahya Talebi*

Department of Mathematics
Faculty of Mathematical Sciences
University of Mazandaran
Babolsar

Iran

talebi@umz.ac.ir

Abstract. In this article we introduce the concept of z-clean and strongly z-clean
rings. The ring R is said to be a z-clean ring if every element of R is sum of a zero
divisor of R and an idempotent element of R.

We present the necessary and sufficient condition when the clean rings, and z-clean
rings become equivalent. We study various properties of the z-clean and strongly z-clean
rings.
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1. Introduction

Throughout this paper, R denotes an associative ring with identity, U(R) the
group of units, Id(R) the set of idempotents, Reg(R) the set of regulars, M, (R)
the ring of all n x n matrices over R and

Z(R)={0#x € R|30 #y € R, zy = 0}.

Nicholson in [8] proved some important properties of clean rings. It is impor-
tant to know when we can decompose some (or all) elements of a ring as a sum
of an idempotent and an element with some special properties. For instance, an
element = of a ring R is

e clean if x = u + e, where e € Id(R) and u € U(R) ([9]):

e r—clean if z = r + e, where e € Id(R) and r € Reg(R) ([2]);
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e nill-clean if x = n + e,where e € Id(R) and n € N(R) ([8]).

Several authors worked on clean rings and investigated properties of clean rings
[1, 4, 5, 8].

Further in 1999, Nicholson [10] called an element of a ring R as strongly
clean if it is the sum of a unit and an idempotent that commute with each other
that means if @ = e + u, where e? = e and u is a unit of R such that eu = ue
and R is strongly clean if each of its element is strongly clean. Again clearly
from [10], a strongly clean ring is clean, and the converse holds for an abelian
ring (that is, all idempotents in the ring are central). Local rings and strongly
m—regular rings are well-known examples of the strongly clean rings. In 1936,
Von Neuman defined regular element and regular ring and some properties of
regular rings has been studied in [7].

The clean rings were further extended to r—clean rings and the r—clean rings
were introduced by Ashrafi and Nasibi [2, 3] and they defined that an element
x of a ring R is r—clean if x = r + e, where r € Reg(R) and e € Id(R). A ring
R is said to be r—clean if each of its element is r—clean. In [3] they proved that
every abelian r—clean ring is clean.

Garima Sharma and Amit B. Singh in [13] introduced the concept of new
class of rings, strongly r—clean rings which is generalization of the class of
strongly clean rings and stronger class of r—clean rings.

Motivated by all above studies, in this paper, we introduce the concept of
new class of rings, namely z-clean and strongly z-clean rings.

We call an element z of a ring R is z-clean if z = z + e, where z € Z(R) and
e € Id(R).

A ring R is z-clean if each of its element is z-clean. If ze = ez then x of a
ring R is strongly z-clean and a ring R is strongly z-clean.

We will give examples for z-clean ring and cheek the relationship between
clean ring, r—clean ring with z-clean ring. Moreover, we give the necessary and
sufficient condition when the clean rings, strongly clean rings, z-clean rings and
strongly z-clean rings become equivalent.

We show that a directly finite of rings R; # 0, i = 1,2,--- ,n is z-clean if
and only if every R; is z-clean.

Finally we provide some properties of z-clean rings and prove that if R is an
z-clean ring then the matrix ring M, (R) is z-clean for any n > 1.

2. z—clean and strongly z-clean rings

In this section first we define z—clean elements, strongly z-clean elements,
z—clean rings and strongly z-clean rings and we investigate the properties of
the z—clean ring.

Definition 2.1. An element x of a ring R is z— clean if x = z + e, where
z € Z(R) and e € Id(R), a ring R is z—clean if each of its element is z—clean.
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If ze = ez then x of a ring R is strongly z-clean and a ring R is strongly z-clean.
From the above definition it is clear that every strongly z-clean ring is z-clean.

Now, in the following example we show that the converse need not be true.

a b

Example 2.1. R = {[ 0 0

] ta,be Zg} is a z-clean ring but not strongly

z-clean ring.

Proof. Let R: M; = [(1] (1):|,M2: [1 0},M3: [O 0]7M4:

00
Also all the elements are z-clean. Now, we prowe that R has at least one el-

ement * = z + e such that ze # ez for e € Id(R) and z € Z(R). Take

[ 01 ] Thus the set of idempotents Id(R) = {e1 = Mi,ea = My, e3 = Ms}.

My = [ 8 (1) = 0 so representations of My with commutative condition are
My = e; + My but eg My # Msey. Thus there exists My # 0 such that My is
z-clean but not strongly z-clean. O

Example 2.2. If p is a prime number, then Z, is a field thence Z, is not a
z—clean ring. But for n = 2k, k € N, Z,, is a strongly z-clean.

Proof The set of zero divisors of R = Zg, = {1,2,3,--- ,2n—1,2n} is Z(R) =

{2,(z,2n) # 1} and the set of idempotents is Id(R) = {e, e? L e}.
Cleary, each of the elements R, writes as follows x = z+e such that z € Z(R),
e € I(R) and ze = ez. Thus Zs, is strongly z-clean.

Definition 2.2. The ring R is called Abelian if every idempotent is central, that
is, ae = ea for any e € Id(R), a € R.

Example 2.3. Every Boolean ring is strongly z-clean.
Example 2.4. Let S be a subset of fixed set U,
S=AU)={X:X CU}
We define
VA,BeS: A+B=(A-B)U(B—A), A-B=ANB.
In this case (S, +,-) is a strongly z-clean ring.

Remark 2.1. Recall that an element r € R is regular if » = ryr for some y € R.
The ring R is regular if each of its element is regular. Clearly regular rings and
clean rings are r—clean. But the converse is not true ([2]).

Remark 2.2. Let R be a r—clean ring which is not a field. Then R is a z-clean
ring.
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Proof. Let x € R, since R is r—clean therefore x = r+ e such that r € Reg(R),
e € Id(R). Since r € Reg(R), there exists y € R such that r = ryr. Hence
r—ryr =0, r(1 —yr) = 0. Since R is not filed, therefore 1 — yr # 0 and this
implies that r € Z(R). Also © = r + e where r € Z(R), e € Id(R). Hence R is
z-clean ring. 0

In the following, we provide an example for which the converse of Remark
2.2, is not true.

Example 2.5. Suppose that G is a additive Abelian group and we define the
multiplicative over G as follow:

Ya,be G:a-b=0.
In this case G is z-clean but is not r—clean ring.

Remark 2.3. Nill-clean rings are z-clean rings. while the converse may not
hold.

Proof. Let R be anill-clean ring and x € R. Then x = a+e such that a € N(R)
and e € Id(R).

Since a is nillpotent, therefore there exists n € N, such that ™ = 0. Also
a-a" ! =0 and this implies that a € Z(R). Hence R is z-clean ring.

For the converse, pleas see Example 2.3. 0

Proposition 2.1. Fvery Abelian z-clean ring is strongly z-clean.

Proof. For every z € R, we write x = z + e, where e € Id(R) and z € Z(R).
Since R is an Abelian ring, so ez = ze for every z € R. Therefore R is strongly
z-clean. O

Proposition 2.2. Let R be a ring and a € R be strongly z—clean. Then we
have the following:

(1) —a is strongly z—-clean.
(2) 1— a is strongly z— clean.

Proof. (1). Suppose that a = z + e where such that z € Z(R), e € Id(R) and
ez = ze. Because z € Z(R), hence there exist b € R, such that b # 0, z-b =10
and this implies that —z - b = 0. Hence —a = —z 4 (—e) that —e € Id(R) and
(—e)(—z) = (—z)(—e) hence —a is strongly z-clean.

(2). Notel—a=1—(z4+¢€) = —z+(1—e¢). Clearly —z € Z(R), (1—e) € Id(R),
—z-(1—e)=(1—e)-(—z). Therefore 1 — a is strongly z-clean. O

Proposition 2.3. Let R be a Abelian ring. If a € R is a strongly z—clean and
e € Id(R), then

(1) ae is strongly z—clean.
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(2) If the idempotents are orthogonal, then a + e is strongly z— clean.

Proof. It is tivial. O

Proposition 2.4. Let R be a strongly z—clean ring and e centeral idempotent.
then

(1) eRe and (1 — e)R(1 — e) are strongly z— clean.
(2) VI < R, & is strongly z—clean.

Proof. (1) Let o’ € eRe. Then there exits a € R such that a’ = eae. Since R
is strongly z-clean ring, therefore a = z + ¢ where z € Z(R), ¢’ € Id(R) and
ze/ = €'z. Tt follows that a’ = e(z + €')e = eze 4 ee’e = eze = ee’. Now we need
to show that eze is zero divisor, e€’ is an idempotent and they commute. For
this consider

ee')? = (ee')(e€') = e(ee)e’ = e(ee))e’ = (ee)(e'e’) = e2e’* = ee’
(ee’) ,
since R is z—clean, then

Ja € R, d =eaec=ce(z+e)=ecze+e.

Therefore, ee’ is an idempotent. Now consider z € Z(R), therefore there exit
b € R such that zb = 0. (eze)b = ezeb = ezbe = 0, hence eze € Z(eRe). Now
we show the commutativity of R,

(eze)(ee') = ezeed' = ezed' = eze'e = ee’'ze = (e€’)(ze) = (e€’)(zee) = (e€')(eze).

Therefore, it is a strongly z-clean ring. (2). Let a =a+ 1 € % Since R is
strongly z-clean a = z + e and ze = ez, where z € Z(R), e € Id(R).
Hence, @ = z + (e+ I) that (e +1) € Id(?). Consider

(z+D)e+l)=ze+I=ez+I=(e+1I)(z+1)
since R is strongly z-clean. This implies that ? is strongly z-clean. O

Corollary 2.1. Any homomorphic image of a strongly z-clean ring is strongly
z-clean.

Remark 2.4. In general, the converse of Proposition 2.4, may not be hold. For
example, % ~ Z,, if n = 2k then z, is strongly z-clean, but Z is not z-clean
ring.

Proposition 2.5. A direct product R = [[ R; of rings R; is strongly z— clean if
and only if the same is true for each R;.
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Proof. Suppose that each R; is strongly z—clean ring. For any a = (a;) € R,
we write a; = z; + ¢; such that z; € Z(R;) and e; € Id(R;) and zie; = e;2;.
Then a = z + e, where e = (e;) is idempotent in [[ R; and z = (2;) € Z(R) with
a = (a;) = (e;) + () € [[Ri, (€:)(zi) = (zi)(e;). Thus R is strongly z-clean.
Conversely let R = [[;c; R; be strongly z-clean. This implies R; is strongly
z-clean from Corollary 2.1, since R; is a homomorphic image of R. O

Proposition 2.6. If R is a strongly z—clean ring, and e € Id(R), then eR and
(1 —e)R are strongly z— clean rings.

Proof. Since
Ve e Id(R), R=eR® (1—¢)R.

Therefore it followes by proposition 2.4. ]

Proposition 2.7. If R is a strongly z—clean ring, and R is the diagonal ma-
trizces ring in My (R), then R’ is a strongly z—clean ring.

ail 0 S 0
0 agy ... 0 ,
Proof. Suppose that A = . . . € R. Then since R is a
0 0 ... apn

strongly z—clean, hence we have V1 < ¢ < n : a4 = 24 + e such that z; €
Z(R), €i; € Id(R) and z;e5 = €iiZii.

all 0 0 211 0 0 €11 0 0
0 ap ... 0 0 290 ... O 0 ep ... 0
A= | . . . =1 . . o . .
0 0 ... app 0 0 ... zZmm 0 0 ... e

Since z;; € Z(R), there exits b; # 0 € R, such that z;;b; = 0, and we have

z11 0 ... 0 bn 0 ... O 00 ... 0
0 290 ... O 0 by ... O 0 0 0
0 0 ... znn 0 0 ... bun 00 ... 0
Therefore,
Z11 0 e 0 €11 0 e 0
0 299 ... 0 , 0 €922 ’
€ Z(R), e Id(R)

0 0 ... zun 0 0 ... eun
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and
Z11 0 0 €11 0 0
0 Z99 0 0 €929 0
0 0 ... Zzun 0 0 ... enn
€11 0 0 211 0 0
0 €99 0 0 Z299 0
0 0 ... em 0 0 ... zZmm
Hence R’ is a strongly z—clean ring. O

Proposition 2.8. If R is a strongly z—clean ring and R’ the matriz ring which
has a row or a column with elements of R, then R is a strongly z— clean ring.

Proof. It is clearly. O
Proposition 2.9. If R is a commutative ring, then R[z] is not z-clean.

Proof. See [[2], Theorem 12]. O

Proposition 2.10. Let R be ring. Then the ring R|[x]] is strongly z-clean if
and only if so is R.

Proof. If R[[z]] is strongly z-clean, then by Remark 2.1, R is strongly z-clean.
Conversely, suppose that R is strongly z-clean. Then by proposition 2.5,
R[[z]] is strongly z-clean. O

Proposition 2.11. Suppose that R is Abelian ring which is not field. If R is a
clean ring then R][x]] is strongly z-clean ring.

Proof. By [[13], Theorem 3.7], if R is a clean ring then R([[x]] is strongly r—clean
ring. By Remark 2.2, R][[z]] is strongly z-clean ring. O

Proposition 2.12. Let a be a strongly clean element of R and a — a®> € Z(R).
Then a is strongly z— clean.

Proof. Let a = e + u be a strongly cleandecomposition in R and a — a? be a
z—clean. Then a® = e + 2eu + u? and so a — a® = (1 — 2e — u)u.
a—a® € Z(R), then

J0#£beR: (a—a*)b=0, (I1-2e—u)u-b=0.
It follows that

(1-2e—u)e Z(R) and (—1+2e+u) € Z(R).
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SO
a=(1—-e)+(—=14+2e+u)
is a strongly z—clean decomposition in R. O
Corollary 2.2. If u € R be unit and 1 —u € Z(R), then u is strongly z— clean.
For a € R, the commutant if a in R is denoted by ¢(a), i.e.,
c(a) ={x € R: ax = xza}.

Proposition 2.13. Let a € R and a be a strongly z—clean element of R with a
strongly z—clean decomposition a = e +b. then c(a) C c(e).

Proof. since

¢ = 8 8]*[6017 (1—06)13}
_ _8 ea:(loe)]+[e()b (elx(_le)be)]
[ e 0 eb 0
- | (I —e)ze 0]+[—(1—e)aze (l—e)b}

are all strongly z—clean decomposition of a in R, it follows that ex(1 —e) =
(1 —e)re=0.s0 x € c(e). O
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