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Entire solution of certain type of delay-differential equations
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Abstract. In this article, we shall study the conditions regarding the existence of en-
tire solutions of certain type of delay-differential equations. Our results are supplements
to some results obtained recently by W. Lu et al., and references therein.
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1. Introduction

Let f denote a transcendental function entire or meromorphic function. As-
suming the reader is familiar with the basics of Nevanlinna’s value distribution
theory, we shall adopt the standard notations associated with the theory, such
as T (r, f), N(r, f) and m(r, f) (see [1, 2]).

Among many fascinating implementations of the Nevanlinna theory, there
are research on the growth and existence of entire and meromorphic solutions
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of discrete types of non-linear differential equations, and one can find prototype
for such equations ([3, 4, 5, 6]).

Recently, the Nevanlinna theory has been applied to study types of non-
linear difference equations (see, e.g., [7, 8]). Now, we shall utilize Clunie type of
theorems for delay -differential polynomials (difference-differential polynomials)
to study some non-linear difference equations of more general forms and to
obtain some improvements of [7, 9, 10].

2. Notation and main results

Given a meromorphic function f , recall that α ̸≡ 0,∞ is a small function with
respect to f , if T (r, α) = S(r, f), where S(r, f) denotes any quantity satisfying
S(r, f) = O(T (r, f)) as r → ∞, possibly outside a set of r of finite linear
measure.

Definition 2.1. Delay-differential equations are differential-difference equations
in which the derivative and shifts are taken with respect to same variable.

For the benefit of the readers, we shall give some related results.

Recently W. Lu, Lin Wu et al., continue discussing several known results for
difference or differential equations obtained the following result.

Theorem I. Let L(z, f) denote a difference-differential polynomial of f of de-
gree one with small functions as its coefficients such that L(z, 0) ≡ 0, and let
ρ1, ρ2, α1, α2 be non zero constants such that α1 ̸= α2. If f is an entire solution
with ρ2 < 1 to the following equation

(2.1) f3 + L(z, f) = ρ1e
α1z + ρ1e

α2z

then, one of the following relations holds:

1. f(z) = k1e
α1z
3 + k2e

α2z
3 , where k1 and k2 are two non zero constants

satisfying k31 = ρ1 k32 = ρ2 and α1 + α2 = 0

2. f3(z) = (ρ1 − k1)e
α1z, and L(z, f) = k1e

α1z + ρ1e
α2z, where k1 is a con-

stant.

3. f3(z) = (ρ2 − k2)e
α2z, and L(z, f) = ρ2e

α1z + k1e
α2z, where k2 is a con-

stant.

In the present paper we include several known results for difference or diffe-
rential equations obtained earlier as its special case. In fact, we consider a
slightly more general form of (2.1) by replacing f3 by fn in Theorem I and
prove the following results.

Theorem II. Let L(z, f) denote a delay differential of f of degree one with
small functions as its coefficients such that L(z, 0) ≡ 0.
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Let n ≥ 4 be an integer, and ρ1, ρ2, α1, α2 be non zero constants such that
α1 ̸= α2. If there exists some entire solution f of finite order to (2.2) below.

(2.2) fn + L(z, f) = ρ1e
α1z + ρ2e

α2z.

Then, one of the following relations holds:

1 f(z) = k1e
α1z
n and k1(e

α1
n − 1) = ρ2, α1 = nα2;

2 f(z) = k2e
α2z
n and k2(e

α2
n − 1) = ρ1, α2 = nα1, where k1, k2 are constants

satisfying kn2 = ρ2.

3. Preliminaries

In order to prove our conclusions, we need some lemmas.

Lemma 3.1 ([7]). Let f be a transcendental meromorphic solution of finite
order ρ of a delay equation of the form

H(z, f)P (z, f) = Q(z, f),

where H(z, f), P (z, f), Q(z, f) are delay polynomials in f such that the total
degree of H(z, f) in f and its shifts is n, and that the corresponding total degree
of Q(z,f) is ≤ n. If H(z, f) contains just one term of a maximal total degree,
then for any ϵ > 0

m(r, P (z, f)) = O(rρ−1+ϵ) + S(r, f),

possibly outside of an exponential set of finite logarithmic measure.

Remark 3.1. The following result is a clunie type Lemma 3.1 ([11]) for the
delay-differential polynomial of a meromorphic function f . It can be proved
by applying Lemma 3.1 ([7]) with a suitable reasoning as in [10] and stated as
follows.

Let f(z) be a meromorphic function of finite order, and let P (z, f), Q(z, f)
be two delay differential polynomials of f . If

fnP (z, f) = Q(z, f)

holds and if the total degree of Q(z, f) in f and its derivatives and their shifts
is ≤ n, then m(r, P (z, f)) = S(r, f).

Lemma 3.2 ([12]). Suppose that m,n are positive integer satisfying 1
m + 1

n < 1.
Then there exist no transcendental entire solutions of f and g satisfying the
equation afn + bgm = 1, with a, b being small function of f and g respectively.

Lemma 3.3 ([13]). Assume that c ∈ C is a non zero constant, α is a non
constant meromorphic function. Then the differential equation f2+(c(f (n)))2 =
α has no transcendental meromorphic solutions satisfying T (r, α) = S(r, f).
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Lemma 3.4 ([14, 15]). Let f be a transcendental meromorphic function of finite
order ρ, then for any complex numbers d1, d2 and for each

ϵ > 0,m(r,
f(z + d1)

f(z + d2)
) = O(rρ−1+ϵ).

References [16] and [17] further pointed out the following.

Remark 3.2. If f is non constant finite order meromorphic function and c ∈ C
then

(3.1) m(r,
f(z + d)

f(z)
) = S(r, f)

outside of a possible exceptional set with finite logarithmic measure.

4. Proof of Theorem II

Suppose that f is a transcendental entire function of finite order to (2.2)

fn + L(z, f) = ρ1e
α1z + ρ2e

α2z.

By differentiating both sides of (2.2), we have

(4.1) nfn−1f
′
+ L

′
(z, f) = α1ρ1e

α1z + α2ρ2e
α2z.

From (2.2) and (4.1), we obtain

(4.2) α2f
n + α2L(z, f)− nfn−1f

′ − L
′
(z, f) = (α2 − α1)ρ1e

α1z,

(4.3) α1f
n + α1L(z, f)− nfn−1f

′ − L
′
(z, f) = (α1 − α2)ρ2e

α2z.

Differential (4.2) yields

nα2f
n−1f

′
+ α2L

′
(z, f)− n(n− 1)fn−2(f

′
)2 − nfn−1f

′′ − L
′
(z, f)

= α1(α2 − α1)ρ1e
α1z.(4.4)

It follows from (4.2) and (4.4) that

(4.5) fn−2φ = U(z, f),

where

φ = α1α2f
2 − n(α1+2)f

′
f + n(n− 1)(f

′
)2 + nf

′′
f,

U(z, f) = −α1α2L(z, f) + (α1 + α2)L
′
(z, f)− L

′′
(z, f).

Next, we shall prove φ ≡ 0. In fact, since U is a delay-differential polynomial
in f , and its degree at most 1. By (4.5) and Remark 3.1 after Lemma 3.1, we
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have m(r, φ) = S(r, f), and T (r, φ) = S(r, f), on the other hand, we can rewrite
(4.5) as

fn−3fφ = U(z, f),

which implies that

m(r, fφ) = S(r, f)

and T (r, fφ) = S(r, f).

If φ ̸≡ 0, then T (r, f) = T (r, fφφ ) = S(r, f) and this is impossible. Hence,
φ ≡ 0, and T ≡ 0 i.e,

(4.6) −α1α2L(z, f) + (α1 + α2)L
′
(z, f)− L

′′
(z, f) ≡ 0.

If L(z, f) ≡ 0, then (2.2) can be rewritten as 1
ρ1
(fe

−α1z
n )n− ρ2

ρ1
(e

1
3
(α2−α1)z)3 = 1,

which is impossible by Lemma 3.2. Thus, L(z, f) ̸≡ 0. It is easily seen from
α1 ̸= α2 that

α1L(z, f)− L
′
(z, f) ≡ 0

and

α2L(z, f)− L
′
(z, f) ≡ 0,

cannot hold simultaneously.

First of all, we assume that α2L(z, f)−L
′
(z, f) ̸≡ 0 then (4.6) given α2L(z, f)−

L
′
(z, f) = Aeα1z, where A is a non zero constant, substituting the above ex-

pression into (4.2), we obtain

fn−1(α2f − nf
′
) =

(α2 − α1)P1 −A

A
[α2L(z, f)− L

′
(z, f)].

Again, Lemma 3.1 shows that α2f − nf
′ ≡ 0, (α2 − α1)ρ1 = A. So

(4.7) fn = Beα2z,

where B is constant.

Substituting (4.7) in (2.2), we find

(1− P2

B
)fn =

ρ1(α2L(z, f)− L
′
(z, f))

A
− L(z, f).

If B ̸= P2, by Lemma 3.1, we get T (r, f) = m(r, f) = S(r, f), which is absurd,

so B = P2, and f = k2e
α2z
n = k2e

α1z, kn2 = B = ρ2, k2(e
α2
n − 1) = ρ1 If

α1L(z, f)−L
′
(z, f) ̸≡ 0, by (4.3) and using similar arguments as above, we can

derive f = k1e
α1z
n = k1e

α2z, kn1 = ρ1, k1(e
α1
n − 1) = ρ2.

This conclude the verification of Theorem II.



ENTIRE SOLUTION OF CERTAIN TYPE OF DELAY-DIFFERENTIAL EQUATIONS 855

References

[1] W.K. Haymann, Meromorphic functions, Clarendon, Oxford, 1964.

[2] H.X. Yi, C.C. Yang, Uniqueness theory of meromorphic functions, Science
Press, Beijing, 1995.

[3] K. Yosida, On algebroid solution of ordinary equations, Jpn. J. Math., 10
(1934), 199-208.

[4] H. Wittich, Einderitige Losungen der differential geichungen w′′ = p(z, w),
Math. Ann., 125 (1953), 355-365.

[5] H. Wittich Zurtheorine linearer differential gleichunger im komplexen, Ann.
Acad. Sci. Fenn. Ser. A I, 379 (1966).

[6] C.C. Yang, On the entire solutions of certain class of non linear differential
equations, I. Math. Anal. Appl., 33 (1971), 644-649.

[7] Z. Laine, C.C. Yang, Cluine theorems for difference and 9-difference poly-
nomials, J. Lond. Math. Soc., 76 (2007), 556-566.

[8] I. Laine, C.C. Yang, Value distribution of difference polynomials, Proc. Jpn.
Acad. Ser. A. Math. Sci., 83 (2007), 148-151.

[9] Z.X. Chen, Growth and zeros of meromorphic solution of some linear dif-
ference equations, J. Math. Anal. Appl., 373 (2011), 235-241.

[10] C.C. Yang, I. Laine, On analogies between nonlinear difference and differ-
ential equations, Prof. Jpn. Acad. Ser. A. Math. Sci., 86 (2010), 10-14.

[11] J. Cluine, On integral and meromorphic functions, J. Lond. Math. Soc., 37
(1962), 17-27.

[12] C.C. Yang, A generalization of a theorem of P. Montel on entire functions,
Proc. An. Math. Soc., 26 (1970), 332-334.

[13] C.C. Yang, P. Li, on the transcendental solutions of a certain types of non-
linear differential equations, Arch. Math, 82 (2004), 442-448.

[14] Y.M. Chang, S.J. Feng, on the Nevanlinna characteristic of f(z + η) and
difference equations in the complex plane, Ramanujan J., 16 (2008), 105-
129.

[15] R.G. Halburd, R.J. Korhenen, Difference analogue of the lemma on loga-
rithemic derivative with applications to difference equations, J. Math. Anal.
Appl, 314 (2006), 477-487.

[16] R.G. Halraburd, R. J. Korhenen, Nevanlinna theory for difference operator,
Anal Acad. Sci. Fenn. Math., 31 (2006), 463-478.



856 S. RAJESHWARI, V. HUSNA and SHEEBA KOUSAR BUZURG

[17] K. Liu, X.G. Qi, Meromorphic solutions of q-shift difference equations, Ann.
Pol. Math., 101 (2011), 215-225.

[18] W. Liu, D. Wu Lin, Wang and C.C. Yang, The existance of solutions to cer-
tain type of nonlinear difference-differential equation, Open Mathematics,
2018, 806-815.

[19] W.P. Harina, S. Rajeshwari, Non-linear differential polynomials sharing
small function with finite weight, Fasciculi Mathematici, 58 (2017), 57-75.

Accepted: January 14, 2020


