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New step sizes of the gradient methods for unconstrained
optimization problem
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Abstract. In this work, we derive a new formula for step-length in the frame of
gradient descent methods. The idea of method is based on the quadratic model for using
a new approximation of the Hessian of the minimizing function. The rate of convergence
is linear and it belongs to the same class of gradient descent methods. Numerical
experiment shows that new method is very promising compared to the Barzilai-Borwein
approach.
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1. Introduction

Unconstrained optimization methods are useful in finding the optimal solution
for continuous and differentiable functions.

An unconstrained optimization problems can be stated as follows:

(1) minΨ(x), x ∈ Rn.

The method of steepest descent is generally the most simplest method for
unconstrained optimization problem. More details can be found in[10].
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In the steepest descent method, at each iterate point xk, the search direction
is chosen as the steepest descent direction:

(2) dk = −▽Ψ(xk).

The iterative procedure of this method can be stated as follows:

(3) xk+1 = xk − αk▽Ψ(xk).

where αk is step-size, to be computed by line search procedure along the search
direction dk. For more details see [9].

Now, we remind to several modified gradient methods with some modified
step-sizes, due to its simplicity and numerical efficiency.

One of the famous methods is BB methods [5] suggested by Barzilai and
Borwein in 1988, the step-sizes is given by:

(4) αBB1
k =

∥sk∥2

yTk sk
, αBB2

k =
yTk sk
∥yk∥2

,

where sk = xk+1 − xk = −αk▽Ψ(xk+1) and yk = ▽Ψ(xk+1)− ▽Ψ(xk).
In 2002, Dai et al. [7] developed some new step-sizes for BB-like methods,

given by:

(5) αDY Y 1
k =

sTk sk

2(Ψk −Ψk+1 + gTk+1sk)
, αDY Y 2

k =
sTk sk

6(Ψk −Ψk+1) + 4gTk+12sk

However, gradient methods are worthy in terms of the numerical perfor-
mances. See also [2,6,8,11,12,13] for more details.

It remains to examine how to design more effective and efficient gradient
methods for unrestricted improvement. Some new step sizes are described and
tested.

2. Deriving new step sizes

We derive some new optimal step sizes of gradient methods based on the second-
order Taylor’s series approximation of the function. The model function is
defined by:

(6) Ψ(xk) = Ψ(xk+1)− gTk+1sk +
1

2
sTkQsk.

Obviously, the approximate optimal step size associated to Ψ(xk) is:

(7) αk =
−gTk dk

dTkQdk
.

Let τkI be an approximation to the Hessian. Now, from the exact search
property the following condition must be fulfilled:

(8) gTk+1sk = 0.
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It is clear that the selection of τk is key to the approximate effect of the Hessian
matrix. We determine τk by putting (8) in (6) we get:

(9) 2(Ψ(xk)−Ψ(xk+1)) = τks
T
k sk.

which implies that:

(10) τk =
2(Ψ(xk)−Ψ(xk+1))

sTk sk

We obtain the approximation optimal step-size:

(11) αk = τ−1
k =

sTk sk
2(Ψ(xk)−Ψ(xk+1)

.

Imposing gTk+1dk = 0 and using (7) which implies that:

(12) sTkQs = 2Ψ(xk)−Ψ(xk+1)− αkg
T
k dk/2

which also implies a new approximation model:

(13) τks
T
k sk = Ψ(xk)−Ψ(xk+1)− αkg

T
k dk/2

which implies that:

(14) τk =
Ψ(xk)−Ψ(xk+1)− gTk sk/2

sTk sk
.

Similarly, we obtain the approximation optimal step-size:

(15) αk = τ−1
k =

sTk sk

Ψ(xk)−Ψ(xk+1 − gTk sk/2
.

As a result, we adopt a new algorithm and called Algorithm BFS.

Algorithm 1 Algorithm BFS

1: Select xo ∈ R and compute dk = −▽Ψ(xk) . Set k = 0.
2: Test a criterion for stopping the iterations. If the test is satisfied, then stop,
3: If Ψ(xk)−Ψ(xk+1) < 0.5, then put Ψ(xk)−Ψ(xk+1) = 0.5 and compute αk

the scalars as in (11) and (15), using these scalars.
4: Update the variables: xk+1 = xk − αk▽Ψ(xk) set and go to step 2.
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3. Global convergence

Now we turn to the global convergence of the BFS under the following assump-
tion:

Let Ψ is strongly convex function and let the level set Φ = {x ∈ Rn : Ψ(x) ≤
Ψ(xo)} is closed. Strong convexity of Ψ on Φ involves the existence of the
constant m and M such that:

(16) mI ≤ ▽2Ψ(x) ≤ MI,

for all x ∈ Φ . A consequence of strong convexity of Ψ on Φ is that we can
bound Ψ∗ as:

(17) Ψ(x)− 1

2m
∥▽2Ψ(x)∥22 ≤ Ψ(x∗) ≤ Ψ(x)− 1

2M
∥▽2Ψ(x)∥22.

More details, can be found in [5,6].

Theorem 3.1. The New Algorithm with backtracking is linearly convergent and

(18) Ψ(xk)−Ψ∗ ≤
{ k−1∏

i=1

ci

}
{Ψ(xo)−Ψ∗},

where c1 = 1 − min{m,mspk} < 1 and pk ≥ 1 is an integer, (p1 = 1, 2, 3, · · ·
given by the backtracking procedure).

Proof. By (10), we write:

(19) Ψ(xk+1) = Ψ(xk)− 1/2(τks
T
k sk).

Now, at the point xk+1 = xk − αk▽Ψ(xk) we have:

Ψ(xk+1) = Ψ(xk)− 1/2(τkα
2
k▽Ψ(xk)

T▽Ψ(xk)),(20)

Ψ(xk+1) = Ψ(xk)− 1/2(αk▽Ψ(xk)
T▽Ψ(xk)).

Hence

(21) Ψ(xk+1) = Ψ(xk)−
1

2
αk∥▽Ψ(xk)∥22.

Using backtracking procedure terminates either with αk = 1 or with αk = spk ,
where pk is an integer. Therefore:

(22) Ψ(xk+1) = Ψ(xk)−min{1
2
,
1

2
spk}∥▽Ψ(xk)∥22.

Having in view that for strongly convex functions ∥▽Ψ(xk)∥22 ≥ 2m(Ψ(xk)−
Ψ∗) it follows that:

(23) Ψ(xk)−Ψ∗ ≤ ck(Ψ(xk)−Ψ∗),



NEW STEP SIZES OF THE GRADIENT METHODS FOR UNCONSTRAINED ... 587

where ck = 1−min{m,mspk}.
On the other hand, from (15), we get:

(24) τks
T
k sk = Ψ(xk)−Ψ(xk+1)− αkg

T
k dk/2.

Also, at the point xk+1 = xk − αk▽f(xk) and dk = −▽Ψ(xk) we have:

(25) τkα
2
k▽Ψ(xk)

T▽Ψ(xk) = Ψ(xk)−Ψ(xk+1)− α▽Ψ(xk)
T▽Ψ(xk)/2.

From the above equation, we get:

(26)
αk∥▽Ψ(xk)∥22 = Ψ(xk)−Ψ(xk+1) + αk∥▽Ψ(xk)∥22/2,

Ψ(xk)−Ψ(xk+1) = (αk/2)∥▽Ψ(xk)∥22,

which implies that:

(27) Ψ(xk+1) = Ψ(xk)−
1

2
αk∥▽Ψ(xk)∥22.

Similarly in case above, we obtain:

(28) Ψ(xk+1)−Ψ∗ ≤ ck(Ψ(xk)−Ψ∗),

where ck = 1 − min{m,mspk}. Since ck < 1 the sequence {Ψ(xk)} is linearly
convergent, as a geometric series, to Ψ∗.

4. Numerical results

We implemented the BFS and BB methods to a great number of standard test
functions include unconstrained problems which are mainly from [1], to check
the numerical performance. Different test functions have been used in different
research such as [3, 4].

The iteration is stopped if the inequality ∥ Ψ(x) ∥≤ 10−6 or
Ψ(xk+1)−Ψ(x)

1+Ψ(xk
≤

10−6 is satisfied. We choose the following parameters for BFS and BB: α =
0.00001 and s = 0.8, then the number of iterations (NI) and the the number
of function evaluations (NF) corresponding to the BFS and Barzilai- Borwein
algorithms are given in Table 1.
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Table 1: Comparing different conjugate gradient methods with different test
functions.
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5. Conclusion

This paper presents a new deriving method for stepsizes selection by using
quadratic model function and considered are modified of the Barzilai and Bor-
wein stepsizes. Based on the numerical results show that the the new algorithms
compares good and constructive with the Barzilai-Borwein approach.
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