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Abstract. Similarity measure is an effective tool for decision-making and clustering
analysis. Most of the existing similarity measures only to consider the similarity between
the corresponding positions of the data. On this basis, we not only consider the rela-
tionship between the corresponding positions of the data, but also consider the influence
of the overall difference between the data onto the similarity in single-valued neutro-
sophic environment. Furthermore, similarity and distance measures with weights are
given and their properties are investigated. Three examples, which include pathologic
diagnosis, clustering and decision making are given to demonstrate the effectiveness of
methods. It can be seen that compared with the existing methods, our methods have
the characteristics of high accuracy and wide application range.
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1. Introduction

To handle uncertain information, Zadeh [1] presented the fuzzy set (FS), which
is composed by membership function. For the voting system, there will be those
who agree, disagree or abstain. In this case, it is impossible to express infor-
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mation on FS. Therefore, intuitionistic fuzzy set (IFS) which contained mem-
bership function and non-membership function is proposed by Atanassov [2].
Then, Smarandache [3] developed neutrosophic set (NS) from the philosophical
standpoint, which is used to deal with indeterminate and inconsistent informa-
tion. For example, in Schrödinger’s Cat theory, quantum states are basically in
multiple positions at the same time. They are expressed by the NS, which can
represent a phenomenon that belongs both here and there at the same time.
In order to simplify calculation and application convenience, Wang et al. [4]
defined the special case of NS, which is called the single-valued neutrosophic
set (SVNS). With the development of fuzzy information, IFS and SVNS are
widely used in various fields, such as decision making [5, 6, 7, 8, 9], clustering
[10, 11, 12, 13, 14] and medical diagnosis [15, 16].

Similarity measure is widely used in fuzzy information system. Different
similarity measures have been studied under FS or IFS environment [17, 18, 19,
20, 21, 22, 23]. Moreover, similarity measure and correlation coefficient of SVNS
have also been widely investigated [24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35,
36, 37]. Huang [27] introduced a new distance measure between two SVNSs
for the forward and backward differences. Ye [28] developed two distance-based
similarity measure of SVNS for clustering. Using the idea of priority solution,
a new ranking method was proposed and applied to multi-attribute decision
making by Biswas [29]. Peng [30] proposed three methods of multi-attribute de-
cision making by defining new similarity measure and distance measure. Ye [31]
introduced an improved correlation coefficient of SVNSs for multiple attribute
decision making. Combined dice with cosine similarity measure, Pramanik et
al. [32] defined new vector similarity measure for SVNS. Ye [33] gave a new
definition of correlation coefficient of SVNS and applied it to multi-attribute
decision making. Majumdar and Samanta [34] developed the distance measure
and similarity measure between two SVNSs.

Pathology, as an important subject in medical science, provides an effective
bridge between basic medicine and clinical medicine, and plays an important
role in the theoretical research, diagnosis, treatment and prevention of diseases
([38, 39]). The basic task of surgical pathologists in the diagnosis of living tis-
sue examination is to confirm the disease and its nature, that is, according to
the organs and materials examined, first of all, to determine whether there are
pathological changes, and the specific nature and type of changes, so as to help
the clinical treatment and prognosis to make a judgment. At present, it is the
gold standard of medical diagnosis. Classical pathological diagnosis, that is, HE
slice diagnosis is mainly simple morphology, usually pathological diagnosticians
directly observe and confirm the pathological tissue under naked eyes and mi-
croscopy, so as to make diagnosis according to its pathological characteristics.
The intuitive features and advantages of this diagnostic method can not be re-
placed by other methods. However, unlike the usual medical tests, it does not re-
flect the indicators with precise values, but relies on the subjective experience of
the examiner and lacks objective indicators. In this way, in the process of patho-
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logical diagnosis, the data are highly uncertain. In the same microscopic cell
morphology, different examiners sometimes to make different diagnosis, or even
completely opposite diagnosis. Take soft tissue tumors as an example, the same
structure can be found in different types of other tumors, such as bundle struc-
ture can be found in neoplastic fibrous tissue proliferation, fibrosarcoma, malig-
nant peripheral nerve sheath tumor, synovial sarcoma, palisade structure occurs
in neurilemmoma, malignant peripheral nerve sheath tumor, leiomyosarcoma;
Pseudochrysanthemum-like and pseudochrysanthemum-like structures may ap-
pears in neuroblastoma, schwannoma, malignant peripheral neurilemmoma, etc.
Different tumors often present many similar pathological structures. Fuzzy the-
ory can effectively deal with such uncertain information ([40, 41, 42]).

In the existing literature of fuzzy similarity measurement, most of them only
consider the similarity between corresponding elements, but ignore the influence
of the whole data on the similarity. In order to solve this problem, a new sim-
ilarity measure is presented under the single-valued neutrosophic environment
in this paper, and applied to the diagnosis of soft tissue tumor and other spe-
cific examples. The main contributions of this paper are: (1) A new similarity
measure for SVNS is proposed. Unlike previous definitions, we consider the
effects of the differences in individual and global factors on the similarity be-
tween two SVNSs. (2) We use the defined similarity measure in pathological
diagnosis. An example shows the effectiveness of the method. (3) By comparing
with the existing methods of [11, 27, 28, 29, 30, 31, 32, 33], we can see that our
method has higher accuracy in clustering and has a wide range of application
for decision-making.

The specific framework of the article is as follows. In Section 2, we give
some basic definitions. In Section 3, the new similarity measure and distance
measure between two SVNSs are given. Then their properties are studied. In
Section 4, three examples are given. The example of pathological diagnosis
demonstrates the effectiveness of our method. The example of clustering shows
the high accuracy of our method. And the example of decision making illustrates
the widespread application of our method. Finally, Section 5 summarizes the
paper.

2. Preliminaries

To facilitate reading and understanding, this section first reviews the concepts of
NS, SVNS, entropy measure, the normalized Hamming distance and normalized
Euclidian distance between two SVNSs. Finally, the abbreviations and symbols
are given.

Definition 2.1 ([3]). Let X be a space of points (objects), with a generic element
in X denoted by x. A NS A in X is characterized by a truth-membership function
TA(x), an indeterminacy-membership function IA(x), and a falsity-membership
function FA(x). The functions TA(x), IA(x), and FA(x) are real standard of
non-standard subsets of ]−0, 1+[. That is, TAx : x →]−0, 1+[, IAx : x →]−0, 1+[
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and TAx : x →]−0, 1+[. Thus, there is no restriction on the sum of TA(x), IA(x)
and FA(x), so

−0 ≤ supTA(x) + sup IA(x) + supFA(x) ≤ 3+.

Definition 2.2 ([4]). Let X be a space of points (objects) with generic elements
in X denoted by x. A SVNS A in X is characterized by truth-membership func-
tion TA(x), indeterminacy-membership function IA(x) and falsity-membership
function FA(x). For each point x in X, TA(x), IA(x), FA(x) ∈ [0, 1]. Therefore,
a SVNS A can be denoted by A = {< x, TA(x), IA(x), FA(x) > |x ∈ X}.

The following expressions are defined by Wang et al. in [4], for SVNSs A,
B.

(1) A ⊆ B if and only if TA(x) ≤ TB(x), IA(x) ≥ IB(x), FA(x) ≥ FB(x), for
any x in X.

(2) A = B if and only if A ⊆ B and B ⊆ A.
(3) Ac = {< x,FA(x), 1 − IA(x), TA(x) > |x ∈ X}, where Ac denotes the

complement of A.

Definition 2.3 ([27]). Let E be a set-to-point mapping: E : SVNSs → [0, 1],
then E is an entropy measure if it satisfies the following conditions:

(E1) E(A) = 0 (minimum) if and only if A or Ac is a crisp set;
(E2) E(A) = 1 (maximum) if and only if A = Ac, i.e., TA(xi) = FA(xi),

IA(xi) = 0.5, for all xi ∈ X;
(E3) E(A) ≤ E(B) if A is less fuzzy than B, i.e., if TA(xi) ≤ TB(xi), FB(xi)

≤ FA(xi) for TB(xi) ≤ FB(xi) and IA(xi) = IB(xi) = 0.5, or TA(xi) ≥ TB(xi),
FB(xi) ≥ FA(xi) for TB(xi) ≥ FB(xi) and IA(xi) = IB(xi) = 0.5;

(E4) E(A) = E(Ac).

Definition 2.4 ([34]). Let A,B be two SVNSs in X = {x1, x2, ..., xn}.
(1) The normalized Hamming distance between A and B is defined as follows:

lN (A,B) =
1

3n

n∑
i=1

{|TA(xi)− TB(xi)|+ |IA(xi)− IB(xi)|+ |FA(xi)− FB(xi)|}.

(2) The normalized Euclidian distance between A and B is defined as follows:

qN (A,B)=
( 1

3n

n∑
i=1

{(TA(xi)−TB(xi))
2+(IA(xi)−IB(xi))

2+(FA(xi)−FB(xi))
2}
) 1

2
.

Example 1. Let A,B,C be three SVNSs, which denoted by

A = {< x1, 0.4, 0.6, 0.8 >,< x2, 0.2, 0.2, 0.3 >},
B = {< x1, 0.5, 0.1, 0.2 >,< x2, 0.8, 0.1, 0.1 >},
C = {< x1, 0.3, 0.0, 0.6 >,< x2, 0.4, 0.9, 0.6 >}.

Then, we can calculate that

lN (A,B) =
1

6
(0.1 + 0.5 + 0.6 + 0.6 + 0.1 + 0.2) = 0.35,
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lN (A,C) =
1

6
(0.1 + 0.6 + 0.2 + 0.2 + 0.7 + 0.3) = 0.35,

qN (A,B) =

√
1

6
(0.01 + 0.25 + 0.36 + 0.36 + 0.01 + 0.04) =

√
1.03

6
,

qN (A,C) =

√
1

6
(0.01 + 0.36 + 0.04 + 0.04 + 0.49 + 0.09) =

√
1.03

6
.

We can see that lN and qN cannot distinguish the distance between A and B,
A and C.
Abbreviations and symbols:

Fuzzy Set → FS;

Intuitionistic Fuzzy Set → IFS;

Neutrosophic Set → NS;

Single-valued Neutrosophic Set → SVNS;

X represents a space of objects;

A,B,C represent SVNSs;

ϑ(ϑ∗) represents the single-valued neutrosophic (weighted) similarity measure;

d(d∗) represents the single-valued neutrosophic (weighted) distance measure;

Is(Id) represents the index of similarity (distance).

3. Distance measure and similarity measure

In order to improve the shortcomings of existing distance measures and consider
the global impact on individual differences between set elements, we define a new
similarity measure as follows.

Definition 3.1. For two SVNSs A and B in a universe of discourse X =
{x1, x2, . . . , xn}, which are denoted by A = {< xi, TA(xi), IA(xi), FA(xi) >
|xi ∈ X} and B = {< xi, TB(xi), IB(xi), FB(xi) > |xi ∈ X}. The single-valued
neutrosophic similarity measure is defined by

(1) ϑ(A,B) =
1

3n

n∑
i=1

[
αi(1−∆Ti) + βi(1−∆Ii) + γi(1−∆Fi)

]
where ∆Fmax = max

i

{
∆Fi

}
αi =

3−∆Ti −∆Tmax

3 + ∆Tmin −∆Tmax
, βi =

3−∆Ii −∆Imax

3 + ∆Imin −∆Imax
, γi =

3−∆Fi −∆Fmax

3 + ∆Fmin −∆Fmax
,

∆Ti =
∣∣∣TA(xi)− TB(xi)

∣∣∣,∆Ii =
∣∣∣IA(xi)− IB(xi)

∣∣∣,∆Fi =
∣∣∣FA(xi)− FB(xi)

∣∣∣,
∆Tmin = min

i

{
∆Ti

}
,∆Tmax = max

i

{
∆Ti

}
,

∆Imin = min
i

{
∆Ii

}
,∆Imax = max

i

{
∆Ii

}
,∆Fmin = min

i

{
∆Fi

}
.
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Definition 3.2. Let X = {x1, x2, . . . , xn}, A and B be two SVNSs, which are
denoted by A = {< xi, TA(xi), IA(xi), FA(xi) > |xi ∈ X} and B = {< xi,
TB(xi), IB(xi), FB(xi) > |xi ∈ X}.

ϑ∗(A,B) =
1

3

n∑
i=1

{
ωi

[
αi(1−∆Ti) + βi(1−∆Ii) + γi(1−∆Fi)

]}
,(2)

is called a single-valued neutrosophic weighted similarity measure, where ωi

(i = 1, 2, . . . , n) are the weight of the element xi(i = 1, 2, . . . , n) with ωi ≥ 0
and

∑n
i=1 ωi = 1, the definition of αi, βi, γi,∆Ti,∆Ii and ∆Fi are the same as

Equation (1).

Theorem 3.1. Let A,B,C be three SVNSs in X, the similarity measure ϑ in
Equation (1) (or ϑ∗ in Equation (2)) has the following conditions:

(S1) ϑ(A,B) = ϑ(B,A);
(S2) 0 ≤ ϑ(A,B) ≤ 1;
(S3) ϑ(A,B) = 1 if and only if A = B;
(S4) If A ⊆ B ⊆ C, that is TA(xi) ≤ TB(xi) ≤ TC(xi), IA(xi) ≥ IB(xi) ≥

IC(xi), FA(xi) ≥ FB(xi) ≥ FC(xi), for any xi in X, then ϑ(A,C) ≤ min{ϑ(A,B),
ϑ(B,C)}.

Proof of Theorem 3.1. We only prove the case of ϑ.
(S1) Obviously.
(S2) With two SVNSs A = {< xi, TA(xi), IA(xi), FA(xi) > |xi ∈ X} and

B = {< xi, TB(xi), IB(xi), FB(xi) > |xi ∈ X}, we have 0 ≤ ∆Ti ≤ 1, 0 ≤ ∆Ii ≤
1, 0 ≤ ∆Fi ≤ 1, which imply that 0 < αi ≤ 1, 0 < βi ≤ 1 and 0 < γi ≤ 1. Then,
the inequation

0 ≤ αi(1−∆Ti) + βi(1−∆Ii) + γi(1−∆Fi) ≤ 3

holds. Therefore, we can prove that 0 ≤ ϑ(A,B) ≤ 1.
(S3) “⇒”While ϑ(A,B) = 1, we have αi(1−∆Ti)+βi(1−∆Ii)+γi(1−∆Fi) =

3 for any i = 1, 2, . . . , n. Due to αi ≤ 1, βi ≤ 1, γi ≤ 1 ,1−∆Ti ≤ 1, 1−∆Ii ≤ 1
and 1−∆Fi ≤ 1, we can get ∆Ti = ∆Ii = ∆Fi = 0 for all i. This implies that
A = B.

“⇐” Suppose A = B, that is TA(xi) = TB(xi), IA(xi) = IB(xi) and FA(xi) =
FB(xi). Further, it holds that ∆Ti = ∆Ii = ∆Fi = 0. Then αi = βi = γi = 1
for all i. So we have αi(1 −∆Ti) + βi(1 −∆Ii) + γi(1 −∆Fi) = 3. Therefore,
ϑ(A,B) = 1.

(S4) Suppose A ⊆ B ⊆ C, that is TA(xi) ≤ TB(xi) ≤ TC(xi), IA(xi) ≥
IB(xi) ≥ IC(xi), FA(xi) ≥ FB(xi) ≥ FC(xi). On one hand, we have the follow-
ing inequations for all i = 1, 2, . . . , n,

∆TAC
i ≥ ∆TAB

i ⇒ ∆TAC
min ≥ ∆TAB

min , ∆TAC
max ≥ ∆TAB

max,

∆IAC
i ≥ ∆IAB

i ⇒ ∆IAC
min ≥ ∆IAB

min, ∆IAC
max ≥ ∆IAB

max,

∆FAC
i ≥ ∆FAB

i ⇒ ∆FAC
min ≥ ∆FAB

min , ∆FAC
max ≥ ∆FAB

max.
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This implies that 1−∆TAC
i ≤ 1−∆TBC

i , 1−∆IAC
i ≤ 1−∆IBC

i and 1−∆FAC
i ≤

1−∆FBC
i .

On the other hand, let F (x, y, z) = 3−x−y
3+z−y . Then calculate the partial deriva-

tive of F on x, y, z, respectively, we have

Fx =
−1

3 + z − y
< 0, Fy =

−z − x

(3 + z − y)2
≤ 0, Fz =

−3 + x+ y

(3 + z − y)2
< 0.

We know that F is monotonously decreasing on x, y, z. Thus, αAC
i ≤ αAB

i ,
βAC
i ≤ βAB

i and γAC
i ≤ γAB

i .
By Equation (1), we can get ϑ(A,C) ≤ ϑ(A,B). Similarly, we can prove

ϑ(A,C) ≤ ϑ(B,C). Finally, ϑ(A,C) ≤ min{ϑ(A,B), ϑ(B,C)} holds for A ⊆ B ⊆ C.

Theorem 3.2. Let A be a SVNS, then ϑ(A,Ac) is an entropy measure for A.

Proof of Theorem 3.2. Let E(A) = ϑ(A,Ac) and need to verify it satisfies the
four conditions in Definition 2.3. Suppose A = {< xi, TA(xi), IA(xi), FA(xi) >
|xi ∈ X} and B = {< xi, TB(xi), IB(xi), FB(xi) > |xi ∈ X}.

(E1) “⇒” When ϑ(A,Ac) = 0, due to αi > 0, βi > 0, γi > 0, we have 1 −
∆TAAc

i = 1−∆IAAc

i = 1−∆FAAc

i = 0 for any i = 1, 2, . . . , n. Then, ∆TAAc

i =
∆IAAc

i = ∆FAAc

i = 1 which implies that TA(xi) = 1, IA(xi) = FA(xi) = 0
or TA(xi) = IA(xi) = 0, FA(xi) = 1 or TA(xi) = IA(xi) = 1, FA(xi) = 0 or
TA(xi) = 0, IA(xi) = FA(xi) = 1 must hold for all xi ∈ X. This shows that A
or Ac is a crisp set.

“⇐” Assume that A is a crisp set, i.e. TA(xi) = 1, IA(xi) = FA(xi) = 0 or
FA(xi) = 1, TA(xi) = IA(xi) = 0 for all xi ∈ X. No matter in which case, we
have ϑ(A,Ac) = 0. Analogously we can prove that ϑ(A,Ac) = 0, when Ac is a
crisp set.

(E2) By the condition (3) in Theorem 3.1, it holds that ϑ(A,Ac) = 1 ⇔ A =
Ac.

(E3) Suppose that TA(xi) ≤ TB(xi), FB(xi) ≤ FA(xi) for TB(xi) ≤ FB(xi)
and IA(xi) = IB(xi) = 0.5, we have the following results,

∆TAAc

i ≥ ∆TBBc

i ⇒ αAAc

i ≤ αBBc

i , 1− TAAc

i ≤ 1−∆TBBc

i ,

∆FAAc

i ≥ ∆FBBc

i ⇒ γAAc

i ≤ γBBc

i , 1− FAAc

i ≤ 1−∆FBBc

i ,

∆IAAc

i = ∆IBBc

i = 0 ⇒ βAAc

i = βBBc

i = 1, 1−∆IAAc

i = 1−∆IBBc

i = 1.

This shows that E(A) = ϑ(A,Ac) ≤ ϑ(B,Bc) = E(B). Analogously we can
prove that ϑ(A,Ac) ≤ ϑ(B,Bc) when TA(xi) ≥ TB(xi), FB(xi) ≥ FA(xi) for
TB(xi) ≥ FB(xi) and IA(xi) = IB(xi) = 0.5.

(E4) By the condition (1) in Theorem 3.1, we have E(A) = ϑ(A,Ac) =
ϑ(Ac, A) = ϑ(Ac, Acc) = E(Ac).

In some cases, we should consider not only the similarity between two SVNSs
A and B, but also the similarity between A and Bc. The index of similarity for
SVNSs A and B is defined in Definition 3.3.
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Definition 3.3. Let A and B be two SVNSs, then

Is(A,B) =
ϑ(A,B)

ϑ(A,Bc)

is called the index of similarity.

Proposition 3.1. The index of similarity Is(A,B) for two SVNSs A and B has
the following properties:

(IS1) Is(A,B) = 0 means A and B are completely dissimilar;

(IS2) Is(A,B) → +∞ means A and Bc are completely dissimilar;

(IS3) Is(A,B) = 1, i.e. ϑ(A,B) = ϑ(A,Bc), this means the similarity
between A and B, A and Bc are the same;

(IS4) Is(A,B) < 1 means compare with Bc, A is less similar to B;

(IS5) Is(A,B) > 1 means compare with Bc, A is more similar to B.

Definition 3.4. Let X = {x1, x2, . . . , xn}, A and B be two SVNSs, which are
denoted by A = {< xi, TA(xi), IA(xi), FA(xi) > |xi ∈ X} and B = {< xi,
TB(xi), IB(xi), FB(xi) > |xi ∈ X}. The single-valued neutrosophic distance
measure are defined by

(3) d(A,B) = 1− ϑ(A,B),

where ϑ(A,B) is defined as Equation (1).

Remark. Using Equation 3 to calculate the distance between SVNSs A and B,
A and C which are given in Example 1.

d(A,B) = 1− 1

6

(23
25

× 9

10
+
20

26
× 5

10
+
18

26
× 4

10
+
18

25
× 4

10
+
24

26
× 9

10
+
22

26
× 8

10

)
= 0.4525,

d(A,C) = 1− 1

6

(27
29

× 9

10
+
17

29
× 4

10
+
25

29
× 8

10
+
26

29
× 8

10
+
16

29
× 3

10
+
24

29
× 7

10

)
= 0.4623.

We can see that A is closer to B.

Definition 3.5. Let X = {x1, x2, . . . , xn}, A and B be two SVNSs, which are
denoted by A = {< xi, TA(xi), IA(xi), FA(xi) > |xi ∈ X} and B = {< xi,
TB(xi), IB(xi), FB(xi) > |xi ∈ X}. The single-valued neutrosophic weighted
distance measure are defined by

(4) d∗(A,B) = 1− ϑ∗(A,B),

where ϑ∗(A,B) is defined as Equation (2).
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Theorem 3.3. Let A,B,C be three SVNSs in X, the distance measure d in
Equation (3) (or d∗ in Equation (4)) satisfies the following properties:

(D1) d(A,B) = d(B,A);
(D2) 0 ≤ d(A,B) ≤ 1;
(D3) d(A,B) = 0 if and only if A = B;
(D4) If A ⊆ B ⊆ C, that is TA(xi) ≤ TB(xi) ≤ TC(xi), IA(xi) ≥ IB(xi) ≥

IC(xi), FA(xi) ≥ FB(xi) ≥ FC(xi) for any xi in X, then d(A,C) ≥ max{d(A,B),
d(B,C)}.

Definition 3.6. For two SVNSs A and B,

Id(A,B) =
d(A,B)

d(A,Bc)

is called the index of distance.

Proposition 3.2. Let A and B be two SVNSs, then the index of distance
Id(A,B) has the following properties:

(ID1) Id(A,B) = 0 if and only if A = B;
(ID2) Id(A,B) → +∞, i.e. A = Bc, this means A and Bc are completely

different;
(ID3) Id(A,B) = 1, i.e. d(A,B) = d(A,Bc), this means the distance be-

tween A and B, A and Bc are the same;
(ID4) Id(A,B) < 1 means compare with Bc, A is less different to B;
(ID5) Id(A,B) > 1 means compare with Bc, A is more different to B;
(ID6) If Id(A,B) = 0

0 , i.e. A = B = Bc, then the entropy measure of A
and B reaches its maximum value.

4. Application examples

4.1 Pathological diagnosis

There are many uncertainties of pathological diagnosis. We will give the general
steps and an example of pathological diagnosis under the SVNS environment.

For the set of pathological diagnosis results A = {A1, A2, . . . , An}, the set
of patients B = {B1, B2, . . . , Bm}, and the set of microscopic shape results
C = {C1, C2, . . . , Ct}, the diagnosis steps are as follows:
Step 1. According to the doctors’ experiences, each microscopic shape result of
each pathological diagnosis result is described by a single-valued neutrosophic
number. Then we have a matrix M = (Mki)t×n = (M1,M2, . . . , Mn);
Step 2. For every patient Bj(j = 1, 2, . . . , m), the microscopic shape result by
examiner is also described by a single-valued neutrosophic number. Then we
have a matrix N = (Nkj)t×m = (N1, N2, . . . , Nm);
Step 3. Use the proposed similarity measure (1) to calculate ϑ(Mi, Nj), (i =
1, 2, . . . , n; j = 1, 2, . . . ,m). Then we have the final matrix D = D(ij)n×m =
(D1, D2, . . . , Dm);



566 HAN-LIANG HUANG,XUE-HONG CAI and JIONG-MEI MO

Step 4. For every patient Bj(j = 1, 2, . . . , m), select the diagnosis result
D∗

j = max
i

Dij , (i = 1, 2, . . . , n; j = 1, 2, . . . ,m).

Example 2. To make a proper pathological diagnosis, we have the following
sets. The set of pathological diagnosis results is

A = {A1, A2, A3, A4, A5}
= {Fibrosarcoma, Malignant fibrous histiocytoma,

Spindle celltype synovial sarcoma,

Schwannoma, Malignant peripheral nerve sheath tumor}.

The set of patients is B = {B1, B2, B3, B4, B5} = {Au,Hung, Jo,Keo, Pao}.
The set of microscopic shape results is

C = {C1, C2, C3, C4, C5, C6, C7}
= {Palisade structure, Fishbone like structure, Spoke structure,

Fascicular structure,

Multiple nuclear fission, Pleomorphic, Fish-meat like}.

The data are given in Table 1 and Table 2.

Table 1: The characteristics of each microscopic shape of the pathological diag-
nosis

A1 A2 A3 A4 A5

C1 < 0.1, 0.2, 0.8 > < 0.1, 0.3, 0.8 > < 0.4, 0.3, 0.5 > < 0.9, 0.1, 0.1 > < 0.3, 0.2, 0.8 >
C2 < 0.8, 0.1, 0.2 > < 0.5, 0.1, 0.4 > < 0.7, 0.1, 0.2 > < 0.3, 0.2, 0.6 > < 0.4, 0.1, 0.5 >
C3 < 0.1, 0.3, 0.7 > < 0.9, 0.1, 0.0 > < 0.3, 0.2, 0.6 > < 0.1, 0.2, 0.9 > < 0.2, 0.1, 0.7 >
C4 < 0.9, 0.1, 0.2 > < 0.8, 0.1, 0.3 > < 0.5, 0.1, 0.3 > < 0.6, 0.3, 0.3 > < 0.8, 0.2, 0.2 >
C5 < 0.8, 0.2, 0.3 > < 0.7, 0.2, 0.2 > < 0.9, 0.1, 0.2 > < 0.3, 0.2, 0.7 > < 0.8, 0.2, 0.2 >
C6 < 0.3, 0.1, 0.6 > < 0.8, 0.3, 0.1 > < 0.2, 0.2, 0.8 > < 0.2, 0.1, 0.8 > < 0.7, 0.1, 0.2 >
C7 < 0.7, 0.3, 0.2 > < 0.1, 0.1, 0.9 > < 0.9, 0.1, 0.1 > < 0.1, 0.3, 0.8 > < 0.8, 0.2, 0.1 >

Table 2: The characteristics of each microscopic shape of the considered patients

B1 B2 B3 B4 B5

C1 < 0.7, 0.2, 0.2 > < 0.3, 0.2, 0.6 > < 0.4, 0.2, 0.6 > < 0.1, 0.1, 0.8 > < 0.3, 0.1, 0.7 >
C2 < 0.1, 0.3, 0.6 > < 0.6, 0.2, 0.3 > < 0.5, 0.2, 0.3 > < 0.7, 0.2, 0.2 > < 0.5, 0.2, 0.3 >
C3 < 0.3, 0.2, 0.6 > < 0.3, 0.2, 0.8 > < 0.1, 0.3, 0.7 > < 0.3, 0.3, 0.4 > < 0.7, 0.1, 0.2 >
C4 < 0.8, 0.1, 0.1 > < 0.5, 0.2, 0.4 > < 0.2, 0.2, 0.6 > < 0.7, 0.3, 0.1 > < 0.5, 0.2, 0.2 >
C5 < 0.2, 0.2, 0.7 > < 0.9, 0.1, 0.1 > < 0.8, 0.2, 0.1 > < 0.8, 0.2, 0.1 > < 0.7, 0.3, 0.2 >
C6 < 0.4, 0.2, 0.4 > < 0.7, 0.1, 0.5 > < 0.4, 0.2, 0.7 > < 0.5, 0.3, 0.3 > < 0.9, 0.2, 0.2 >
C7 < 0.2, 0.1, 0.7 > < 0.4, 0.2, 0.4 > < 0.6, 0.1, 0.3 > < 0.8, 0.1, 0.2 > < 0.5, 0.1, 0.7 >

Then we use the proposed similarity measure (1) and have the pathological
diagnosis results of the considered patients in Table 3.
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Table 3: Similarity measure of pathological diagnosis results of each patient
B1(Au) B2(Hung) B3(Jo) B4(Keo) B5(Pao)

A1

(Fibrosarcoma) 0.6524 0.7747 0.8131 0.8467 0.6857
A2

(Malignant fibrous histiocytoma) 0.6533 0.6855 0.6524 0.7342 0.8400
A3

(Spindle celltype synovial sarcoma) 0.6786 0.8157 0.8177 0.8044 0.6955
A4

(Schwannoma) 0.8070 0.6724 0.6626 0.5805 0.6110
A5

(Malignant peripheral nerve sheath tumor) 0.6927 0.8199 0.7884 0.8336 0.7968

Finally, we have the proper pathological diagnosis as follows:

Au got schwannoma, Hung got malignant peripheral nerve sheath tumor, Jo
got spindle celltype synovial sarcoma, Keo got fibrosarcoma, Pao got malignant
fibrous histiocytoma.

4.2 Clustering

Under the single-valued neutrosophic data environment, we apply the proposed
similarity measure to cluster by using the method of [28]. The method is de-
scribed as follows:

Step 1. Using the Equations (1) (or (2)), we can calculate a similarity matrix
C = (sij)m×m, where sij = sji = ϑ(Ai, Aj) for i, j = 1, 2, . . . ,m.

Step 2. Repeat the following operations

C → C2 → C4 → . . . → C2k

until C2k = C2k+1
, where C2 = C◦C = (s′ij)m×m = maxk{min(sik, skj)}m×m(i, j

= 1, 2, . . . ,m). Then, we have an equivalent matrix C2k .

Step 3. Calculate the α-cutting matrix C̄α = (s̄αij)m×m of C̄ = C2k by

(5) s̄αij =

{
0, s̄ij < α;

1, s̄ij ≥ α,

for j, j = 1, 2, . . . ,m and α is the confidence level with α ∈ [0, 1].

Step 4. Choose different values of α, then we can classify Ai. If s̄αij = s̄αkj for
all j = 1, 2, . . .m, then we can put Ai and Ak to the same class.

In the following, we consider a numerical example which is given by Ye [28].

Example 3 [28] A car market is going to classify five different cars of Am

(m = 1, 2, 3, 4, 5). Every car has six evaluation factors (attributes): (i) x1, fuel
consumption; (ii) x2, coefficient of friction; (iii) x3, price; (iv) x4, comfortable
degree; (v) x5, design; (vi) x6, security coefficient. The characteristics of each
car under the six attributes are represented by the form of SVNSs, and then the
single-valued neutrosophic data are in Table 4:
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Table 4: The characteristics of each car under the attributes are expressed by
SVNSs

x1 x2 x3 x4 x5 x6

A1 < 0.3, 0.2, 0.5 > < 0.6, 0.3, 0.1 > < 0.4, 0.3, 0.3 > < 0.8, 0.1, 0.1 > < 0.1, 0.3, 0.6 > < 0.5, 0.2, 0.4 >
A2 < 0.6, 0.3, 0.3 > < 0.5, 0.4, 0.2 > < 0.6, 0.2, 0.1 > < 0.7, 0.2, 0.1 > < 0.3, 0.1, 0.6 > < 0.4, 0.3, 0.3 >
A3 < 0.4, 0.2, 0.4 > < 0.8, 0.2, 0.1 > < 0.5, 0.3, 0.1 > < 0.6, 0.1, 0.2 > < 0.4, 0.1, 0.5 > < 0.3, 0.2, 0.2 >
A4 < 0.2, 0.4, 0.4 > < 0.4, 0.5, 0.1 > < 0.9, 0.2, 0.0 > < 0.8, 0.2, 0.1 > < 0.2, 0.3, 0.5 > < 0.7, 0.3, 0.1 >
A5 < 0.5, 0.3, 0.2 > < 0.3, 0.2, 0.6 > < 0.6, 0.1, 0.3 > < 0.7, 0.1, 0.1 > < 0.6, 0.2, 0.2 > < 0.5, 0.2, 0.3 >

Firstly, we use the similarity measure formula (1) to calculate the similarity
measures between each pair of SVNSs Am (m = 1, 2, . . . , 5). For example, we
use ∆T 12

1 to express ∆TA1,A2
1 , then

∆T 12
1 = 0.3, ∆T 12

2 = 0.1, ∆T 12
3 = 0.2, ∆T 12

4 = 0.1,

∆T 12
5 = 0.2, ∆T 12

6 = 0.1,∆I121 = 0.1, ∆I122 = 0.1,

∆I123 = 0.1, ∆I124 = 0.1, ∆I125 = 0.2, ∆I126 = 0.1,

∆F 12
1 = 0.2, ∆F 12

2 = 0.1, ∆F 12
3 = 0.2, ∆F 12

4 = 0,

∆F 12
5 = 0, ∆F 12

6 = 0.1,∆T 12
min = 0.1, ∆T 12

max = 0.3,

∆I12min = 0.1, ∆I12max = 0.2, ∆F 12
min = 0, ∆F 12

max = 0.2.

By Definition 3.1, we have α12
1 = 3−0.3−0.3

3+0.1−0.3 = 24
28 , analogously,

α12
2 =

26

28
, α12

3 =
25

28
, α12

4 =
26

28
, α12

5 =
25

28
, α12

6 =
26

28
,

β12
1 =

27

29
, β12

2 =
27

29
, β12

3 =
27

29
, β12

4 =
27

29
, β12

5 =
26

29
, β12

6 =
27

29
,

γ121 =
26

28
, γ122 =

27

28
, γ123 =

26

28
, γ124 = 1, γ125 = 1, γ126 =

27

28
.

Furthermore, we can get ϑ(A1, A2) =
1
18{

24
28

7
10+

26
28

9
10+

25
28

8
10+

26
28

9
10+

25
28

8
10+

26
28

9
10+

27
29

9
10+

27
29

9
10+

27
29

9
10+

27
29

9
10+

26
29

8
10+

27
29

9
10+

26
28

8
10+

27
28

9
10+

26
28

8
10+1+1+ 27

28
9
10} = 0.8147.

The similarity measures between each Ai and Aj (i, j = 1, 2, 3, 4, 5, i ̸= j)
are shown as follows:

ϑ(A1, A2) = 0.8147, ϑ(A1, A3) = 0.8464,

ϑ(A1, A4) = 0.8148, ϑ(A1, A5) = 0.7824,

ϑ(A2, A3) = 0.8453, ϑ(A2, A4) = 0.8264,

ϑ(A2, A5) = 0.8294, ϑ(A3, A4) = 0.7563,

ϑ(A3, A5) = 0.7680, ϑ(A4, A5) = 0.7190.
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Then, we have a similarity matrix as follows:

C =


1 0.8147 0.8464 0.8148 0.7824

0.8147 1 0.8453 0.8264 0.8294
0.8464 0.8453 1 0.7563 0.7680
0.8148 0.8264 0.7563 1 0.7190
0.7824 0.8294 0.7680 0.7190 1

 .

Then, by Step 2 in Chapter 4.2, we have

C2 =


1 0.8453 0.8464 0.8148 0.8147

0.8453 1 0.8453 0.8264 0.8294
0.8464 0.8453 1 0.8264 0.8294
0.8148 0.8264 0.8264 1 0.8264
0.8147 0.8294 0.8294 0.8264 1

 .

Due to C2 * C, i.e., C is not an equivalent matrix, we keep calculating.

C4 =


1 0.8453 0.8464 0.8264 0.8294

0.8453 1 0.8453 0.8264 0.8294
0.8464 0.8453 1 0.8264 0.8294
0.8264 0.8264 0.8264 1 0.8264
0.8294 0.8294 0.8294 0.8264 1

 .

C8 =


1 0.8453 0.8464 0.8264 0.8294

0.8453 1 0.8453 0.8264 0.8294
0.8464 0.8453 1 0.8264 0.8294
0.8264 0.8264 0.8264 1 0.8264
0.8294 0.8294 0.8294 0.8264 1

 .

It is clearly that C4 * C2, but C8 = C4. That is, C4 is an equivalent matrix,
denoted by C̄.

Finally, we calculate the α-cutting matrix C̄α by setting different values of
α.

(I) Let 0 ≤ α ≤ 0.8264,

C̄α =


1 1 1 1 1
1 1 1 1 1
1 1 1 1 1
1 1 1 1 1
1 1 1 1 1

 .

By Step 4 in Section 4.2, Am (m = 1, 2, . . . , 5) can be divided into one category
{A1, A2, A3, A4, A5}.

(II) Let 0.8264 < α ≤ 0.8294,

C̄α =


1 1 1 0 1
1 1 1 0 1
1 1 1 0 1
0 0 0 1 0
1 1 1 0 1

 .
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Then, the cars Am (m = 1, 2, . . . , 5) can be divided into two categories {A1, A2, A3,
A5}, {A4}.

(III) Let 0.8294 < α ≤ 0.8453,

C̄α =


1 1 1 0 0
1 1 1 0 0
1 1 1 0 0
0 0 0 1 0
0 0 0 0 1

 .

Then, the cars Am (m = 1, 2, . . . , 5) can be divided into three categories {A1, A2,
A3}, {A4}, {A5}.

(IV) Let 0.8453 < α ≤ 0.8464,

C̄α =


1 0 1 0 0
0 1 0 0 0
1 0 1 0 0
0 0 0 1 0
0 0 0 0 1

 .

Then the cars Am (m = 1, 2, . . . , 5) can be divided into four categories {A1, A3},
{A2}, {A4}, {A5}.

(V) Let 0.8464 < α ≤ 1,

C̄α =


1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

 .

Then the cars Am (m = 1, 2, . . . , 5) can be divided into five categories {A1},
{A2}, {A3}, {A4}, {A5}.
Comparative analysis of existing methods. Refs. [27, 28, 11] considered
the same problem as Example 2, the results are shown in Table 5. For conve-
nience, we use the corresponding subscript m to represent Am, (m = 1, 2, 3, 4, 5).

Table 5: Clustering results of different Refs.

Method from [27] Method from [28] Method from [11] our method
1 category {1, 2, 3, 4, 5} {1, 2, 3, 4, 5} {1, 2, 3, 4, 5} {1, 2, 3, 4, 5}
2 categories {1, 2, 3, 5}, {4} {1, 2, 3, 4}, {5} failed {1, 2, 3, 5}, {4}
3 categories {1, 2, 3}, {4}, {5} {1, 2, 3}, {4}, {5} {1, 2, 3}, {4}, {5} {1, 2, 3}, {4}, {5}
4 categories {1}, {2, 3}, {4}, {5} {1}, {2, 3}, {4}, {5} failed {1, 3}, {2}, {4}, {5}
5 categories {1}, {2}, {3}, {4}, {5} {1}, {2}, {3}, {4}, {5} {1}, {2}, {3}, {4}, {5} {1},{2},{3},{4},{5}

By comparison, we can see the superiority of our results as following.

(1) Ref. [11] can only classify objectives into one category, three categories
and five categories, but can not classify them into two categories and four cat-
egories. However, our approach divides objectives into one to five categories.
This means that our method has better accuracy in some clustering problems.
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(2) Our clustering results are also different from the results of [27, 28]. In
[27], most classifications are the same as our results except dividing the cars
into four categories {A1}, {A2, A3}, {A4}, {A5}. In [28], the difference only
appeared in dividing the cars into two categories {A1, A2, A3, A4}, {A5}. The
reason is that the similarity measure or the distance measure in [27, 28] only
consider about the difference between each corresponding data, but ignore the
impact on the overall data gap between each data.

4.3 Decision making

Example 3 ([8]). A city is going to build a municipal library. How to deter-
mine what kind of air-conditioning system should be installed in the library is
one of the problems facing the city development commissioner. The contractor
provides five feasible alternatives Ai (i = 1, 2, 3, 4, 5), which might be adapted
to the library. Supposing that three attributes C1 (economic), C2(functional),
and C3(operational), the weight vector of the attribute Cj (j = 1, 2, 3) is
w = (0.5, 0.2, 0.3)T . Meanwhile, the attributes are all benefit attribute. As-
sume that the alternatives Ai (i = 1, 2, 3, 4, 5) with respect to the attribute Cj

(j = 1, 2, 3) are represented by the single-valued neutrosophic number, as shown
in Table 6.

Table 6: The alternatives with respect to the attribute denoted by SVNSs
C1 C2 C3

A1 < 0.0, 0.0, 0.0 > < 1.0, 0.0, 0.0 > < 0.0, 0.0, 1.0 >
A2 < 0.0, 0.1, 0.1 > < 0.9, 0.1, 0.2 > < 0.4, 0.2, 0.2 >
A3 < 0.1, 0.1, 0.1 > < 0.9, 0.2, 0.3 > < 0.5, 0.3, 0.2 >
A4 < 0.3, 0.0, 0.1 > < 1.0, 0.1, 0.2 > < 0.4, 0.3, 0.2 >
A5 < 0.0, 0.1, 0.0 > < 0.9, 0.1, 0.2 > < 0.4, 0.3, 0.2 >

Table 7: A comparison studies with some exiting methods of Example 3
Method The final ranking The optimal alternative

Method from [29] A4 > A1 > A2 > A5 > A3 A4

Method from [30] A4 > A1 > A5 > A2 > A3 A4

Method from [32] N/A failed
Method from [33] N/A failed
Method from [31] A4 > A2 > A5 > A1 > A3 A4

Our method A4 > A1 > A5 > A2 > A3 A4

By applying Equation (2), the similarity between an alternative Ai (i =
1, 2, 3, 4, 5) and the ideal alternative A∗ = (< 1, 0, 0 >,< 1, 0, 0 >,< 1, 0, 0 >) is
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as follows:

ϑ∗(A1, A
∗)=

1

3

[
0.5× (0+1+1)+0.2× (1+1+1)+0.3× (0 + 1 + 0)

]
= 0.6333,

ϑ∗(A2, A
∗) =

1

3

[
0.5× (0 +

243

290
+

243

290
) + 0.2× (

171

210
+

243

290
+

208

290
)

+ 0.3× (
56

210
+

208

290
+

208

290
)
]
= 0.6074,

ϑ∗(A3, A
∗) = 0.5976, ϑ ∗ (A4, A

∗) = 0.6769, ϑ ∗ (A5, A
∗) = 0.6264

The results shows that the ranking order of the five alternatives is A4 >
A1 > A5 > A2 > A3. Therefore, the best supplier is A4.
Comparative analysis of existing methods.

In order to further verify the practicability of the proposed new similarity
measure, we use some exiting methods to calculate Example 3. The results can
be seen in Table 7. By comparison, the practicability and superiority over our
method is summarized as follows.

(1) The optimal alternative obtained by our method is the same as that in
Refs. [29, 30, 31].

(2) Due to the division by zero problem, the ranking method of [32, 33]
cannot apply to Example 3. But our method can be used to calculate it.

(3) The final ranking of the five alternatives obtained by our method is the
same as using the Multi-Attributive Border Approximation area Comparison
(MABAC) proposed by Peng [30]. However, the computational complexity of
our method is much smaller than that in [30].

(4) Stability analysis. If the range of the weight vectors w = (w1, w2, w3)
T

of the attribute is changed into w1 ∈ [0.4, 0.6], w2 ∈ [0.1, 0.3], the optimal al-
ternative calculated by our method is till A4. This shows that our method is
robust and stable.

5. Conclusion

Similarity measure (or distant measure) is an important tool for fuzzy decision-
making and clustering. Under the single-valued neutrosophic set environment,
the proposed similarity measure not only considers the relationship between the
corresponding factors, but also considers the influence of the overall factors of
the similarity. Then we use the new similarity measure in pathological diagnosis,
clustering and decision-making to demonstrate its effectiveness. Comparing with
the existing methods, it can be found that our method has the characteristics
of high accuracy and wide application range.
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