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Abstract. Many group’s theoretic notions have been established in fuzzy algebra
although with some modifications. The theory of fuzzy multigroups is the study of group
theory in the context of fuzzy multisets. In this paper we propose and characterize the
ideas of divisible and pure fuzzy multigroups with a number of results which are duly
proved. It is shown that the homomorphic image and preimage of divisible and pure
fuzzy multigroups are as well divisible and pure fuzzy multigroups. The relationship
between divisible fuzzy multigroups and divisible groups as well as between pure fuzzy
multigroups and pure groups are instituted using the idea of alpha-cuts. Finally, it is
established that a fuzzy multigroup of a divisible cyclic group is constant.

Keywords: fuzzy algebra, fuzzy multigroup, divisible fuzzy multigroup, pure fuzzy
multigroup.

1. Introduction

The concept of fuzziness was first studied by Zadeh [29] to curb imprecisions
in real-life. After the introduction of fuzzy sets, Rosenfeld [22] orchestrated
the study of fuzziness in algebra called fuzzy algebra. Myriad of researchers
have extended some group’s theoretic notions to fuzzy sets and in so doing,
established the theory of fuzzy groups [3, 19, 20]. By a way of generalization,
Yager [27] proposed fuzzy multiset as a fuzzy set that allowed the repetitions
of the membership functions of elements of a universe of discourse. The idea
of fuzzy multisets have been extensively studied and applied to many real-life
problems as can be seen in [2, 16, 17, 18, 25].

In a way of application, Shinoj et al. [23] applied group theory to fuzzy
multisets to introduce a generalized fuzzy groups called fuzzy multigroups and
deduced some related results. As a follow up, Ejegwa[4] studied the analog of
subgroups in fuzzy multigroup context and introduced centers and centralizers
in fuzzy multigroup context. The idea of commutative fuzzy multigroups have
been studied and a number of results were presented [1, 5]. Some group’s ana-
log notions like normal subgroups, characteristic subgroups, Frattini subgroups,
cosets, quotient groups and homomorphism have been instituted in fuzzy multi-
group environment with a number of results [6, 7, 11, 13, 14, 15]. The concept
of direct product of fuzzy multigroups and its generalization were discussed in
[8, 12]. To enhance a nexus between fuzzy multigroup and group theories, the
concept of alpha-cuts of fuzzy multigroups was proposed [9] and the idea of its
homomorphism was studied in [10].

Although several concepts of group theory have been extended to fuzzy
multigroups via fuzzy multisets, some notions have not been investigated in
fuzzy multigroup context. This paper seeks to strengthen fuzzy multigroup
theory by characterizing the constructs of divisible and pure fuzzy multigroups
which are the applications of divisible and pure groups in fuzzy multisets. The
notions of divisible and pure groups have been hitherto studied in fuzzy group
and intuitionistic fuzzy group contexts [24, 26, 28]. In this voyage, we first and
foremost defined a special fuzzy multisets of a group to enhance the introduc-
tion of divisible and pure fuzzy multigroups. We study the homomorphic image
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and preimage of divisible and pure fuzzy multigroups and show that they are
as well divisible and pure fuzzy multigroups. The relationship between divisible
and pure fuzzy multigroups with divisible and pure groups are instituted using
the idea of alpha-cuts. The rest of the paper is delineated as follows; Section
2 presents the ideas of fuzzy multisets, fuzzy multigroups and some existing
results. Section 3 discusses and characterizes divisible fuzzy multigroups and
Section 4 explicates pure fuzzy multigroups with related results. Finally, Section
5 summarizes and gives scope of future studies.

2. Preliminaries

Throughout this paper X denotes non-empty set and G denotes an additive
group with identity element 0.

Definition 2.1 ([27]). Assume X is a non-empty set. Then, a fuzzy bag/multiset
A drwan from X is an object of the form

C My (z)

A= {( )|z e X}

characterized by a count membership function C M, such that
OMAZ X — Q,

where Q is the set of all crisp bags or multisets from the unit interval I = [0, 1]
and

CMy(2) = {pb(@), 12(), . (),
such that pf(z) > pi(z) > ... > pR(x) > ..., whereas in a finite case, we write

CMa(x) = {px(2), mi (@), - .., 1 (2)},

for pk(@) = 13(2) > ... > 3 (a).
A fuzzy multiset can also be characterized by a high-order function. In par-
ticular, a fuzzy multiset A can be characterized by a function

CMy: X — N'orCM,: X — [0,1] — N,
where I =[0,1] and N = NU {0}.

Definition 2.2 ([27]). Let A, B be fuzzy multisets of X. Then for any z € X,
we have

(i) A=B <= CMy(z) = CMz(z),
(ZZ) ACB <— CMA(ZE) < CMB(x),

(ZZZ) ANB = CMAQB(SC) = OMA(x) VAN CMB(CL‘),
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(tv) AUB = CMyup(z) = CMy(z) vV CMg(z),
(v) A®B = CMpgp(x) = CMy(x) ® CMz(x),
where A and V denote minimum and maximum respectively.

Suppose {A;}icr is an arbitrary family of fuzzy multisets of X. Then
(4 = A\ CMy,(2), Vo € X and | JA; = \/ CMy,(2), Vo € X.
icl iel icl iel
Definition 2.3 ([23]). A fuzzy multiset A of G is called a fuzzy multigroup if
and only if
(1) CMy(z +vy) > CMy(z) NCMy(y), Yo,y € G,
(17) CMp(—x) > CMy(x), Vo € G.
Certainly, CMy(—x) = CM,(x), Yz € G, since
CMy(z) = CMy(—(—x)) =2 CMy(—x).

Conditions (i) and (ii) can be combined as CMy(x —y) > CMy(x) N CMy(y)
forall x,y € G.

A fuzzy multigroup A of G is said to be constant or has a constant count
membership function if CMy(x) = CMy(y), Y,y € G. In fact, in a fuzzy
multigroup A of G, CMy(0) > CM,(x), Vx € G.

Definition 2.4 ([5]). A fuzzy multigroup A of G is said to be commutative if
CMy(x +y) = CMp(y + ), Yo,y € G.

Proposition 2.1 ([4]). If A and B are fuzzy multigroups of G, then (i) ANB and
A @ B are fuzzy multigroups of G, (ii) AUB is a fuzzy multigroup of G provided
A CB.

Theorem 2.1 ([10]). Let A be a fuzzy multigroup of G. Then, the sets A, and A*
defined by A, = {x € G| CMy(z) > a} and A* = {x € G | CM,(z) < a} where
a € [0,1], are subgroups of G for a < CMy(0) and o > CMy(0), respectively.

Theorem 2.2 ([10]). Let A be a fuzzy multiset of G for CMy(0) = 1 and
a € 0,1].

(i) If every Ay is a subgroup of G, then A is a fuzzy multigroup of G.
(1i) If every A is a subgroup of G, then A is a fuzzy multigroup of G.

Definition 2.5 ([7]). Let f: G — G’ be a homomorphism of groups. Suppose
A and B are fuzzy multigroups of G and G’, respectively. Then, f induces a
homomorphism from A to B which satisfies
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(i) CMa(f~ (yry2)) = OMu(f~ (1)) ACMA(f~ (y2)) Yy, 42 € G,
(i1) CMa(f(z129)) > CMa(f (1)) A CMa(f(x2)) Va1, x5 € G,
where

(i) the image of A under f, denoted by f(A), is a fuzzy multiset of G' defined
by
\/xeffl(y) CMA(‘T)7 f_l(y) 7& (Z)

CM =
1) ) { 0, otherwise
for each y € G'.

(ii) the preimage of B under f, denoted by f~'(B), is a fuzzy multiset of G
defined by C M1y (z) = CMg(f(x)), Vo € G.

Proposition 2.2 ([7]). Let f: G — G’ be a homomorphism of groups, A and B
be fuzzy multigroups of G and G', respectively. Then f(A) is fuzzy multigroup of
G'" and if f is an isomorphism, then f~1(B) is a fuzzy multigroup of G.

3. Divisible fuzzy multigroups

In a classical sense, a divisible group is an abelian group where every element
is an nth multiple for each positive integer n. An abelian group G is divisible if
for every positive integer n and any x € G, there exists y € G such that ny = x.
Equivalently, an abelian group G is divisible if and only if nG = G, where n is
any positive integer and nG = {nz|z € G}.

Definition 3.1. Suppose A is a fuzzy multiset of G. Then nA, where n is a
positive integer is defined by

Vicny CMa(y), = €nG

0, otherwise.

Proposition 3.1. If A and B are fuzzy multisets of G, then
(i) ACB=>nA C nB,
(73) n(ANB) =nANnB,
(731) n(AUB) = nAUnB,
(iv) n(A @ B) = nA @ nB.

Proof. The proof of (i) is straightforward. Now, we prove (ii) as follows. Sup-
pose z ¢ nG, then CM,yrp)(z) = 0 = CMyprne(z). Again, assume z € nG,
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then we have
CMnAﬁnB(l') = CMnA(l‘) A CMnB(QZ')
= \/ ey n \/ CMs(y)

T=ny T=ny

= \/ [CMa(y) A CMg(y)]

T=ny

= \/ CMyrs(y)

T=ny

= CMn(AmB) (z).

Hence, n(ANB) = nANnB.

The proofs of (iii) and (iv) follow directly from Definitions 2.2, 3.1 and
(if). O
Theorem 3.1. Let f: G — G’ be a homomorphism such that A is fuzzy multiset
of G. Then for any n € N, f(nA) = nf(4).

Proof of Theorem 3.1. Suppose x ¢ nG, then CMy(,p)(z) =0 = CM, sy (7).
Again, suppose we have z € nG. If z € G’ and 2z = f(z), then

CMyay(2) = \/ CMu(z)= \/ \/ CMy(w)

z=f(z) z=f(x) T=nw
= \V  CMyw)= \/ CMi(w)
z=f(z), z=nw z=f(nw)
=V Mw) =\ \/ CMy(w)
z=nf(w) z=ny y=f(w)
= CMf(A) (y) = CMnf(A)(Z)
2= ()

Hence, f(nA) =nf(A).

Theorem 3.2. Suppose f is a homomorphism from G to G' such that B is a
fuzzy multiset of G'. Then for any n € N, nf~1(B) C f~1(nB). Moreover if f
is an isomorphism, nf~1(B) = f~1(nB).

Proof of Theorem 3.2. Let z € G. If x ¢ nG, then C M, ;15 (x) = 0 <
CMj-1(up)(x). If 2 € nG, then f(z) € nG’. Thus

CMypagy(x) = \/ CMpagy(w)=\/ CMs(f(w))
< \/ CM(fw)< \/ CMa(y)
F(@)=f(m) f(@)=ny

= CMup(ny) = CMus(f(2))
— CMf—lB(‘T)‘
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Hence, nf~1(B) C f~1(nB).
Suppose f is an isomorphism, then by using the logic in Theorem 3.1, we
have

CM-1(np) (%) = CMp—1((s(s-1(8)))) (%) = CMp-1(pn(r-1(3))) (2) < OMy(p-18)) (),
so f~Y(nB) C nf~1(B). Therefore, nf~!(B) = f~!(nB).

Definition 3.2. Let G be an abelian group. A fuzzy multigroup A of G is called
divisible if CM,a(x) = CMy(x), Vo € G or simply, nA = A for every positive
integer n.

Example 3.1. A fuzzy multigroup of (i) an additive group of rational numbers
Q is a divisible fuzzy multigroup, (ii) a group of complex roots of unity of degrees
pF k=1,2,...,n, where p is a prime number is a divisible fuzzy multigroup.

Remark 3.1. (i) Every fuzzy multigroup of a divisible group is a divisible com-
mutative fuzzy multigroup. (ii) If G = Q, then every divisible fuzzy multigroup
of G has a constant count membership function over Q — {0}.

Proposition 3.2. Let f: G — G’ be a homomorphism of groups, and A be a
divisible fuzzy multigroup of G. Then, the homomorphic image of A is a divisible
fuzzy multigroup of G'.

Proof. By Theorem 2.2, we see that f(A) is a fuzzy multigroup of G'. Thus, it
follows that nf(A) = f(nA) = f(A), for every n € N (Theorem 3.1). Hence, f(A)
is divisible. O

Proposition 3.3. Suppose f: G — G’ is an isomorphism of groups, and B is
a divisible fuzzy multigroup of G'. Then, the homomorphic preimage of B is a
divisible fuzzy multigroup of G.

Proof. By synthesizing Theorems 2.2 and 3.2, it follows that f~!(B) is a divis-
ible fuzzy multigroup of G. O

Definition 3.3. A fuzzy multigroup A of G is called p-divisible if and only if
CMip(z) = CMy(z), Vo € G where k € N and p is a prime.

Proposition 3.4. Suppose A is a fuzzy multigroup of G. Then A is divisible if
and only if it is p-divisible for every prime p.

Proof. Suppose that A is divisible fuzzy multigroup of G. Certainly, it is p-
divisible since p* € N.

Conversely, assume A is a p-divisible fuzzy multigroup of G for every prime
p. Then for every n € N, we get n = pi1pa...py, where p; (for i =1,2,...,m) is
prime. Thus, nA = (p1p2...pm)A = BA = A since n = 8. So, A is divisible. [

Theorem 3.3. Let A be a divisible fuzzy multigroup of G. Then the following
are divisible subgroups of G:



506 P.A. EJEGWA, Y. FENG, W. ZHANG, J. ZHOU anp X. MING

(1) A, o €[0,1] for a < CMy(0).
(1) A%, a € ]0,1] for o > C'M,(0).

Proof of Theorem 3.3. (i) By Theorem 2.1, A, is a subgroup of G. Let x € A,,
a € [0,1] and n € N. Since V,,,_, CMi(y) = CMa(x) > «, then it happens
that y € A, with ny = x. Hence, A, is a divisible subgroup of G.

(ii) Similarly, A% is a subgroup of G by Theorem 2.1. If z € A%, a € [0,1]
and n € N. Then since \/,,_, CMy(y) = CMa(z) < a, it follows that y € A®
such that ny = x, and the result follows.

Theorem 3.4. If A is a fuzzy multiset of G such that CM,(0) = 1 and every
Ay, a € [0,1], is a divisible subgroup of G. Then A is a divisible fuzzy multigroup
of G.

Proof of Theorem 3.4. From the given hypotheses , it follows that A is a
fuzzy multigroup of G by Theorem 2.2. Let z € G and CM,(z) = «. Since A,
is a divisible subgroup of G for every n € N, 3 y € A, such that ny = x, hence
CMy(y) > CMy(z) = a. But CMy(y) < CMy(x) since A is a fuzzy multigroup
of G. Hence, \/ CM,y(y) = CMpp(x), for € nG and so, nA = A.

ny=x

Corollary 3.1. Let A be a fuzzy multiset of G such that CMy(0) =1 and every
AY « € [0,1], is a divisible subgroup of G. Then A is a divisible fuzzy multigroup
of G.

Proof. Combining Theorems 2.2 and 3.4, the result holds. O

Theorem 3.5. Let {A;}icr be a family of divisible fuzzy multigroups of G. Then
Nicr i is a divisible fuzzy multigroup of G.

Proof of Theorem 3.5. By Proposition 2.1, (,c; A; is a fuzzy multigroup of
G. Assume that every A; is divisible, then for x € nG we have

CMu, @) =\ ANCMy() =\ CMy(y)

z=ny i€l el z=ny
el
= CMniEI Az(x)

Ifz & nG, then CMp,_ o, (2) = 0= CMy(,_, a,)(x). Hence, [,/ 4; is divisible.

i€l
Theorem 3.6. Suppose {A;}icr is a family of divisible fuzzy multigroups of G.
Then

(1) Ujer Ai is a divisible fuzzy multigroup of G if Ay € Ay C ... C Ay, i =
1,2,....n.

(17) Yierh; is a divisible fuzzy multigroup of G.
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Proof of Theorem 3.6. By using Proposition 2.1 and following the same
arguments in Theorem 3.5, the proofs of (i) and (ii) are established.

Theorem 3.7. If A is a fuzzy multigroup of a divisible cyclic group G, then A
15 constant.

Proof of Theorem 3.7. Let G =< a > and x € G. Then z = pa, p € N.
Suppose that CMy(pa) > CMy((p + 1)a). Because G is divisible, there exists
1y € G such that py = a. But also there exists ¢ € N such that y = ga, and so

CMy(pa) > CM,

= CM,
CM,
My

(p+1)a) = CMx((p + 1)py)

(p+ 1)pga) = CMy((p + 1)q(pa))
pa) AN CMy(pa) A ... N CMy(pa)
pa),

v
Q

(
(
(
(

which is a contradiction.
Also, if CMy((p + 1)a) > CMy(pa). Then there exists z € G such that
(p+1)z=a, z=ra, r € Nsince G is divisible. Thus

CMy((p+1)a) > CMy(pa) = CMy(p(p+ 1)ra) = CM(pr(p + 1)a)
> CMy((p+1)a) N\CMy((p+ 1)a) A... ACMy((p+ 1)a)
= CMy((p+1)a),

which is also a contradiction. Hence, CMy((p + 1)a) = CMy(pa). Since z is
arbitrary, if x = a, then CMy(a) = CMy(2a) = CMy(3a) = ..., and so A is a
constant fuzzy multigroup of a divisible cyclic group G.

4. Pure fuzzy multigroups

Recall that a subgroup H of a group G is called pure if nH = H NnG, for every
positive integer n. Now, we extend the concept to fuzzy multigroup of G as
follows.

Definition 4.1. Let A and B be fuzzy multigroups of G such that A C B. Then
A is a pure fuzzy multigroup of G if nA = AN nB for every n € N, that is
CMpp(x) = CMy(z) NCMpp(x) Vo € G.

Remark 4.1. Let A, B and C be fuzzy multigroups of G such that A and B
are contained in C. If A and B are pure, then AN B and A UB are pure fuzzy
multigroups of G since n(ANB) = (ANB)NnC and n(AUB) = (AUB) NnC.

Definition 4.2. Let A and B be fuzzy multigroups of G such that A C B.
Then A is p-pure if p"A = AN p'B for every r € N and p is prime, that is
CMPTA(ZE) = CMA(Z') A CMPTB(ZE) Vo € G.

Remark 4.2. Every p-pure fuzzy multigroup of a p-divisible group is p-divisible.
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Proposition 4.1. Let f: G — G’ be an isomorphism of divisible groups, A, C
be fuzzy multigroups of G and B, D be fuzzy multigroups of G' such that A C C
and B CD. If A and B are pure fuzzy multigroups of G and G', respectively then

(1) f(A) is a pure fuzzy multigroup of G'.
(ii) f~1(B) is a pure fuzzy multigroup of G.

Proof. Let z,y € G and w,z € G’ such that f(z,y) = w,z. Since G, G’ are
divisible groups for every n € N, 3y € G and 2z € G’ such that ny = z, nz = w.
From Proposition 2.2, it follows that f(A) and f~!(B) are fuzzy multigroups of
G and G, respectively. Assume that C and D are constant, then by Theorems
3.1 and 3.2, we deduce that, for any w € G’

CMymp(w) = CMypny(w ):CMf(A)( ) A C M0y (w)

= CMyw(w \/ CMyc)(2)
and
CMffl(nB) (:E) = CMnffl(B) (:E) = CMf—l(B) ((L’) VAN CMnffl(D) (IE)
= CMf—l(B)(l’)/\ \/ C'Mf_1(D)(y)
r=ny
== CMf—l(B)(l’)
Hence, the results. ]

Theorem 4.1. Suppose {A;}icr and {B;};cs are families of fuzzy multigroups
of G such that {A;}icr C {Bj}jes and {Bj}jcs is constant. If {A;}icr is pure,
then (;cr Ai is a pure fuzzy multigroup of G.
Proof of Theorem 4.1. Certainly, [);c;A; is a fuzzy multigroup of G by
Proposition 2.1. If every A; is pure, then we consider the following cases.

Case I: Suppose z € nG, we have

CMyn, e a(2) = CMmieIA')mn(mjeJBj)(@

= ACMu@ A\ N\ OMy,(0)

iel z=ny jeJ

= NCMy(x)n N\ \/ CMs,(y
el je€J r=ny

= A\ CMy,(x) = CMp_,»,(2).
icl

Case II: Suppose = ¢ nG, then we have
CMu(n,e,20)(@) = CM, nyon(n,e,8,) (2) = 0= CMpy, i ().

Hence, ;<7 Ai is a pure fuzzy multigroup of G.
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Theorem 4.2. Let {A;}icr and {Bj}jcs be families of fuzzy multigroups of G
such that {B;}jcy is constant and contains {A;}icr. If {A;}ier is pure, then

(7) Uie[ A; is a pure fuzzy multigroup of G for Ay C Ay C ... C Ay, @ =
1,2,...,n.

(11) Xierh; is a pure fuzzy multigroup of G.

Proof of Theorem 4.2. By synthesizing Proposition 2.1 and following the
same logic in Theorem 4.1, the proofs of (i) and (ii) are established.

Theorem 4.3. Let A and B be fuzzy multigroups of G such that A C B and B is
constant. Then A is pure if and only if A is a divisible fuzzy multigroup of G.

Proof of Theorem 4.3. guppose A is a pure fuzzy multigroup of G. Then
nA = ANnB for n € N. Certainly, ANnB = A because

CMy(z) ACM,p(z) = CMy(z) A \/ CMa(y)
ny=x

Thus, nA = A for n € N, and hence A is a divisible fuzzy multigroup of G.

Conversely, assume A is a divisible fuzzy multigroup of G. Then nA = A for
n € N. Since ANnB = A, we have nA =ANnB n € N, and so A is a pure fuzzy
multigroup of G.

On the strength of Theorem 4.3, we state the following results without proofs
because their proofs are similar to their equivalent proofs in Section 3.

Proposition 4.2. Let A and B be fuzzy multigroups of G such that A C B and B
is constant. Then A is pure if and only if it is p-pure for every prime p.

Proof. Similar to Proposition 3.4. O

Proposition 4.3. Let A and B be fuzzy multigroups of G such that A C B and
B is constant. If A is a pure fuzzy multigroup of G, then A,, o € [0,1] is a pure
subgroup of G for a < CMy(0) and A%, « € [0,1] is a pure subgroup of G for
Proof. Similar to Theorem 3.3. O

Proposition 4.4. Let A and B be fuzzy multisets of G such that A C B and B
is constant. If A is a fuzzy multiset of G such that CMy(0) = 1 and every A,
a € [0,1], is a pure subgroup of G. Then A is a pure fuzzy multigroup of G.

Proof. Similar to Theorem 3.4. O]

Corollary 4.1. Let A and B be fuzzy multisets of G such that A C B and B is
constant. Let A be a fuzzy multiset of G such that CMy(0) = 1 and every A%,
a € [0,1], is a pure subgroup of G. Then A is a pure fuzzy multigroup of G.

Proof. Similar to Corollary 3.1. O
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5. Conclusion

The notion of fuzzy multigroups is the application of group theory to fuzzy
multisets. Several analog concepts of group theory have been established in fuzzy
multigroup environment. In this paper the concepts of divisible and pure fuzzy
multigroups were established and characterized with some duly proved related
results. The nexus between divisible fuzzy multigroups and divisible groups as
well as between pure fuzzy multigroups and pure groups were instituted with
the aid of alpha-cuts. More properties of divisible and pure fuzzy multigroups
could be constructed in future research.
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