
ITALIAN JOURNAL OF PURE AND APPLIED MATHEMATICS – N. 46–2021 (480–487) 480

A note on alternative axiomatic results and sports applications
of the precore

Chien-Yuan Cheng
Department of Physical Education
National Pingtung University
Taiwan
Yuan22@mail.nptu.edu.tw

Geng-Jie Zhang
Department of Recreation and Sports Management
Tajen University
Taiwan
lector197@yahoo.com.tw

Yu-Hsien Liao
Department of Applied Mathematics
National Pingtung University
Taiwan
twincos@ms25.hinet.net

En-Cheng Chi∗

Office of Physical Activities

National Pingtung University

Taiwan

nptuchi@gmail.com

g731007@mail.nptu.edu.tw

Abstract. Different from related results of the precore due to Hwang et al. (2015),
we characterize the precore by means of a revised reduction. Furthermore, some sports
applications are also proposed.
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1. Introduction

Consistency and its converse are important properties of solutions in the ax-
iomatic processes of cooperative games. Consistency allows us to deduce, from
the desirability of an outcome for some problem, the desirability of its restriction
to each subgroup for the associated reduced game the subgroup faces; The con-
sistency and its converse have been investigated in several classes of frameworks
by applying reduced games. The core is, perhaps, the most intuitive solution con-
cept for allocation situations. There are several different definitions of reduced
games in the axiomatic processes of the core in the literature.

*. Corresponding author



A NOTE ON ALTERNATIVE AXIOMATIC RESULTS AND SPORTS APPLICATIONS ... 481

Here we focus on the precore proposed by Hwang et al. (2015). In the
framework of multi-choice transferable-utility (TU) games, Hwang et al. (2015)
proposed the precore. Also, Hwang et al. (2015) defined an extension of the re-
duction due to Davis and Maschler (1965), and adopted this extended reduction
to characterize the precore on the domain of all multi-choice TU games.

Here we continue and develop related results of Hwang et al. (2015). The
main results of this note are as follows.

� We introduced an extension of the reduced game due to Serrano and Volij
(1998), and show that the precore is the only solution satisfying one-person
rationality, related consistency and its converse on the domain of all multi-
choice TU games. Finally, some sports applications are proposed.

2. Preliminaries

Let U be the universe of players. For i ∈ U and mi ∈ N, we set Mi =
{0, 1, · · · ,mi} as the action space of player i, where action 0 means not partici-
pating, and M+

i = Mi \{0}. For N ⊆ U with N ̸= ∅, let MN =
∏

i∈N Mi be the
product set of the action spaces for players N and LN = {(i, j) | i ∈ N, j ∈ M+

i }.
Denote the zero vector in RN by 0N .

A multi-choice TU game 1 is a pair (N, v), where N is a non-empty
and finite set of players, m = (mi)i∈N is a vector that describes the number of
activity levels for each player, and v : MN → R is a characteristic function which
assigns to each action vector α = (αi)i∈N ∈ MN the worth that the players can
obtain when each player i plays at activity level αi ∈ Mi with v(0N ) = 0.

Denote the class of all multi-choice TU games by Γ. Given (N, v) ∈ Γ,
α ∈ MN and T ⊆ N , let S(α) = {i ∈ N |αi ̸= 0}, αT ∈ RT to be the restriction
of α to T , |T | be the number of elements in T and eT (N) be the binary vector
in RN whose component eTi (N) satisfies

eTi (N) =

{
1, if i ∈ T,

0, otherwise.

Note that if no confusion can arise eT (N) will be denoted by eT .
Given (N, v) ∈ Γ. A payoff vector of (N, v) is a vector (xi,j)(i,j)∈LN ∈

RLN
, where xi,j denotes the increase in payoff to player i corresponding to a

change of activity from level j − 1 to level j by this player i for all (i, j) ∈ LN .
For convenience, we define xi,0 = 0 for all i ∈ N . For α ∈ MN , we define
x(α) =

∑
i∈S(α)

∑αi
j=1 xi,j . Let T ⊆ N \ ∅. For convenience, we denote x|T =

(xi,j)(i,j)∈LT .
Let (N, v) ∈ Γ. A payoff vector x of (N, v) satisfies

� efficiency (EFF) if x(m) = v(m).

1. As mU ∈ NU is fixed throughout the note, we write (N, v) rather than (N,mU
N , v). For

convenience, if no confusion can arise mU
N will be denoted by m throughout the note.
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� individual rationality (IR) if for all (i, j) ∈ LN , x(je{i}) ≥ v(je{i}).

� coalitional rationality (CR) if for all α ∈ MN , x(α) ≥ v(α).

Moreover, the set of feasible payoff vectors of (N, v) is denoted by

X∗(N, v) = {x ∈ RLN | x(m) ≤ v(m) },

whereas

X(N,V ) = {x ∈ RLN | x satisfies EFF }

is the set of preimputations of (N,V ). A payoff vector x is an imputation
of (N, v) if it satisfies EFF and IR. The set of imputations of (N, v) is denoted
by I(N, v).

A solution on Γ is a function σ which associates with each game (N, v) a
subset σ(N, v) of X∗(N, v).

Definition 1 ([2]). Let (N, v) ∈ Γ. The precore C(N, v) consists of all preim-
putations x of (N, v) which satisfy CR, i.e.,

CMC(N, v) = {x ∈ X(N, v) | x satisfies CR }.

3. Reductions and axiomatizations

Hwang et al. (2015) extended the reduced game introduced by Davis and
Maschler (1965) to multi-choice games as follows. Given (N, v) ∈ Γ, S ∈ 2N \{∅}
and a payoff vector x. The reduced game with respect to S and x is the
game (S, vxS) where

vxS(α) =


0, α = 0S ,

v(m)− x(mN\S , 0S), α = mS ,

max
β∈MN\S

{ v(α, β)− x(β, 0S) }, otherwise.

Consistency requires that if x is prescribed by σ for a game (N, v), then
the projection of x to S should be prescribed by a solution σ for the reduced
game with respect to S and x for all S. Thus, the projection of x to S should
be consistent with the expectations of the members of S as reflected by their
reduced game.

� Consistency (CON): For all (N, v) ∈ Γ, for all S ∈ 2N \ {∅}, and for all
x ∈ σ(N, v), (S, vxS) ∈ Γ and x|S ∈ σ(S, vxS).

Converse consistency requires that if the projection of an efficient payoff
vector x to every proper S is consistent with the expectations of the members
of S as reflected by their reduced game then x itself should be recommended for
whole game.
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� Converse consistency (CCON): For all (N, v) ∈ Γ with |N | ≥ 2 and
for all x ∈ X(N, v), if for all S ⊂ N such that 0 < |S| < |N |, (S, vxS) ∈ Γ
and x|S ∈ σ(S, vxS), then x ∈ σ(N, v).

The following axiom is a weakening of the converse consistency property,
since it requires that x satisfies individually rationality as well.

� Weak converse consistency (WCCON): For all (N, v) ∈ Γ with |N | ≥
2 and for all x ∈ I(N, v), if for all S ⊂ N such that 0 < |S| < |N |,
(S, vxS) ∈ Γ and x|S ∈ σ(S, vxS), then x ∈ σ(N, v).

We will make use of the following axioms. Let Γ′ ⊆ Γ and σ be a solution
on Γ′. σ satisfies efficiency (EFF) if for all (N, v) ∈ Γ′, σ(N, v) ⊆ X(N, v). σ
satisfies individually rationality (IR) if for all (N, v) ∈ Γ′, σ(N, v) ⊆ I(N, v).
σ satisfies one-person rationality (OPR) if for all (N, v) ∈ Γ′ with |N | = 1,
σ(N, v) = I(N, v).

On the domain of all multi-choice games, inspired by Serrano and Volij
(1998), Hwang et al. (2015) showed that the precore is the only solution satisfy-
ing IR, OPR, CON and WCCON. Subsequently, we provide a revised reduction
to characterize the precore.

Definition 2. Let (N, v) ∈ Γ, x ∈ RLN
and S ∈ 2N \ {∅}. The revised

reduced game with respect to S and x is the game (S, vRS,x) where

vRS,x(α) =

0, α = 0S ,

max
β∈MN\S

{v(α, β)− x(β, 0S)}, otherwise.

The idea of the revised reduced game was first introduced by Serrano and
Volij (1998). The only difference between this and the reduced game in Section
3 is the fact that the coalition S is also allowed to imagine potential interaction
with any of the subsets of N \ S. Informally, in order to reach the maximal
benefit, all the coalitions formed with the members of N \S should be considered
to cooperate with S.

“R-reduced game” instead of “reduced game”, we introduce the R-consis-
tency (RCON) and the converse R-consistency (CRCON).

Lemma 1. Let Γ′ ⊂ Γ. On Γ′, the precore CMC satisfies RCON.

Proof 1. We first show that the minimal consistent consistent core satisfies
RCON on Γ. Let (N, v) ∈ Γ, S ⊆ N , S ̸= ∅ and x ∈ CMC(N, v).

First we show that if x satisfies CR in (N, v), then x|S satisfies CR in
(S, vRS,x). Since x ∈ CMC(N, v), x is CR in (N, v). For all α ∈ MS ,

vRS,x(α)− x(α)

= max
β∈MN\S

{ v(α, β)− x(β, 0S) } − x(α, 0N\S)
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= max
β∈MN\S

{ v(α, β)− x(β, 0S)− x(α, 0N\S) }

= max
β∈MN\S

{ v(α, β)− x(α, β) }.

Since x satisfies CR in (N, v), v(α, β) − x(α, β) ≤ 0. That is, for all α ∈ MN ,
x|S(α) ≥ vRS,x(α). Hence x|S satisfies CR in (S, vRS,x).

Next we show that if x satisfies EFF in (N, v), then x|S satisfies EFF in
(S, vRS,x). Since x ∈ CMC(N, v), x is EFF in (N, v). By the definition of vRS,x
and EFF of x in (N, v),

vRS,x(mS)− x(mS , 0N\{S})

= max
β∈MN\S

{v(mS , β)− x(β, 0S)} − x(mS , 0N\S)

≥ v(m)− x(mN\S , 0S)− x(mS , 0N\S)(Take β = mN\S)

= v(m)− x(m)

= 0.(ByEFFofx).

So, vRS,x(mS) ≥ x(mS , 0N\{S}). By CR of x|S , vRS,x(mS) ≤ x(mS , 0N\{S}). That

is, vRS,x(mS) = x(mS , 0N\{S}). Hence, x|S is EFF in (S, vRS,x).

Lemma 2. Let Γ′ ⊂ Γ. On Γ′, the precore CMC satisfies CRCON.

Proof 2. Let Γ′ ⊂ Γ. Let (N, v) ∈ Γ′ with |N | ≥ 2 and let x ∈ X(N, v).
Suppose for all S ⊂ N such that 0 < |S| < |N |, (S, vRS,x) ∈ Γ′ and xS ∈
CMC(S, v

R
S,x). We will show that x ∈ CMC(N, v), i.e., for all α ∈ MN , x(α) ≥

v(α). Let i ∈ N and α ∈ MN , α ̸= 0N . Consider the reduced game ({i}, vR{i},x).
Then,

αi∑
j=1

xi,j

≥ vR{i},x(αi)
(
By xi ∈ C

(
{i}, vR{i},x

))
= max

β∈MN\{i}
{v(αi, β)− x(β, 0)}

(
By definition of vR{i},x(αi)

)
≥ v(α)− x(αN\{i}, 0).

(
Take β = αN\{i}

)
Hence, x(α) ≥ v(α).

Lemma 3. Let σ be a solution on Γ. If σ satisfies OPR and RCON, then it
also satisfies EFF.

Proof 3. Let (N, v) ∈ Γ, x ∈ σ(N, v) and i ∈ N . Assume that |N | = 1. The
proof is trivial since OPR implies EFF in the case |N | = 1. Assume that |N | > 1.
Consider the reduced game ({i}, vR{i},x). By RCON of σ, x|{i} ∈ σ({i}, vR{i},x).
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By OPR of σ,

mi∑
j=1

xi,j

≥ vR{i},x(mi)

= max
β∈MN\{i}

{v(mi, β)− x(β, 0)}
(
By definition of vR{i},x(mi)

)
≥ v(m)− x(mN\{i}, 0).

(
Take β = mN\{i}

)
Therefore, x(m) ≥ v(m). Since σ is a solution, x ∈ σ(N, v) ⊆ X∗(N, v). Hence,
x(m) = v(m).

Theorem 1. On Γ, the precore is the only solution satisfying OPR, RCON and
CRCON.

Proof 4. By Lemmas 1 and 2, the precore satisfies RCON and CRCON. Clearly,
the precore satisfies OPR.

To prove uniqueness, assume that a solution σ satisfies OPR, RCON and
CRCON. By Lemma 3, σ satisfies EFF. Let (N, v) ∈ Γ. The proof proceeds by
induction on the number |N |. If |N | = 1 then by OPR of σ, σ(N, v) = I(N, v) =
CMC(N, v). Assume that σ(N, v) = CMC(N, v) if |N | < k, k ≥ 2.

The case |N | = k. First we show that σ(N, v) ⊆ CMC(N, v). Let x ∈
σ(N, v). Since σ satisfies EFF, x ∈ X(N, v). By RCON of σ, for all S ⊂ N
with 0 < |S| < |N |, x|S ∈ σ(S, vRS,x). By the induction hypothesis, for all

S ⊂ N with 0 < |S| < |N |, x|S ∈ σ(S, vRS,x) = CMC(S, v
R
S,x). By CRCON of the

precore, x ∈ CMC(N, v). The opposite inclusion may be shown analogously by
interchanging the roles of σ and CMC . Thus, σ(N, v) = CMC(N, v).

The following examples show that each of the axioms used in Theorem 1 is
logically independent of the others. 2

Example 1. Let σ(N, v) = ∅ for all (N, v) ∈ Γ. Then σ satisfies RCON and
CRCON, but it violates OPR.

Example 2. For all (N, v) ∈ Γ, we define a solution σ on Γ to be

σ(N, v) =

{
I(N, v), if |N | = 1

X(N, v), otherwise.

Then σ satisfies OPR and CRCON, but it violates RCON.

Example 3. For all (N, v) ∈ Γ, we define a solution σ on Γ to be

σ(N, v) =

{
I(N, v), if |N | = 1

∅, otherwise.

Then σ satisfies OPR and RCON, but it violates CRCON.

2. In order to show the logical independence of the used axioms |U | ≥ 2 is needed.
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4. Sports applications

One of interesting applications could be done in the setting of “sports league”,
such as National Basketball Association (NBA), Major League Baseball (MLB)
and so on. In a sports league, each team may take several marketing strategies
to manage. Besides competing in sports games, all teams should develop to
raise integral utilities of whole sports league also, such as box office, affiliated
product and so on. This kind of problem can be formulated as follows: Let
N = {1, 2, · · · , n} be a set of sports teams that can be provided jointly by some
organization and let c(α) be the profit of providing the strategical vector α in N
jointly. The function c is called a profit function. Modeled in this way, a sports
league can be considered as a cooperative multi-choice TU game, with c being its
characteristic function. The precore provides “equilibrium strategical utilities”
among all sports teams, in the sense that this organization can get profit from
each combination of strategies of all sports teams under an equilibrium utility
system.

Here we assume that the family of marketing strategies are only available
in finite number of levels. This is the kind of situation that we want to cover
in this paper: Utility problem in which strategies can be provided at a certain
finite number of levels. A multi-choice TU game is exactly an appropriate game-
theoretic tool for modeling this setting. Thus, in a multi-choice TU game, each
component of a payoff vector represents the strategical utilities of a particular
sports team. The precore of a multi-choice TU game exactly provides the strate-
gical utilities among all sports teams. Related applications also can be found in
chemical kinetics, organization theory, optimization and so on.

Due to chances of the rise of sports competence and its additional values such
as commercial profits, social resources and nation images, the arrangements of
sports management systems meets have developed diversely under this context.
Several researches have found that the critical factor of sports management sys-
tems successfully should be that concern of ”strategies and effectiveness”. More
precisely, the crucial notions of success in order are drafting the conditions of
”efficient strategic balance for cooperation”, ”stable processes”, and ”equivalent
relationship”.

In order to promote the effectiveness of sports management systems, we
firstly propose some relations among the game-theoretical axioms and sports
management systems for sports organizations follows.

1. One-person rationality asserts that the efficiency could be promoted by
balanced cooperation.: The payoff (or utility) of each sports coalition as-
signed by balanced cooperation may be better than the utility of each
sports coalition when it works alone.

2. R-consistency asserts that the operational processes should be stable and
identical: Consistency allows us to deduce, from the desirability of an
outcome for some utility allocation problem, the desirability of its restric-
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tion to each coalition of a sports organization for the associated reduced
condition the sports coalition faces.

3. Converse R-consistency asserts that the global equivalence could be pro-
moted by all the sub-coalitions: Converse R-consistency permits a converse
operation: to deduce the desirability of an outcome for some problem from
the desirability of its restriction to each sports subgroup for the associ-
ated reduced game this sports subgroup faces. Converse consistency can
be seen as a property of “decentralizability”.

Based on Theorem 1, the precore is the only solution satisfying these three
game-theoretical axioms. Based previous relations and statements among these
game-theoretical axioms and sports management systems for sports organiza-
tions, the precore could be considered as an useful theoretical technique for
utilities allocation in sports management systems. The conclusion of this note
also could point out that other game-theoretical methods could be considered
to applied in the field of sports management.
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