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Abstract. In this paper, we find the adjoints of weighted composition operators
Cy,p on the Fock space, when ¢ = K, for ¢ € C. Then, we show that C}, ,Cy , and
Cy o+ Cy,p commute, when ¢(z) = az +b, a,b € C and [a| = 1.
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1. Introduction

For f an entire function on C, the Fock space F? is the set

&wmﬁz;éwm%WWM@<m}

where dA is the Lebesgue measure on C. The Fock space is a reproducing kernel
Hilbert space with inner product

) == [ @G aAe)

and reproducing kernel function K, (z) = e%?, for any w € C. Not that for
any w € C, |[Kyp|| = el**/2. Tt is well known that the set {em : m > 0}
is an orthonormal basis for F2. For entire functions ¢ and ¢ and f € F2,
composition operator C, and weighted composition operator Cy , on F? are
given by C(f) = fop and Cy ,(f) = 1 f o, respectively. Moreover, we define
a multiplication operator My : F2 = F?by My(f) =vf, forall fe F2.
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Recently many authors have worked on the weighted composition operators
on the Fock space (see [1], [2], [3], [5], [6], [7] and [4]). Carswell et al. in [1]
showed that C,, is bounded on the Fock space if and only if ¢(z) = az+b, where
la| < 1 and if |a| = 1, then b = 0. Ueki in [4] characterized boundedness and
compactness of Cy, , on the Fock space. Next in [3], Le found the easier criteria
for boundedness and compactness of weighted composition operators. Note that
there are some interesting papers like [1] which were written on another Fock
space (see [8]), but their results hold for F2? by the same idea. Then we use
them frequently in this paper.

Suppose that H is a Hilbert space. For bounded operators A and B on H,
we use the notation [A, B] = AB — BA for the commutator of A and B.

Finding adjoint of an operator is one of an important tool to investigate
their properties. In the second section, we obtain the adjoints of weighted
composition operators Cy ,, when ¢ = K. for ¢ € C. Next in Section 3, we
show that [C}, ,Cyo,Cy, , + Cyppl = 0, where ¢(2) = az + b and [a] = 1.

2. Adjoints of some weighted composition operators

In this section, we find the adjoint of weighted composition operator Cy, ,, where
) = K, for ¢ € C. Le in [3, Theorem 2.2] showed that if Cy , is bounded on
F2 then ¢(z) = ¢(0) + Az with |[A\| < 1. First, we assume that |A| < 1 and find
the adjoint of Cy , in Theorem 2.3. Then, we suppose that |A| = 1 and obtain
the adjoint of Cy, , in Theorem 2.5.

Lemma 2.1. Suppose that (z) = a1z+b1 and (z) = agz+ba, where |a1| < 1,
laz| <1 and by,by € C. Let C, and Cy be bounded on F2. Then

(1) C;Cw - MQHZCGQHZ-H?Q‘
Proof. By [1, Lemma 2], we see that

CiCyp = Mg, CarzCayziby = Mk, Clagziby)o(arz)

MKb1 CG2HZ-H>2 .

O

In the following proposition, we show that if ¢(z) = az + b, where |a|] < 1

and 7 is a kernel function K., then Cy , can be written by the product of the
adjoint of a composition operator and another composition operator.

Proposition 2.2. Let p(z) = az + b and ¢¥(z) = K.(z), when |a| < 1 and
b,c € C. Then there is a positive integer n such that

. *
Cyp = Ca(n+1>z+00#1z+b-

Proof. Since |a| < 1, there is a positive integer n such that |a + % < 1.
Let a1 = @ and ay = nLH, by = ¢ and by = b. Then by Lemma 2.1,
C¢790 = C*lz+b1 Ca22+b2' |:|

a
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In the next theorem, we find the adjoint of weighted composition operator
Cle.az+b, Where |a| <1 and b,c € C.

Theorem 2.3. Let (z) = K.(z) and p(z) = az+b, when |a| <1 and b,c € C.

Then C’;Z’@ = Ce52,5z+c‘

Proof. By Proposition 2.2, there is a positive integer n such that
Cw = @Zﬂcn’—;lwb-

Then
Clyo = C%Hbc@zﬂ'

From Equation (1), we have C;Z,so = M 3,Cqz.+. and so the result follows. [J

e

Lemma 2.4. Suppose that Cy, , is a bounded weighted composition operator on
F2. Then

Cj o luw = (W) K-
Proof. Let f be an arbitrary function in F2. We see that
<C:/;,¢Kwa f> = <Kwa Ci/),(pf> = <Kwa Yfo 90>
= () f(pw)) = (W) {Kyw), f)-

Hence €, Ky = WK@(w)' g
We know that for ¢(z) = az + b such that |a| = 1, if Cy , is a bounded op-

erator on F2, then ¢(z) = 1(0)e~% (see [3, Proposition 2.1]). In the following

theorem, we find the adjoints of this case of weighted composition operators.

Theorem 2.5. Let p(z) = az + b and (z) = w(O)e_“EZ, where |a| = 1 and

beC. Then Cj, , = $(0)ebz, 1y b

Proof. By Lemma 2.4, we can see that

Cy oK = P(W) Ky = P(0)e VK 41y = 1h(0)e BT lewtb)2

B)ebs, Lz b B = me&em%zfg) = Wegze%Z*EE = W@*mﬁemz.

Since the span of the kernel functions is dense in F2, the result follows. O
Example 2.6. (a) Let ¢(2) = % +i and ¢(2) = €'*. Then, Theorem 2.3 implies
that C';Z#P = Ce—iz7§+i.

(b) Let ¢(z) =iz — @2 and 1(z) = 2%, We infer from Theorem 2.5 that

—C 45 .
P eleﬁz+§
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3. Weighted composition operators for which C’;ZWCQpW and
cy ot Cy,, commute

In this section, we show that [C}, [Cy,, Cy , + Cy o] =0, where p(2) = az +b
and |a| = 1 and Cy, is bounded on F2.

Theorem 3.1. Let ¢(2) = az+0b and |a| = 1. Suppose that Cy, is bounded on
F2. Then [C}, Cyp, Cf, ,+ Cpp] =0

Proof. From [3, Proposition 2.1], ¢(z) = ¥(0)e~%. By Theorem 2.5, we see
that

[sz,apcw,w C;Z,(p + Cw]
= C:Z wcwci,«p + C;Z,wcw,socwM - Ci,soclz,wct/w - C¢7¢C$,¢Cw,w

—C C

z 1 b —abz (0 ebz L b
()eb 'a? " @ P(0)e=2b%,az+b"1)(0)eb a”f T a

+ Cmegz,lz v C P(0)e—adz, az—i—wa(O)e—“gz,az-l—b

(O)ezz,lz 2 Coy $(0)eb?, L gcw(O)e*“EZ,aerb

1 (0)e—adbz, az—l—bcmegz ,%z—% Cd)(O)e*‘lgz ,az+b

= PO MM 1.2y Cppr, by, Cpgrens 1. b

+ (O)¢ O)Mesz —ab(kz— )Ca(lz—%)—l—bcd;(())e*agz,az—&-b

(
- (0)1#(0)0@352%2 Mesz —ab(L= b)Ca(%z—g)—&-b
(

- (O)¢ O)Cw(o)efagz az—l—bMesz —ab( 1, b)Ca(l

a

2—2)+b
= [(0)]%e C.Co

b _b
¥(0)e”,2=3

2,02 _
€ Czcw(O)e—“bz,aerb

C

$(0)e=% az+4b %

and so obviously [CJZMC’WW, C:Zw + Cy,] = 0. 0
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