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Abstract. We show that the maximal quotient hyperring Q.,.(R) of a semiprime
hyperring R can be obtained in a similar way to a maximal quotient ring. In this regard
we introduce and study some basic notions of hyperrings such as dense hyperideal,
essential hyperideal, singular hyperideal and prove some results satisfying them. Finally,
we show that if R is a semiprime hyperring and @ = @Q,,-(R), then @ is regular (in the
sense of von Neumann) if and only if R has a zero right singular hyperideal.
Keywords: hyperring, dense hyperideal, essential hyperideal, good homomorphism.

1. Introduction

Algebraic hyperstructures are a generalization of classical algebraic structures.
In a classical algebraic structure, the composition of two elements of a set is
again an element of the same set, while in an algebraic hyperstructure, the com-
position of two elements is a non-empty subset of the same set. The theory
of hyperstructures was introduced by Marty in 1934 at the 8th Congress of the
Scandinavian Mathematicians [8]. Marty defined hypergroups, began to analyze
their properties and applied them to groups. Hyperstructures have many appli-
cations to several sectors of both pure and applied mathematics [2]. The notion
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of hyperrings is investigated and studied by Krasner [7], Nakasis [13], Vougiouk-
lis [17], Davvaz [3], Davvaz and his research group [5, 6, 9, 10, 11, 12, 14, 15],
and many others. Also, see Davvaz and Leoreanu-Fotea book [4]. A well-known
type of a hyperring is called the Krasner hyperring [7]. Krasner hyperring is
essentially ring with approximately modified axioms in which addition is hyper-
operation, while the multiplication is an operation. This type of hyperrings has
been studied by a variety of authors.

The notion of left quotient ring for a ring without right zero divisors was
introduced by Utumi [16]. In his paper, Utumi proved that every ring without
total right zero divisors has a unique maximal quotient ring. This ring, denoted
by QL .. (R), is called the maximal left quotient ring of R. The many properties
of this ring were investigated in [1].

In this paper, the maximal quotient hyperring Q = @, is structured. We
define and study dense hyperideal, essential hyperideal and we give the rela-
tionship between essential and dense right hyperideals. Furthermore, we study
singular hyperideal and some properties of its. Finally, we show that R has
zero right singular hyperideal if and only if Q) = Q. is a von Neumann regular
hyperring.

2. Preliminaries

In this section we give some definitions and results of hyperstructures which we
need to develop our paper.

A mapping o : H x H — P*(H) is called a hyperoperation, where P*(H)
is the set of all non-empty subsets of H. An algebraic system (H, o) is called a
hypergroupoid.

For any two non-empty subsets A and B of H and x € H , we define

AoB = Uaob,AozL‘:Ao{x} and x o B = {z} o B.
ben

A hyperoperation “o” is called associative if ao(boc) = (aob)oc for all a,b,c € H,

which means that
U aou = U voc.

ueboc vEaob

A hypergroupoid with the associative hyperoperation is called a semihyper-
group.

A hypergroupoid (H, o) is a quasihypergroup, whenever aco H = H = Hoa
for all a € H. If (H, o) is semihypergroup and quasihypergroup, then (H, o) is
called a hypergroup.

Definition 2.1 ([4]). A Krasner hyperring is an algebraic structure (R,+,-)
which satisfies the following axioms:
(1) (R,+) is a canonical hypergroup, i.e.,
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(i) for every z,y,z € R, (x+y)+z=z+ (y + 2),

(i) for every z,y € R, x+y=y+x,

(i1i) there exists 0 € R such that 0 + x = {z} for all z € R,

(iv) for every x € R there exists a unique element denoted by —x € R such
that 0 € z + (—x),

(v) for every x,y,z € R, z € x +y impliesy € —x+ z and x € z — y;

(2) (R,-) is a semigroup having zero as a bilaterally absorbing element, i.e.,

(i) for every z,y,z € R, (x-y)-z=z-(y - 2),

(ii)) 2-0=0-2=0 for allx € R;

(8) The multiplication is distributive with respect to the hyperoperation + ,
i.e., for everyz,y,z€ R, x-(y+z2)=x-y+zxz-zand (x+y) - z=xz-2+y- 2.

The following elementary facts follow easily from the axioms: —(—z) = =
and —(z +vy) = —x —y, where —A = {—a | a € A}. In definition, for simplicity
of notations we write sometimes xy instead of z-y and in (iii), 0+ x = = instead
of 0+ z = {z}.

In a hyperring R, if there exists an element 1 € R such that la = al = a for
every a € A, then the element 1 is called the identity element of the hyperring
R. If ab = ba for every a,b € R then the hyperring R is called a commutative
hyperring.

A hyperring R is called a hyperdomain if R does not have zero divisors. In
other words, for x,y € R if xy = 0 then either z = 0 or y = 0.

A Krasner hyperring is called a Krasner hyperfield, if (R\ {0} ,-) is a group.

Throughout this paper, by a hyperring we mean that Krasner hyperring.

Let R be a hyperring. A non-empty subset S of R is called a subhyperring
of R,ifx —y CSand xy € S for all x,y € S.

A subhyperring I of a hyperring R is a left (resp. right) hyperideal of R if
ra € I (resp. ar € I) for all r € R, a € I. A hyperideal of R is both a left and
a right hyperideal.

Lemma 2.1 ([4]). A non-empty subset A of a hyperrring R is a left (right)
hyperideal if and only if;
(1) a ,be A impliesa—bC A,
(2)acA,reRimplyrac A (ar € A).
Let A and B be non-empty subsets of a hyperring R
A+B={z|z€a+bforsomeac A,bc B}

and

n
AB:{xxEZaibi,aiEA,biGB,nEZ+}.
i=1

If A and B are hyperideals of R, then A+ B and AB are also hyperideals of R.
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Definition 2.2 ([18]). The hyperideal I said to be the direct sum of its hyper-
ideals J and K, denoted by I = J & K if for every element x € I there exist
unique elements a,b such thata € J , b€ K and x € a+b.

A hyperideal P of a hyperring R is called a prime hyperideal, if for hyper-
ideals I and J of R, satisfying IJ C P implies I C P or J C P. A hyperideal
I of a hyperring R is called semiprime hyperideal if for any hyperideal H of R,
satisfying H? C R implies H C I. Prime hyperideals are surely semiprime hy-
perideals. A hyperring R is called a prime hyperring if aRb = 0 for all a,b € R
implies ¢ = 0 or b = 0. Also, R is called semiprime if aRa = 0 implies that
a = 0. Clearly, every prime hyperring is a semiprime hyperring but the converse
is not always true.

Definition 2.3 ([4]). Let Ry and Ry be hyperrings. A mapping ¢ from Ry into
Ry is said to be a good (strong) homomorphism if for all a,b € Ry,

pla+b)=p(a) + ) , p(ab) = p(a)p(b) and p(0) = 0.

A good homomorphism ¢ is an isomorphism if ¢ is one to one and onto. If
there exists isomorphism between hyperrings Ry and Ry, we write R; =2 Rs.

Since R; is a hyperring, 0 € a — a for all a € Rj, then we have p(0) €
v(a) + ¢(—a) or 0 € p(a) + ¢(—a) which implies that ¢(—a) € —¢(a) + 0,
therefore ¢(—a) = —¢(a) for all @ € R;. Moreover, if ¢ is a good homomorphism
from R; into Ry, then the kernel of ¢ is the set {z € Ry | p(z) = 0}. It is trivial
that ker ¢ is a hyperideal of Ry and (@) = {¢(r) | » € R} is a subhyperring of
Rs.

Corollary 2.1. Let ¢ be a good homomorphism from Ry into Ra. Then ¢ is
one to one if and only if ker o = {0}.

Let R be a hyperring. A canonical hypergroup (M, +) together with the
map - : R x M — M is called a left hypermodule over R if for all 1,79 € R ,
mq, mo € M the following axioms hold:

(1) rl(ml + mg) =7rimy + riyms,

(2) (r1+r2)m1 = rimy + rama,

(3) (7“1T2)m1 =T (T‘le),

(4) Opmy = 0.

A subhypermodule N of M is a subhypergroup of M which is closed under
multiplication by elements of R.

Definition 2.4. Let M and N be two R-hypermodules. A function f: M — N
that satisfies the conditions:

(1) f(z+y) C flz)+ fy),
(2) f(xr) = f(x)r , forallr € R and all z,y € M
is called to be a right R-homomorphism from M into N.

In Definition 2.4, if the equality holds, then f is called a good (strong) right
R-homomorphism.



942 HASRET YAZARLI, DAMLA YILMAZ anDp BIJAN DAVVAZ

3. Result

Definition 3.1. A right hyperideal I of R is dense if given any 0 #r € R,
ro € R there exists € R such that rir # 0 and ror € I. One defines a dense

left hyperideal in an analogous fashion. The set of all dense right hyperideal of
R will be denoted by D = D(R).

Example 3.1. The set R = {e, a,b,c} with

a b

+ le elalb|c
e | e a c elelelele
a|a|{ea}l c {b, ¢} ale|lalala
b |b c {e,b} | {a,c} ble|lal|b|a
c|c|{be} |{a,c}| R clelalb]|b

is a semiprime hyperring. It 1s easy to see that I = {e,a} is a dense right
hyperideal of R. But J = {e, b} is not dense right hyperideal of R.

For any subhypermodule J of a right R -hypermodule M and any subset
S C M we set
(S:N)p={x€R|SxCJ}.

When the context is clear we will simply write (S : J). In particular, (M :
0)={x € R|mx =0, for all m € M} is called the right annihilator of M and
is denoted by r(M). The left annihilator I(M) is similarly defined.

Remark 3.1. (S : J)g is a right hyperideal of R.

Proposition 3.1. Let R be a semiprime hyperring. If I , J , S € D(R) and
f: I — R is a good homomorphism of right R-hypermodules, then:

(i) f71(J) ={a €] f(a) € J} € D(R);

(1) (a:J) € D(R) for all a € R;

(#ii1) INJ € D(R);

() If K is a right hyperideal of R and I C K , then K € D(R);

(v) I(I)=0=r(I);

(vi) If K is a right hyperideal of R and (a : K) € D(R) for alla € I , then
K € D(R);

(vit) If L is a right hyperideal of R and g : L — R is a good homomorphism of
right S -hypermodules, then g is a good homomorphism of right R -hypermodules;

(viti) IJ € D(R).

Proof. (i) f~%(J) is a right hyperideal of R. The proof is similar to ordinary
algebra. Now, we show that f~!(J) is a dense hyperideal of Rhyperideal of
R, 7’17“/ # 0 and 7”‘27’/ € I for some r € R. Similarly, since J is a dense right
hyperideal of R, (ri7)r" # 0 and f(ror')r” € J for some r' € R. Setting
r =r'r" we conclude that 717 # 0 and ror € f~1(J). Thus f~'(J) is a dense
right hyperideal of R.
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(ii) Let I, : R - R, x + ax. Then
(a:J)={xeR|arcJ}={zcR|ly(x)c J}=1;1(J).

Let x,y € (a : J), hence azx,ay € J. For some z € x —y we have az € a(x —y) =
ax — ay. Thus az € J and so z € (a: J). Therefore, z —y C (a: J). Let r € R
and € (a : J), hence ax € J. Then a(zxr) = (ax)r € J. Since a(zr) € J,
ar € (a:J). Let 11 #0, ro € R. Hence 1 # 0, ary € R. Since J is a dense
right hyperideal of R, rir # 0 and (are)r € J for some r € R. Then rir # 0
and ror € (a: J), ie; (a:J) € D(R) for all a € R.

(iii) If 7 : I — R is the inclusion map, then i=1(J) = I N J. If the option (4)
is applied, the proof ends.

(iv) Let K is a right hyperideal of R, I C K and 1 # 0, ro € R. Since [ is
a dense right hyperideal of R, we have rir # 0 , ror € I for some r € R. Since
I C K, we obtain r11 # 0, ror € K. That is, K € D(R).

(v) We suppose that Ia = 0 for some 0 # a € R. Setting r1 = a = ra,
we have there exists r € R such that 0 # ar € I. Hence arRar C Iar = 0.
By semiprimeness of R, we have ar = 0. Then we have a contradiction and
so r(I) = 0. Now we suppose [(I) # 0. Since R is semiprime hyperring, there
exists a,b € [(I) such that ab # 0. Since I is a dense hyperideal, we can find
r € R such that abr # 0 and br € I. Then abr € al = 0 and again we have a
contradiction.

(vi) Let 71 # 0, 7» € R. Since I € D(R), there exists an element 7 € R
such that 717" # 0 and ror' € I. Hence by hypothesis, (ror’ : K) € D(R). From
(v) , we have I((ror : K)) = 0 and so i7" # 0 and ror'r’ € K for some
" € (ror’ : K). Therefore K € D(R).

(vii) Let x € L and r € R. By (i), (r : S)r € D(R) and so by (ii7),
M= (r:5)snSeD(R). Forally e M C S we get ry € S and

0 € g(zry) — g(zry) = g(ar)y — g(x)ry = (g(zr) — g(x)r)y.

Hence ay = 0 for some a € g(zr) — g(z)r. Since y € M and M € D(R), it
follows from (v) that 0 € g(xr) — g(x)r, which implies that —g(x)r is the inverse
of g(zr) in the canonical hypergroup (R,+). Hence —g(x)r = —g(ar) and so
glar) = g(x)r.

(viii) Let r1 # 0, 79 € R. By (i1) , L = (ro : I) € D(R) and by (v) there
exists ' € L such that r7" # 0 and there exists v~ € J such that 777" # 0.
Getting r = r'r" we have ri7 # 0 and ror = ro(r'r’ ) = (ror' )¢ € IJ.

Now, we give an alternative definition of dense right hyperideals:

Corollary 3.1. Let J be a right hyperideal of R. Then J € D(R) if and only
if lr((a:J)) =0 for all a € R.

Proof. Let J € D(R). According to Proposition 3.1 (i¢) and (v), (a : J) € D(R)
and lg((a : J)) = 0. Conversely, let 7 # 0, ro € R. By hypothesis, we have
ri(r2 : J) # 0. Then we may choose r € (rg : J) such that rir # 0. Since
r € (rq: J), we also have ror € J. This completes the proof.
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Definition 3.2. A right hyperideal I of R is essential if for every nonzero right
hyperideal K of R we have I N K # 0.

Example 3.2. Define the hyperoperation & on the R = [0, 1] by

. _ {max{x,y}}, ifz#y
ey {[O,x}, ifx=y

Then (]0,1],, ) is a Krasner hyperring where - is the usual multiplication on
real numbers. Let I = [0,0.3]. Hence I is an essential hyperideal of R.

The following remark give the relationship between essential and dense right
hyperideals:

Remark 3.2. Let J be a dense right hyperideal of R.Then J is an essential
right hyperideal of R.

Proof. For 0 £ a € R, pick r € R such that 0 # ar € J. Then 0 # ar € JNaR.

Remark 3.3. Let I be a 2-sided hyperideal of R. Then the following conditions
are equivalent:

(i) (1) = 0

(7i) I is a dense right hyperideal;

(7i7) I is an essential right hyperideal;

(iv) I is essential as a 2-sided hyperideal(i.e., for any hyperideal J # 0 ,
INJ#0).

Remark 3.4. Let I be a 2-sided hyperideal of R. Then:
(i) (1) = r(1);
(i) I(I)NI =0;
(iii) I +I(I) is dense right hyperideal of R.

Remark 3.5. Let J be a right hyperideal of R and f : J — R be a good right
R -hypermodule homomorphism. Then:

(i) If a € R and 7(a) € D(R) , then a = 0;

(ii) If ker f € D(R) , then f = 0.

Proof. (i) It is follows from Proposition 3.1 (v).

(ii) We assume that ker f € D(R). Then we have f(b)(b : ker f) = 0 for
all b € J. By Proposition 1 (i7), (b : ker f) € D(R). According to the first
statement we obtain f(b) = 0. Thus f = 0.

Let R is a semiprime hyperring ¥ = {fy | f : U — R is a good right R
-homomorphism and U € D}.

Define a relation ”~” on ¥ by fy =~ gy &< thereexists K € Dand K CUNV
such that f =g on K.

One readily checks that =" is an equivalence relation. This gives a chance

for us to get a partition of ¥. We denote the equivalence class by f;; , where
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}"U :={9:V = R| fu =~ gy} and denote by Q,,, set of all equivalence classes.
We define a hyperaddition ”+” on @, as follows:

fu+gv:i=7F+gunv

where f4+g : UNV — R is a good right R homomorphism. Assume that
fivy = fou, and g1v; = gov,. Then K, (€ D) C U; NU; such that fi = fo on
K7 and 3Ks(€ D) C Vi3 N V5 such that g1 = g2 on Ko. Taking K = K1 N Ky
and so K € D. For any z € K, we have (fi+¢1)(x) = fi(z) + q1(x) =
U{t(@) [ t(@) € fi(z) + g1 (2)} = U{t(z) € f2 () + 92 ()} = f2 () + g2 () =
(f2 + g2) (%), and so fi+g1 = fa+g2 on K. Therefore fi+g1,, v, = fo+920,v,
which means that the addition in @, is well-defined.

Now we will prove that ), is a canonical hypergroup. Let }U, v, h g be
elements of Q. Since UN (VN H)=UNV)NH, forallz e UN(VNH)

(f+9)+h](z) = (f+9)(@) +h(x)= (]  tx)+h(z)
Hx)€(f+9)(x)

— U {k(z) | k(x) € t(x) + h(z)}
t(z)e(f+g)(x)

= J{k@) | k(z) € (f(2) + g(x)) + h(z)}

= (k) | k(z) € f(2) + (9(z) + h(2))}

_ U {k(z) | k(z) € f(z) +p(z)}
p(z)eg(z)+h(z)

= U f@e@)=F@)+g+h)@)=[f+ (g +h)](z) .

p(x)e(g+h)(z)

Hence (f+g)+h=f+(g+h)on UN(VNH). That is (}U-l-giv)-i-lizH =
}U‘i‘ (9_\/+f_LH) One can easily check that ;‘U +gy = g_v—l—J_”U. Taking H_R € Qmr
where § : R - R, v — 0 for all z € R. Since U CUNR, (6 + f)(z) =
O(z) + f(z) =0+ f(z) = f(x) for all x € U. Then we have Or + }U = }U and
similarly }U + 0;{ = }U for all }U € Qmr- Hence 973 is the additive identity
in Qmr. Let —}U € Qmr, where —f : U — R, x — —f(z) = (—f)(x) for
all x € U. Since —f(x) is the unique inverse of f(z) in R, we have 6(x) €
f(z) = fl2) = f(z) + (=f)(z) for all 2 € U. So 8 € fy + (—fy). Finally,
let ]_"U, v, ﬁH be elements of @, and i_LH € }U+g_‘/. So there exists a f € )_CU

and a g1 € gy such that h = f; + g;. Forany z € K(€ D) CUNV, we get
h(z) = (fi + g1)(z) = fi(z) + g1(z) C f(x) + g(x). Since R is a hyperring,
h(z) € f(x) + g(x) implies g(x) € —f(x) + h(x) and f(x) € h(z) — g(x). Thus
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we have g(z) € (—f + h)(z) and f(z) € (h — g)(z). That is, gy € —fy + hu
and ]_”U ch 1 — gv. Therefore (Qu, +) a canonical hypergroup.

9 7?

Now we define a multiplication on Qm as follows: for all ;‘“U, av € Qur

fogv = f9g-1an

where fg: g ' (U) — R is a good right R homomorphism. Assume that fiy, ~
fau, and g1y, = gov,. Then 3K (€ D) C Uy NUs such that f; = fo on Kj and
dKs(e D) C Vi3 N V4 such that g1 = g2 on Ks. Taking K := gfl(Kl) N Ky and
so K € D. For any z € K,

(frig1) (z) = f1 (g1 (2)) = f1 (92 (2)) = f2 (92 (%)) = (fag2) (2).

Thus fi1g1 = fog2 on K. Hence ”.” is well-defined. Now we will prove that
(Qmr, -) is a semigroup having zero as a bilaterally element . Let }U7 av, h_H €
Qmyr- Since h™ (g1 (U)) = (gh)~Y(U), we get for all x € h=1(g~1(U)),

[(fg) bl (z) = (fg9) (h(x)) = [ (g (h(x))) = [ ((gh) (x)) = (f (gh)) (z).

Hence (fg)h = f(gh) on h™'(g~'(U)). That is, (fugv)ha = fu(gvhm).
Now we prove that fUGR = Oy = GRfU for all fU € Qmr. Since 71(U) C
6= (U)N R and f0 = 0 on 6~ (U), we get fy0r = 0. Similarly 0 f, = Ox.

Let fU, av, hp be elements of Qmr- Since A-HUNV) = =Y U)NA~Y(V),
we get for all z € =L ({U NV),

[(f + 9)hl(x) = (f + 9)(h(z)) = f(h(z)) + g(h(z))
= (fh)(z) + (gh)(z) = (fh + gh)(z).

Then (f +g)h = fh+gh on h~{(UNV). That is, (;‘U -l-g;/)h;[ = ]_”Uh:q —I-g;/h:q.
Also since (g + h)~H(U) = g~ Y (U) N AL (U), for all z € (g + h) "1 (V)

[f (g+m)](x) = f((g+h) ()= f(g(x)+h(x))
= [ (g (@) + f(h(z) = (fg+ [h)(2).

Hence f(g+h) = fg+ fhon (g+ h)~YU). That is, }U(g_v + h_H) = }Ug;/ +

fuh.
Therefore, (Qmyr, +,.) is a hyperring.

Taking l_R € Qur where 1 : R — R, x + x for all x € R. Let ];U € Qumyr-
Since 171(U) C U, we get for all z € 171(U), (f1)(x) = f(1(x)) = f (=) and
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(1f)(z) = 1(f(x)) = f(x). Thus, fylg = lrfy = fy- Hence 1g is the
multiplicative identity in Q.

We denote the hyperring constructed by Qm,r = Qmr-(R) and we call it the
maximal right quotient hyperring of R. One can of course, characterize @,
the left quotient hyperring of R in similar manner. For purpose of convenience,
we use q instead of Gy € Q.

Proposition 3.2. The maximal right quotient hyperring Q... of R satisfies:

(i) R is a subhyperring of Qmyr;

(i) For all ¢ € Qumy there exists U € D such that qU C R;

(7i1) If ¢ € Qur and U € D | then qU = 0 if and only if ¢ = 0;

(i) IfU € D and f : U — R is a good right R -hypermodule homomorphism,
then there exists ¢ € Qumy such that f(z) = qx for all x € U.

Furthermore, if Q" is any hyperring satisfying (i) — (iv) , then Q" is isomor-
phic to Q.

Proof. (i) For a fixed element @ in R, consider a mapping A\, : R — R by
Ao (r) = ar for all r € R. Tt is easy to prove that the mapping )\, is a good right
R homomorphism. Define a mapping ¢ : R — Qumy by ¢ (a) = A\, for a € R.
Clearly the mapping ¢ is injective homomorphism and so R is a subring of Q.

(ii) Let ¢ = fu € Qmr. One sees that fula, = Ap@q), for all a € U, ie.,
qe(U) C o(R). Since R = ¢(R), we can write qU C R.

(iii) Let ¢ = fu € Qmr and U € D such that gp(U) = 0. Then g = 6.
Indeed, we have 0 = fulaz = Af(q), for all a € U. Then f(a) = 0 and so
f(U) = 0. By Remark 3.5, ¢ = 0.

(iv) Let U € D and f : U — R is a good right R -hypermodule homomor-
phism. Hence fulap = Af(), for all @ € U. That is, gp(a) = ¢(f(a)) for all
a € U, where ¢ = fy. Thus we write gz = f(x) for all z € U.

Now suppose Q D R is a hyperring having properties (1) — (iv). Define
the mapping o : Q" — Qumr, ¢ —> A . One can easily check that « is an
isomorphism of hyperrings.

q(q:R)R

Lemma 3.1. Let q1,q2,....,qn € Qmr and I,J € D(R). Then there exists L €
D(R) such that L C J and ¢;L C I for alli=1,2,...,n.

Proof. Let J; = (¢; : R)g. Then J; € D for all i = 1,2,...,n. Consider
the mapping f; : J; — R, fi = Ag. By Proposition 3.1, K; = fz._l(I) =
{x € Ji| gz € I} € D. Then L = ((N;_, K;) N J we have the desired dense right
hyperideal.

Lemma 3.2. Let K be a dense right hyperideal of a semiprime hyperring R and
S a subhyperring of Qumy(R) such that K C S. Then:

(i) S is a semiprime hyperring;

(13) A right hyperideal J of S is dense if and only if (J N R)K € D(R) (in
particular, if I € D(R) then 1S € D(S5));
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(1it) A right hyperideal J of S is essential if and only if (J N R)K is an
essential right hyperideal of R.

Since the proof is similar to the proof of the corresponding lemma in ring
theory, we omitted it.

Proposition 3.3. Let K be a dense right hyperideal of R and S a subhyperring
of Qmr(R) such that K C S. Then Qumy(S) = Qmr(R).

The following result is an immediate corollary of Proposition 3.3.

Theorem 3.1. Let R be a semiprime hyperring and Q@ = Qum(R). Then
QmT(Q) = Q
Corollary 3.2. Let R be a semiprime hyperring, I be an hyperideal of R and
J =Ir(I). Then Qumr(R) = Qumr(I) B Qumyr(J).
Proof. According to Remark 3.4, I & J € D(R) and by Proposition 3.3,
Qur(R) = Quur(I @ J). From equality Qur(I & J) = Quur(I) & Quur(J), the
proof is obtained.
Definition 3.3. Let R be a hyperring. The set

Zy(R) = {x € R | rr(z) is an essential right hyperideal}

is called the right singular hyperideal of R.

0

0 b
collection of 2 x 2 matrices over R. A hyperoperation “4” and a multiplication
“” are defined on H(R) as follows:

0 a 0 ¢ 0 =«

(0 b>+(0 d>:{<0 y >\x€a+c,y€b+d}

(O a>'(0 c>:<0 ad)foraH(O a)(O c>€
0 b 0 d 0 bd 0 b /)’\0 d

H(R).
Clearly, (H(R),+,-) is a Krasner hyperring. We will show that Z,(

0. Indeed, for each 0 # A € H(R), rp(ry(A4) = {( 8 g > € HR)| AB = 0}

Example 3.3. Let R be a hyperring and H(R) = > | a,b € R} be a

but I = {( 8 2 ) €H(R)|ye R} is a nonzero right hyperideal of H(R)

and rg(ry(A) NI = 0. Thus 74(g)(A) is not an essential right hyperideal of
H(R).

Lemma 3.3. Let R be a semiprime hyperring, K an essential right hyperideal
of R andr € R. Then:

(7) (r: K)g is an essential right hyperideal of R;

(ii) Z,(R) is a hyperideal of R;

(1it) Z,(R) = 0 if and only if every essential right hyperideal is dense;

(tv) For any subhyperring R C S C Qms(R) , Z,(R) = RN Z:(S).
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Proof. (i) Clearly, (r : K)r = {x € R|rz € K} is a right hyperideal of R.
Let L # 0 be a right hyperideal of R. If rLL = 0 , then L C (r : K)r. Hence
0# L =Ln(r: K)g. Now, suppose that rL # 0. Since rL is a right
hyperideal of R and K an essential right hyperideal of R , rL N K # 0. But
rLNK =r[LN(r:K)g]. Thus LN (r: K)g # 0 and so (r: K)g is essential.

(ii) Let =,y € Z,(R) and r € R. We first verify that z —y C Z,(R). Let
a € x—y. We shall show that rg(a) is essential. Since rr(z)Nrr(y) C rr(x—1y)
and rr(x) Nrr(y) is an essential right hyperideal, rg(z — y) is essential as well.
Further rg(z — y) C rr(a). Indeed, for any b € rg(z — y), (x — y)b = 0. Since
ac€x—y,ab€ (x—y)b=0. Thus ab =0 and so b € rg(a). Hence rr(a) is
an essential right hyperideal of R. As rgr(z) C rr(rz) and rr(z) is essential,
re € Z.(R). By the above result, the right hyperideal (r : rr(x)) is essential.
From (r : rr(z)) C rg(ar) it follows that xr € Z,(R). Therefore Z,(R) is a
hyperideal of R.

(iii) Suppose that Z,.(R) = 0. Let J be an essential right hyperideal of R.
Taking into account (i), we have l[g((a : J)) = 0 for all @ € R. By Corollary 3.1,
we obtain J € D(R). The converse statement follows from Proposition 3.1 (v).

(iv) Note that rg(x) = rg(z) N R for all x € R. Thus, by Lemma 3.2, rg(x)
is an essential right hyperideal of S. Hence Z,.(R) = RN Z,(S5).

Lemma 3.4. Let R be a semiprime hyperring, Q = Qum,(R) and K a subhy-
permodule of the right R -hypermodule QQ. Suppose that o : K — Q is a good
homomorphism of right R -hypermodules. Then:

(i) The rule & : KQ — Q, a (X7, kigi) = D1y oki)qi, where k; € K,
g; € Q defines a good homomorphism of right QQ -hypermodules.

(ii) If K is a right hyperideal of the hyperring Q, then « is a good homo-
morphism of right QQ -hypermodules.

Proof. (i) It is enough to check that & is well-defined. Indeed, let > | kig; = 0,
where k; € K, ¢; € Q. By Lemma 3.1, there exists a dense right hyperideal L
of R such that ¢;L C R for all ¢. For any « € L we have

n n n
(Z a(ki)qi) x = Z alki)(gx) = o ( k:l-qix) =0.
i=1 i=1 i=1
That is, > a(k;)g; = 0 and @& is well-defined.

(i) If K is a right hyperideal of the hyperring @, then & = & which means
that « is a good homomorphism of right ) -hypermodules.

Definition 3.4. An element a € R is said to be reqular if a € aRa. That is,
there exists an element b € R such that a = aba. A hyperring R is said to be
reqular (in the sense of von Neumann) if every element of R is regular.

Theorem 3.2. Let R be a semiprime hyperring and @ = Quy(R). Then the
following conditions are equivalent:

(i) Q is a von Neumann regular hyperring;
(i) Z,(R) = 0.
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Proof. (i)= (ii). We suppose that @ is a von Neumann regular hyperring.
Let 0 # ¢ € Q. Hence gpg = ¢ for some p € Q. Clearly, rg(pq) = rg(g) and
(pg)? = pq. Then rg(pg) = (1 — pg)Q. Indeed, for any & € rQ(pq) we erte
pgr = 0. Since @ is a hyperring, 0 = pgr € paqd —peqd = paq — papqq =
pa(l — pg)q where ¢ € Q. Thus, z € (1 —pg)Q, ie; rq(pg) S (1 — pg)Q.
Similarly, (1 — pq)@ C rg(pg). Since (1 —pq)@Q NpgQ = 0, (1 — pqg)Q is not
essential. Therefore Z,(Q) = 0.

By Lemma 3.3, Z,(R) = 0.

(ii)= (i). Suppose that Z.(R) = 0. Then, according to Lemma 3.3 (4i7),
the set D(R) coincides with the set of all essential right hyperideals of R. Let
q= fu € Q = Qunr and K = ker f. Choosing L to be a right hyperideal of
R maximal with the properties L C U and L N K = 0, we note that L = ¢qL.
Then K + L is an essential right hyperideal of R and so K + L € D(R). We
choose M to be a right hyperideal of R maximal with the property M NqL = 0.
Obviously, M @ gL is an essential right hyperideal of R. Thus M & qL € D(R).
The mapping g : M @ qL — L, g(x) =1 where z € m+ql, m € M and [ € L.
Hence p = gmaqr € Q and (fgf)(k+1) = f(k+1) for all k € K, l € L. Thus
pgp = p and so @ is von Neumann regular hyperring.
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